
From Lemma 1 in obvious f a s h i o n  follows 

LEMMA2. Let Jr(x)~a~jx~x~, k= I ..... n- l;ij= 1 ..... n+ I, ben- lrealquadratic forms of 
(h) (h) 

n + 1 v a r i a b l e s .  Then  t h e r e  e x i s t  two r e a l  l i n e a r l y  i n d e p e n d e n t  v e c t o r s  a and b such  tha t  e a c h  of the  b i n a r y  

q u a d r a t i c  f o r m s  q ) ( ~ ,  k hdef~- ( X l a  + X2b)  ' k = 1 . . . . .  n -  1, is  e i t h e r  t r i v i a l  o r  s i g n - d e f i n i t e ,  and a l l  s i g n -  (h) 2z ~ (h) 

d e f i n i t e  f o r m s  @ a r e  p r o p o r t i o n a l  to e a c h  o the r .  
(k) 

The p r o o f s  of  T h e o r e m s  2 and 3 now fo l low a t  once  f r o m  the f o r m u l a s  e x p r e s s i n g  K~(F) in  t e r m s  of the 
c o e f f i c i e n t s  of  i t s  f i r s t  and s e c o n d  q u a d r a t i c  f o r m s  (the p r o p e r t i e s ,  u sed  h e r e ,  o f  the  s econd  q u a d r a t i c  f o r m s  
a r e  e n s u r e d  by L e m m a s  1 and 2). 
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SETS OF REMOVABLE SINGULARITIES AND CONTINUOUS MAPS 

A. N. Gorban' UDC 513.88 

We examine sets of removable singularities of analytic functionals (negligible sets) in topological vecf.or 

spaces (TVS). We prove that those of them any continuous image of which also is removable can be com- 

pletely described in general topology terminology (compactness, minimal cardinality of everywhere dense 
subset). We examine only TVS over the complex number field C. 

Let X be a TVS in which continuous linear functionals separate points, dimX > I, and U be an open sub- 

set of X. The map q~ : U -- C is called an analytic functional if it is continuous and for any element u ~ U there 
exists a neighborhood V ~ U in which ~0 is representable as the convergent series 

(x) = ~0 (u) - -  .~ ~ A i (x - -  ~l), 

w h e r e  A i : X ~ C i s  the  r e s t r i c t i o n  of  the  con t inuous  i - l i n e a r  func t iona l  Ai  : Xi  ~ C on a d i a g o n a l  in  X i. 

The  fo l lowing  p r o p o s i t i o n  i s  w e l l  known in  Banach  s p a c e s  [1]; the  p r o o f  c a r r i e s  o v e r  f r o m  th is  c a s e  to 
the  one  p r e s e n t e d  be low wi thou t  change .  

P r o p o s i t i o n  1. L e t  H be  a c l o s e d  s u b s e t  of  X and f o r  any  u ~ U (] H l e t  t h e r e  e x i s t  a s t r a i g h t  l ine  L ~ X 
and a c l o s e d  v a r i e t y  Y ~ X of  c o d i m e n s i o n  1, s a t i s f y i n g  the fo l lowing  c o n d i t i o n s :  

1) L (1 Y = {u}  and the  p r o j e c t i o n  of  H r] U onto Y, p a r a l l e l  to L ,  does  not  c o n t a i n  n e i g h b o r h o o d s  of u in  
Y; 

2) a r e l a t i v e l y  c o m p a c t  d o m a i n  D ~ L n U, bounded by a f in i te  n u m b e r  of  r e c t i f i a b l e  c u r v e s ,  e x i s t s  such  
tha t  u ~ D and ~D ~ U \ H .  

Then  fo r  any  func t iona l  ~ a n a l y t i c  in  U ' \  H t h e r e  e x i s t s  a func t iona l  r a n a l y t i c  in  U and c o i n c i d i n g  wi th  ~7 
on U\H. 

A closed set H ~ X is said to be negligible if for any open nonempty U ~ X and for an arbitrary functional 

analytic in U\H there exists and is unique a functional r analytic in U and coinciding with ~ on U"\H. 

