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Estimates of Kolmogorov and linearwidths of Besov classes on compact globally symmetric spaces of rank
1 (i.e. onS%, P4(R), P*(C), P4(H), P*(Cay) ) are established. It is shown that these estimates have sharp
orders in different important cases. A new characterisation of Besov spaces is also given.
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1 Introduction

In the present paper we investigate the asymptotically optimal approximation of Besov classes on compact glob-
ally symmetric spaces of rank 1 (two-point homogeneous spa&%sp?(R), P4(C), P*(H), P%(Cay). In
what follows, optimal approximation will be interpreted in the sense of Kolmogorov and lireadths.

Estimates for Kolmogorow-widths of Besov classes on bounded regions of Euclidean spaces can be found
in [21]. The spaces of Besov type on manifolds and their equivalent characterisations have been investigated in
different articles (see e.g. [22, 23, 16, 15, 5, 17]).

There are various approaches to the definition of smoothness via harmonic analysis. The basic theorem in
this range of problems is the well known analog of the Littlewood-Paley theorem [12] for trigonometric series,
on compact globally symmetric spaces of rank 1 by Bonami and Clerc [2]. We introduce the Besov spaces
decomposing a smooth functiofiinto a series relative to spherical harmonics and using zonal polynomials
K, (2) which are natural generalizations of the de la &alPoussin polynomials a#t. We prove that the Besov
spaces are real interpolation of two Sobolev spaces. Our definition of Besov space is new even for thgsphere
d>2.

We use sharp orders of Kolmogoravwidths of Sobolev classes from [3] and [11], and interpolation tech-
nigues by Triebel [21] to prove asymptotic estimates for Kolmogorov and linagidths of Besov classes on
two-point homogeneous spaces.

Suppose thatl is a convex, compact, centrally symmetric subset of a Banach spawiéh unit ball B. The
linearn—width of A in X is defined by

0n(A, X) :=0,(A,B) :=inf sup ||f — P.fl,
P fea
whereP,, varies over all linear operators of rank at maghat mapX into itself.
The Kolmogorown—width of A in X is defined by

(A, X):=d, (A, B) :=inf s inf —
dn(A, X) == d,(A, B) inf ;lelgglgnxnllf qll,
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2 A. K. Kushpel, J. Levesley, and S. A. Tozoni-widths on 2—point homogeneous manifolds

where X, runs over all subspaces af of dimensionm.
For ease of notation we will write,, < b,, for two sequences, i, < cb, forn € N anda, =< b,, if
c1b, < ay, < cab, foralln € N and some constants ¢; ande,. Also, we shall put

(a) .:{ a, ifa>0,
t 0, otherwise.

We shall be interested here in compact homogeneous spaces. Such manifolds of dishevilsioe denoted
by M?. EachM? can be considered as the orbit space of some compact sulgrofithe orthogonal groug,
thatisM? = G/H. Letw : G — G/H be the natural mapping andbe the identity ofG. The pointo = (e)
which is invariant under all motions 6f is called the pole ofi/¢. On any such manifold there is an invariant
Riemannian metriel(-, -), and a measurév which is induced by the normalised left Haar measurejcend
is invariant under the action @f. The two-pointhomogeneous spaces have the following additional property.
If 2,2",y,y € M?%with d(z,y) = d(z',y') then there is & € G such that: = g2’ andy = gy’. Two point
homogeneous spaces admit essentially only one invariant second order differential operator, the Laplace-Beltrami
operatorA. A functionZ : M¢ — R s called zonal ifZ(h=1.) = Z(-) for anyh € ‘H. The geometry of these
spaces is in many respects similar. For example, all geodesics in a given one of these spaces are closed and have
the same lengtR L. HereL is the diameter ofj/H, i.e. the maximum distance between any two points. A
complete classification of the two-point homogeneous spaces was given by Wang [24].

For each zonal function on M <, we have a univariate function defined or{—1, 1],

2(z) = Z(cos(2X\d(x,0))), =€ MY,
where) is eitherr /2L or 7 /4L, depending on the homogeneous spaté

Let L, be the set of all complex measurable functignsn A/ ¢ of finite norm, given by

Vo e { Unpa lo(@)Pdv@)/e, i 1<p < oo,
P7\ esssuplp(x)| |z € M4}, if p=oo.

Further, letU, = {p: o € L,, | ¢ [|,< 1}
Letz € Ly([-1,1], (1 — 2)®(1 +x)?dz). Then, for any integrable functignwe can define convolutioh on
M* as the following

h(-) = (zx9)() = /Md Z(cos(2Ad(-, x)))g(x)dv(x).

For the convolution o/ we have Young's inequality

1z * gllg < lI2lIpllgllr 1)

wherel/q=1/p+1/r—1andl < p,q,r < oo.

For eachn € N, let H,, be the eigenspace of the Laplace-Beltrami operator corresponding to the eigenvalue
—n(n + a + 3 + 1), wherea and 3 are numbers associated with the particular homogeneous 3pécé et
T, = ®}_oHg, and7 = U (7,,. We havelim 7,, < n.

The Hilbert spacd., with usual scalar product

(frg)= [ [fl@)g(z)dv(z)

Ma

has the decomposition

Lo = éHn

n=0

There is a unique real zonal eigenfunction (up to scalar multiplicatign)e H,, such that the orthogonal
projection fromL, onto H,, is given by the convolution operater— Z,, * ¢. We have

Zn(t) = Co(MT) PP (1),
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whereP>? are the Jacobi polynomials (see, for example $420]), ando and3 can be specified for eadf @,
For example, in the case 6F, we haver = 0 andp = d — 1. Thus,a = 8 = (d — 2)/2 and the polynomials

P28 are just multiples of the Gegenbauer polynoniaf ~"/2. The normalisation constadt, (M4) = n/2 is
chosen for technical reasons, and its explicit value can be found in [3].

See [7, 9, 14, 18] for more information concerning the harmonic analysis on homogeneous spaces.

In the next section we will give the definition of a standard Sobolev spaces and introduce a set Besov type
spaces on two-point homogeneous manifolds. In the Section 3 we demonstrate that our definition of Besov
spaces generates a set of an equivalent norms. In the c&¢eaf definition is equivalent to another definition
of Besov spaces given in [13]. In the final section of the paper we will use interpolation results of Triebel [21] to
give estimates ofi-widths for our Besov spaces.

2 Sobolev and Besov spaces on two-point homogeneous manifolds

Let A = { )\ }r>0 be a sequence of complex numbers, and lstp, ¢ < co. Ifforany e € L, there is a function
f = Ay € L, with formal expansion

Fo) Mz xop,
k=0

then we shall say that is a multiplier operator ofp, q)-type with norm||A|,,4 := sup,cp, [[Apllq. Fors € R,
let A® = {3 }x>0, Whereu§ = (k(k+a+3+1))%2. Itwas proved in [4] that, fos > d(1/p—1/q);+, A *isa

multiplier operator ofp, ¢)-type, and for eacly € L, andn > 1, there exists a polynomial functian(y) € 7,
such that

1A= 0 = ta(@) g < n=sFIAP=H Do, )
The Sobolev spac#’?, s > 0, is given by

Wy ={feL,: A°f € Ly},
with norm

115 == I1A° fllp-

Here we have identified functions which differ by a constant, i.ef,4f g = constant, therf = gin W,. The
Sobolev clasW;, s > 0, is given by

Wp ={fe W, Hf||; <1}.
It is easy to show that
W,={ctA“f:ceR, feU,}.
Let ()\56")) be an infinite lower triangular matrix, i.e\,&”) = 0foranyk > n andn € N.
Definition 2.1 We say that the sequenéé = { K, }, .y Of polynomial zonal functions
2’”. .
Ko =Y M2, ©)
k=0

possesses the propefty, and we writeK € K¢, if )\,(fn) = 1forany0 < k < 2"~! and there exists a positive
constantC such that|| K- ||; < C foralln € N.
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4 A. K. Kushpel, J. Levesley, and S. A. Tozoni-widths on 2—point homogeneous manifolds

Remark 2.2 In the case of?, d > 2, the sequence of zonal polynomidiswas introduced and constructed
in an explicit form in [10, p. 287]. They are a natural generalization of the de l@&&/doussin polynomial
Vi.on(t) on S,

2n
Vaon(t) =1/2+ Z )\,(fn) cos kt,
k=1

Where)\,(f") =1for1<k<n andA,(f") = (2n —k)/nforn < k < 2n. The de la Vake Poussin polynomials
V,..2n(t) were used to introduce the Besov spaces'tn

Let K € K. Fork > 0 we write
Pk = sz — K2k71, k‘ Z 1; »o = Zo. (4)
Definition 2.3 The functionf € L, belongs to the Besov spaé¥ ,(K), s,p,q € R, s > 0,1 < p,q < oo,
if

11

k=0

o0 1/q
;W(K) = <Z(2ks¢k * f”p)q> < o0,

where the functiongy, are defined in (4).