T r a n s l a t e d  f r o m  S i b i r s k i i  M a t e m a t i c h e s k i i  Z h u r n a l ,  Vol. 19, No. 6, pp, 1388-1391,  N o v e m b e r - D e c e m -  
b e r ,  1978. O r i g i n a l  a r t i c l e  s u b m i t t e d  S e p t e m b e r  27,  1976. 
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P r o p o s i t i o n  2. Le t  U be connec ted ,  q be a func t iona l  a n a l y t i c  i n  U and not  equa l l ing  z e r o  i den t i ca l l y ,  and 

S = {x ~ UIq(x) = 0}. In  o r d e r  that  a c lo sed  s e t  H c S be neg l ig ib l e  i t  is  n e c e s s a r y  and su f f i c i en t  that  i t  be 
nowhere  dense  in  S. 

Proof .  The n e c e s s i t y  is  obvious .  To  p rove  the su f f i c i ency  we u s e  the W e i e r s t r a s s  p r e p a r a t i o n  t h e o r e m  
val id  in  the c a s e  of a r b i t r a r y  TVS [1]. F r o m  it  fol lows the  e x i s t e n c e ,  for  any s ~ S, of a d e c o m p o s i t i o n  X = 
Y | C such  that  for  s o m e  ne ighborhood V of point  s the p r o j e c t i o n  of S A V onto the f i r s t  s u m m a n d  is  a f i n i t e -  
t o -one  map  and a loca l  h o m e o m o r p h i s m  e v e r y w h e r e  excep t  for  the p r e i m a g e  of a nowhere  de nse  s u b s e t  of Y. 
Hence  follows the a p p l i c a b i l i t y  of P r o p o s i t i o n  1 in  s o m e  ne ighborhood  of any  point  s ~ H, which  p roves  what  
was  r e q u i r e d  s i n c e  neg l i g ib i l i t y  is  a loca l  p rope r t y .  

Let  T be, a topologica l  space .  

Def in i t ion .  We say  that  T is  c o m p l e t e l y  neg l ig ib l e  r e l a t i v e  to X if  the s e t  iF(T)] is  neg l ig ib l e  for any 
con t inuous  map F : T ~ X. ([A] deno tes  the c l o s u r e  of se t  A.) 

THEOREM 1. F o r  the comple t e  neg l ig ib i l i t y  of T r e l a t i v e  to  X i t  is  n e c e s s a r y  and su f f i c i en t  that  any 
con t inuous  image  of T in to  X be nowhere  dense .  

The n e c e s s i t y  is  obvious .  We r e q u i r e  a n u m b e r  of l e m m a s  in  o r d e r  to p rove  the  suf f ic iency .  

LEMMA 1. Let  Y be a c losed  l i n e a r  s u b s p a c e  of spa c e  X,  of  c o d i m e n s i o n  1, and V be a ne ighborhood of 
z e r o  in  Y. T h e n  a cont inuous  map F : V ~ X  ex i s t s  s u c h  that  F(V) i s  a ne ighborhood  of z e r o  i n  X (not n e c e s -  

s a r i l y  open). 

Proof .  We d e c o m p o s e  X in to  the d i r e c t  s u m  X = Y O C ;  we d e c o m p o s e  Y in  the s a m e  way,  but now over  
the r e a l  n u m b e r  f ield R : Y = Z ~ R. T h e n  X = Z �9 R �9 C (over  R). A con t inuous  map  f :  R ~ R �9 C ex i s t s  such  

that  (id @f)(V) is  a ne ighborhood  of z e r o  i n  X (f i s  a t h r e e - d i m e n s i o n a l  Peano  curve) .  

In  X we i n t r o d u c e  a n  equ iva l ence  r e l a t i o n  p : x p y  i f  c E C, I c I = 1, ex i s t s  such  that  y = ex. By x we 
denote  the e q u i v a l e n c e  c l a s s  c o n t a i n i n g  x. 

LEMMA 2. L e t W  be a ne ighborhood  of z e r o  i n X .  Then  a con t inuous  map F : X / p  ~ X ex i s t s  such  that  

FWC/p) i s  a ne ighborhood of z e r o  i n  X. 

Proof .  We d e c o m p o s e  X in to  the d i r e c t  s u m  X = Y ~ C. R e p r e s e n t i n g  C = R �9 R,  we ob ta in  (over R) 
X = Y ~ R ~ R .  In  each equ iva l ence  c l a s s  wi th  r e s p e c t  to p, not  ly ing  in  Y, t he re  is  a un ique  r e p r e s e n t a t i o n  
of the f o r m  y | a Q 0 (a > 0). We def ine  a map  �9 : X ~ Y • R+ (It+ is  the s e t  of nonnega t ive  r e a l  n u m b e r s ) :  

if xe~y, then ~ (x) ~.(ag, a), where {g �9 a ~ 0} = x N (Y �9 R+ ~ 0); 

if x~Y, then O(x)I--~.(0, 0). 