It will be proved in Theorem 3.6 that the norms Bf  (K) and (W;°,W;t)e , are equivalent fos =
(1—-0)so+0s1, 50, 51 > 0, 5o # s1. As consequence we can conclude that the nomnigof K') andB; , (K?)
are equivalent for alk'!, K2 € K, that is, the norm of3; ,(K') does not depend on the sequekice Kc. So
that we will write|| - || , instead of] - [|; ,(K).

As with the Sobolev spaces we will identify two functions/j ,(K') which differ by a constant. It is easy to
see thatB, ,(K) is a normed vector space with nofm [|;  (K). We will see in Section 3 thaB; ,(K) is the
interpolation space for two of the Sobolev spaces defined above, and is therefore a Banach space. Let

By (K)={f € Ly : |fl ,(K) < 1}.

To give a useful sufficient conditions for the imbeddiRge K¢ we will need some information concerning
Cesaro means. Lef > 0 andn € N. We define the Ceso kernelS? by

- 1 & .
6 _ 4
Sn - @ Z Cn—mZmﬂ
™ m=0
whereC? are Cearo numbers of ordet and indexs,

Fn+6+1) O R, 5)

6 _
Cn = r6+1DT(n+1)

(see, e.g., [20, p. 237]). Given a sequetidg}r>o We define the difference&® g, k, s € N, by AN\, = A,
Al)\k =\ — >\k+11 andAS“)\k =A%)\, — ASA]C+1.

Lemma 2.4 Let()\ffn)) be such that for any:. € N there is suchC’ > 0 that

2" —d—1 d
ST ATIE R 3 AN [0l < (6)
k=0 s=0
where
orld=1/2" 0 <5< (d—1)/2,
9 = ¢ n2rd=D/20 = (d-1)/2,

ons, s> (d—1)/2.
ThenK = {Kgn}neN S ICC.
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Proof. Applying the Abel transformd + 1 times we get

2" —d—1 d
2’IL s 2”‘1 s s
Koo = Y (AMIE) s+ (ANS )05 S5,
k=0 s=0

and hence

2" —d—1

d
2” s 2% s s
1Kol < 3 JATIAZICEISH I + D 1AAS, | C51S5n -

k=0 s=0

It was proved in [4, Lemma 3] that

pld=D/2=0 0 <§ < (d—1)/2,
ISl < § logn, 6=(d—1)/2,
1, d>(d—-1)/2.
Comparing (5) - (8) we get (6).

We present here two examples of sequer{dés. }, .\ € Kc-
Example 2.5 Consider the function

1 1
<=~ (=)

where
[ (i)
w = XP .
1/2 (t—1/2)(t—1)
Let
0, 0<t<1/2,
v(t) =9 &), 1/2<t<1,
0, t>1
and

plz) =1+ /Oﬂ? v(t)dt, = > 0.

()

(8)

Put)\,(:") = p(k/n), 0 < k <mn. Let f(x) be a continuous function on R. Then for the differences of okdee

have

k
ALF(@) = Y1) S o+ v,

v=0 ’

In addition, if f(x) hask derivatives, then
h h
Abf(z) = (—1)k/ / FE (@ 4ty + -+ tg)dty - dity,
0 0
Observe that for any integér> 1 we have|u*)(z)] = 0for0 < z < 1/2,2 > 1, and

| ()| < Cl(x — 1/2)(z — 1)]**Vexp ((x_l/gl)(x_l)>

9)

(10)

11)
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6 A. K. Kushpel, J. Levesley, and S. A. Tozoni-widths on 2—point homogeneous manifolds

fordlt/hz <fx < 1. SinceA® 2" = A3, u(k/2"), it follows from (10) and (11) tha[tAd+1)\§§2'»)| < ¢ (d+1)n
and therefore,
2" —d—1 N
ST oAt kd < ¢ (12)
k=0

We haveASAgi'?S = p(1) = 0for s = 0, and from (10) and (11) we have that

n 2n+2
AN <27 (1 - i)‘ < Co-tiney, ( )
A S s

forl < s < 2™ Then
d n
lim YA 95 = 0. (13)
s=0

Finally, from Lemma 2.4, (12) and (13) it follows that € K.
Example 2.6 (see, also, [10, p. 287]) Consider the function

1, 0<t<l,
Xo(t):{ 0, t>1

and forl < s < d let

t+1/(2d)
Xs(t) = 2d/ xs,l(u)du.
t

The functiony, is d—1 times continuously differentiable and positive[6nco). Furthermorexfid_l) is Lipschitz
continuousy4(t) = 1for0 <t <1/2, and
(2d)"

xa(t) = Py(t) = i 1-t)4, 1- % <t<l. (14)

Also x4 is a polynomial function of degregin each intervalt,, ts—1], 1 < s < d, wheret; = 1 — s/(2d). For
eachn > 1 consider a sequen({e\,i")}gzo given by

n k
A= (E) 0sk<n, (15)

To apply Lemma 2.4 we need to get some bounds for the diﬁere}mf@éfn)L We show that fo™ > 242
and0 < s < d,

IAAED | < (2d)2dgdn (16)
and for alln € N, and1 < k£ < 27,

IAHIAED ] < o(d)2n. (17)
Remark that fon > 242 and0 < s < d, (2" — s)/2" > 1 — 1/(2d), so that, setting = 27",

n on _ ) n ) on _
A2 = Pd( - ‘9) ,and ANED = A3 P, ( o S) .

Using (10) we get
AsAS)

) s P(S)

ol e Py (t)
ey, (20)T /s \d-s

2 sn ( )

(d—s)! \2n
(2d)?d27dn on > 9d% 0 < s <d,

IN

IN
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proving (16) and consequently (13). Sirn@?) is a piecewise continuous function @ 1], it follows from (10)
that|AS_, xa(k/2™)| < C(d)2~"%. Then (17) follows from the definition of differences.
Now, letl} = [k/2",(k+d+1)/2"],ts =1—s/(2d),n e N,1 <k <2", 1 <s<d+1,andlet

En,d = {k : {t1,t2,...,td+1} ﬂ[}: 7é @, 1 S k S 2”}
If kis notinE,, 4, thany "™ (1) = 0 for t € I and henceA4+1A(*") = AZ*Ix4(k/2™) = 0. Therefore
{k CAIAY 20 0<k < 2"} C Ena.

SinceCard (E,, 4) < (d+ 1)(d +2) foralln € N, using (17) we get

2" —d—1 d
. k
S Ak < Ccd) > <2> < O(d)(d+1)(d +2).
k=0 k€EE, 4

Finally from Lemma 2.4 it follows thak’ = {K»» }, . N € Kc-

3 Besov spaces as interpolation spaces

Two complex Banach spacek and A, are called an interpolation pait = (Ay, A,) if there exists a Haus-
dorff topological vector space in which, and A; are continuously embedded. Then, the following spaces and
quantities are well-defined:

A(A) = AgnAyg;
lallacay = max(llalla,, llalla,), o€ A(A);
Y(A) = Ao+ A ={ap+a1:ag € Ag,a1 € Ar};
lallsiy = ot (laolay + lorlla)
K(t,a) = K(t,a; A) = inf _ (Jlaol|la, +tlailla,), 0<t< oc;
a=ag+a; €S(A)
J(t,a) = J(t,a; A) = max(||alla,,tla]a,), 0<t<oo, acA(A).

Foragivent > 0, || - x4y andK(t, -) are equivalent norms an(A), and| - || o 1) andJ (¢, -) are equivalent

norms onA(A).
Let0 < 8 < 1,1 < g < o0, and letdy , be the functional defined by

o (1=0p(1))ad) g <
Dy q(0(t)) = (fo( ol ))_et ) ) _z< 00,
esssup,sot~"o(t), g = 00,

wherep is a hon-negative measurable function.