T h e n  we should c o n s t r u c t  the map �9 : Y x R+ --* X i n  the s a m e  way as in  the p reced ing  l e m m a  (using a 

Peano  curve)  and note  tha t  0(x l) = O(x 2) i f x t p x  2. 

LEMMA 3. Le t  H be a c losed  s u b s e t  of X and for  each  h ~ H l e t  t h e r e  ex i s t  a ne ighborhood K ~ X such  
tha t  K fl H canno t  be mapped  onto a s u b s e t  of X p o s s e s s i n g  a nonempty  i n t e r i o r .  Then  H is a neg l ig ib le  set .  

Proof .  F r o m  L e m m a  2 it  fol lows tha t  for  any open  U c K and for  a n  a r b i t r a r y  u ~ U t h e r e  ex i s t s  a 
d i s k  wi th  c e n t e r  at  u, whose  boundary  c i r c l e  l i e s  i n  U \ H .  By L e m m a  1 the p r o j e c t i o n  of H fl K onto any c losed  
l i n e a r  s u b s p a c e  Y c K, of c o d i m e n s i o n  1, does  not  c o n t a i n  a n o n e m p t y  open s u b s e t  of Y, which  p roves  the 

app l i cab i l i t y  of P r o p o s i t i o n  1. 

To c o m p l e t e  the  p roof  of T h e o r e m  I we  note  tha t  for  a n  a r b i t r a r y  con t inuous  map  F : T ~ X the se t  [ F(T)] 
s a t i s f i e s  the hypo theses  of L e m m a  3 wi th  K = X i f  any  con t inuous  i m a g e  of T into X is  nowhere  dense .  

COROLLARY 1. If  T is  c o m p a c t  and X is  i n f i n i t e - d i m e n s i o n a l ,  t hen  T is  c o m p l e t e l y  neg l ig ib le  r e l a t i v e  
to X. (Since a compac t  s u b s e t  of a n  i n f i n i t e - d i m e n s i o n a l  Hausdo r f f  TVS is  nowhere  de nse  in  it; s ee  [2], for  

ins tance . )  

COROLLARY 2. If  s(T) < sO[), t hen  T is  c o m p l e t e l y  neg l ig ib l e  r e l a t i v e  to X Is(T) is  the lower  bound for  

the c a r d i n a l i t y  of an  e v e r y w h e r e  dense  s u b s e t  of T]. 

Below we take i t  tha t  T is  m e t r i z a b l e  and X is  i n f i n i t e - d i m e n s i o n a l .  

LEMMA 4. Fo r  the comple t e  neg l ig ib i l i t y  of T r e l a t i v e  to  X i t  i s  n e c e s s a r y  and su f f i c i en t  that  any c losed  

d i s c r e t e  s u b s p a c e  of se t  T have a c a r d i n a l i t y  l e s s  t han  s(X). 
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P r o o f .  To show the  n e c e s s i t y  w e  a s s u m e  the  c o n t r a r y :  l e t  t h e r e  e x i s t  a c l o s e d  d i s c r e t e  s u b s p a c e  E ~ T 
of c a r d i n a l i t y  s(X).  B e c a u s e  T i s  m e t r i z a b l e  t h e r e  e x i s t s  a f a m i l y  { V e l e  ~ E} ,  e ~ V e ,  of n o n i n t e r s e c t i P 4  
open  s u b s e t s  of  T. F o r  e a c h  e ~ E w e  c a n  de f ine  a func t ion  fe,  con t inuous  in  T ,  w i th  s u p p o r t  in  Ve, equa l  to  
1 a t  po in t  e. L e t  ~, : E - -  X be  a m a p  of  E onto s o m e  e v e r y w h e r e  d e n s e  s u b s e t  of X. W e  con t inue  i t  up to a c o n -  
t inuous  m a p  F :  T - - X  by s e t t i n g  F(t) = fe( t )~(e)  i f t  ~ V  e for  s o m e  e ~ E  and F(t) = 0 o t h e r w i s e .  To p r o v e  the 
n e c e s s i t y  i t  r e m a i n s  to  note  tha t  [F(t)]  = X. 

To p r o v e  the  s u f f i c i e n c y  in the  c a s e  of  a s e p a r a b l e  X we  c a n  r e f e r  to C o r o l l a r y  1. 

If ,  h o w e v e r ,  T is  not  s e p a r a b l e , *  then  a c l o s e d  d i s c r e t e  s u b s p a c e  of c a r d i n a l i t y  s(T) e x i s t s  in  it .  (This 
c a n  be  shown by e x a m i n i n g  an  a - n e t  on T, in  a n  a r b i t r a r i l y  t a k e n  m e t r i c ,  a s  e - -  0.) T h e r e f o r e ,  i f  a c l o s e d  
d i s c r e t e  s u b s p a c e  of  c a r d i n a l i t y  sO() > R0 d o e s  not  e x i s t  in  T,  t hen  s(T) < s(X) and T is  c o m p l e t e l y  neg l i g ib l e  
r e l a t i v e  to X ( C o r o l l a r y  2). 

THEOREM 2. L e t  T be a m e t r i c  s p a c e .  

A. T i s  c o m p l e t e l y  n e g l i g i b l e  r e l a t i v e  to  C n (n -> 2) i f  and on ly  i f  T is  c o m p a c t  and d e n u m e r a b i e .  

B. T i s  c o m p l e t e l y  n e g l i g i b l e  r e l a t i v e  to a s e p a r a b l e  i n f i n i t e - d i m e n s i o n a l  TVS X i i  ' and only i f  T is  c o m -  
pac t .  

C. T i s  c o m p l e t e l y  n e g l i g i b l e  r e l a t i v e  to  a n o n s e p a r a b l e  TVS X i f  and only i f  s (T) < s (X). 

P r o o f .  A s s e r t i o n s  B and C fol low f r o m  L a m i n a  4; the  s u f f i c i e n c y  in  A fo l lows  f r o m  T h e o r e m  1, the 
n e c e s s i t y  of  c o m p a c t n e s s  fo l lows  f r o m  the p r o o f  of L e m m a  4, and the  n e c e s s i t y  tha t  T be no m o r e  than  d e -  
n u m e r a b l e  fo l lows  f r o m  the  nex t  l a m i n a  and f r o m  T h e o r e m  1. 

L E M M A  5. In  o r d e r  tha t  a con t inuous  m a p  of a c o m p a c t  m e t r i z a b l e  s p a c e  T onto the  un i t  s e g m e n t  t = 
[0, 1] not  e x i s t ,  i t  i s  n e c e s s a r y  tha t  T be  no m o r e  than  d e n u m e r a b l e .  

P r o o i  L e t  us  a s s u m e  tha t  a con t inuous  ma pp ing  of T onto I does  noL e x i s t .  Then  T is  fu l ly  uncopmeeted.  
(To p r o v e  t h i s  we  c a n  u s e ,  f o r  e x a m p l e ,  the  U r y s o h n  func t ion  [3].) I f  T i s  n o n d e n u m e r a b l e ,  t hen  by v i r t u e  of  
the  m e t r i z a b i l i t y ,  in  i t  e x i s t s  an  in f in i t e  s e t  of  po in t s ,  any  n e i g h b o r h o o d  of  e a c h  of  wh ich  is  n o n d e n u m e r a b l e .  
In  th i s  c a s e  a con t inuous  s u r ] e c t i v e  m a p  F : T - -  I i s  c o n s t r u c t e d  thus :  I is  d iv ide d  in  two in to  11 and 12 and T i s  
p a r t i t i o n e d  into  n o n d e n u m e r a b l e  o p e n - c l o s e d  s e t s  T 1 and T2; we  a s s u m e  F(T1) = I~ and F ( T  2) = I2; f u r t h e r ,  11 
and 12 a r e  d i v i d e d  in  two and T 1 and T 2 a r e  p a r t i t i o n e d  in to  n o n d e n u m e r a b l e  o p e n - c l o s e d  s e t s ,  e tc .  The  fac t  
tha t  T i s  c o m p a c t  and fu l ly  u n c o n n e c t e d  g u a r a n t e e s  tha t  s u c h  a d e f i n i t i o n  is  w e l l  posed .  

1, 

2. 
3. 
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* T r a n s l a t o r ' s  Note:  T h e r e  s e e m s  to be  a d i s c r e p a n c y h e r e :  the  a u t h o r  men t ioned  a " s e p a r a b l e  X" in the  p r e c e d i n g  
s e n t e n c e .  I b e l i e v e  t ha t  i t  shou ld  be "X is  not  s e p a r a b l e "  h e r e .  Th i s  s e e m s  to be b o r n e  out  by the  st~atement and 
p r o o f  of  T h e o r e m  2 below.  
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