Givena € £(A) we define
lallo.g:rc = Po,q(K (L, a)). (18)
The set
Ko,q(A) ={a € B(A) : lallp.qx < o0}

is a Banach space with the noifm ||y .., and is called the interpolation space of the phioy the K-method.
If 1 < g < oothenA(A)is dense inCy ,(A).

We define the interpolation space of the pdiby the J-method as the sefy ,(A), of all a € X(A) which
can be represented by

a= /000 u(t)ﬁ (29)

t 3
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8 A. K. Kushpel, J. Levesley, and S. A. Tozoni-widths on 2—point homogeneous manifolds

whereu is a measurable function taking valuesiiiA), convergence in the integral is ¥ A), and

Do (J(t,u(t))) < oo. (20)

The setJy ,(A) is a Banach space with the norm
llallo,g;0 = igf Do ,q(J(t ult))), (21)

where the infimum is taken over allsuch that (19) and (20) hold. 1f< ¢ < oo thenA(A) is dense in7y 4 (A).
Both theJ- and K-method are called real interpolation methods.

A direct consequence of the definition is that, for anye X (A), the functiont — K(¢,a) is positive,
increasing, concave, and fars > 0,

K(t,a) <max(1,t/s)K(s,a). (22)

Similarly, for anya € A(A), the functiont — J (¢, a) is positive, increasing, convex, and fos > 0,
J(t,a) < max(1,t/s)J(s,a). (23)
Theorem 3.1 ([1, p. 44) Let A = (Ap, A;) be an interpolation pair, and led < § < 1and1 < ¢ < oo.

Then,Jy ,(A) = Kg,4(A) with equivalence of norms.

From this point to the end of the paper we will not distinguigh, (4) and Ky ,(A), and will denote them
both by(Ag, A1)g,q- Both normg| - || .7 and|| - [|g,q;x Will be denoted by - [[(4,,4,),., -
Given a linear operatdf € L(A, B), whereA and B are Banach spaces, we denote

1T

AB = sup | Tall 5.
a€A, |lal|<1

Suppose thal’ is a linear operator fromly + A; into B, and letT; be the restriction of" to A;, i = 0,1. If
T, € L(A;,B),i=0,1, then

1-6 0
1Tl 49,41)0.4.8 < ([Toll40.8)" " (IT1]|4,.8)" - (24)

Let0 <8< 1,1 <r < oo, andl < g < co. We will denote by\?™¢, the space of all sequences,), .z,
such that

1/q
—k6
e hows = 4 | 22 @ loa)? |, 1<g<oo,
keZ
supycz 1 o], q = 00,

is finite.
The next two lemmas can be found for= 2 in [1].

Lemma 3.2 Let A = (A, A1) be an interpolation pair and let € $(A4). Thena € (A, A1)g,, if and only
if (K(r*,a)),cz € A\”". Moreover, we have

r_g(logr)l/qH(K(rk,a))||)\e‘r,q < ||a||(A0’A1)97q < r(logr)l/qH(K(rk,a))||)\e,m. (25)

Lemma 3.3 Let A = (Ay, A;) be an interpolation pair and let € %(A). Thena € (Ag, A1)q,, if and only

if there existsy, € A(A), k € Z, with

a = Z Uk (26)

keZ
(convergence insidE(A)), and such thatJ (r*, u;,)) € A\%™4. Moreover,

(log ) =M/~ inf [|(J(F, un))llae e < llallag,ane,

< r(log )~V Cinf ||(J(rF, ug)) || xocma. (27)
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Now supposé) < s; < so andl < p < oo. It follows from (2) thatA®* ~*2 is bounded orl,, and hence, for
feWwsz,

£l = AT =2 A% fll, < Gyl flp* < oo

ThereforeW 2 C W' for 0 < s; < sz and1l < p < oo. The spacd = U;2,7, is dense inl,, 1 < p < oo,
and hence is also denselii;, s > 0,1 < p < co. SinceB, , is the interpolation of two Sobolev spaces (see
Theorem 3.6) and’ is dense in these Sobolev spaces, it follows tha also dense i3, ,, s > 0,1 < p < oo,
andl < ¢ < oo.

The next result is Bernstein’s inequality and is proved in [6].

Theorem 3.4 Forall s,p e R,s > 0,1 < p < o0,

Yoy f|| < Com®|fllp,  fE T, m> 1. (28)
k=1 p
Corollary 3.5 LetK € K¢, s,p € R,s > 0,andl < p < co. Then
IA*(pr * Pllp < C2%llon * fllp,  f € Ly, k>0 (29)
and
low * fllp < Cs27* A fllp,  f €Wy, k>0. (30)

Proof. Letusfixf € L,, 1 <p < o0, andk > 0. We have thal;, * f € Tor. Hence, by (28),
1A (0r % F)llp < Cs2%llon * fllp-
Now if f € W, lett; be a polynomial of degrezf—! satisfying (2) forp = A*f. Then
1F = tllp < 27 [[A% f ],
and K, x t, = ti. Therefore, by (1), (2) and Definition 2.1 we get

1 = Kon 5 fllp If = trllp + [[Kax o (f — )l
(1 + ([ B OIS = tellp
C27E A%,

IN N IA

and hence by (4)

ok * fllp < I = Kor % fllp + |1 f — Koe-1 % fllp
< C27R Al
O
Theorem 3.6 LetK € K. If 0 < s < s1 then

By, C By, 1<p,q<oo. (31)
If1 <gyp <@ <oothen

By CBpgs $>0,1<p<co. (32)
Moreover,

By, CcW,CBy ., s>0,1<p<oo. (33)
If Sp,81 >0 andso ?é s1, then

(W3, Wt )eg =By, 1<pg<oo, 0<6<1, (34)

with equivalence of norms, whese= (1 — 6)sg + 6s;.
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10 A. K. Kushpel, J. Levesley, and S. A. Tozoniwidths on 2—point homogeneous manifolds

Proof. The inclusions (31) and (32) follow directly from the definition of Besov space. Now, from (29), we

have
71l < DI e Pl
k=0
oo
< OSZZkSHWk*pr
k=0
= Gllfl50-
From (30),
1flpce = sup 25[lop = £l
ke
< Cysup 2B 2R A,
ke
= Cllfll;-

The inclusions in (33) follow from the previous two inequalities.

We now prove (34). Considér < so < s1. Let f € (W0, W;t)gq, With f = fo + f1, fi € Wi, i =0, 1.

From (30),
lox * flly < llew * follp + llow * fillp
< Co2 PN follp + CL27 A ful,
< Cz—kSo(”fO”«;U + 2k(so—s1) ||f1 ||;1)7
and hence

||<pk * f”p < CQikSOK(Qk(SO*Sﬂ’ f)

Thus, putting: = 251~ we get

2ok fll, < O g (@M ) = OV K (R, ),

so that

o 1/q 00 1/q
<Z(2’”Ilsok * pr)q> <C (Z(r’“eK(r"“,f))q> :

k=0 k=0

Applying Lemma 3.2 we find

oo 1/q
(Z@’“nwk x fIIp)q>

1fllpg =
k=0
[e'e) 1/q
< C(Z(TkeK(r_k,f))‘I)
k=0
<

Cllfllewzo wity,.,-
Suppose conversely thite B, . From (29),

J(28C0m) g x f) = max(|A% (pr * f)lp, 2V A% (on  f)]lp)

IN

C2" ||op, * fllp,
and hence

2H(s7s0) (28079 oy % f) < C2% ok £l

max(0502k80 llor * pr’ 0312]6(80781)2]“1 llon * f”p)
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Thus, again putting = 251750, we get
r I o f) < C2%lon # fllp, k2 0. (35)

Consider the sequencey,), .z defined by

- 0, k>1,
= cp—k*fa kSO

Sincesp < s; we have thatV;» C Wp°, and hencéVjo + Wit = Wio. From (29) and Kider’s inequality

D Nl

keZ

DA% (or x f)llp
k=0

oo

Cso > 27 lop = £l
k=0

o0
= Cyp Y 2Kk 1o 5 £,
k=0

o 1/q
< (z) 1 < oo,

k=0

IN

wherel/q + 1/q" = 1. Therefore, we may conclude that the sefi€s_z u, converges tgf € W;°. Now, by
(35)

1/q

NIk ) = (Z(T’“"J(r’“,wk * f>>“>

keZ k=0

00 1/q
< c (Z@’“nwk . f||p>q>

k=0

Thus, by Lemma 3.2, we can conclude tifiat (W, W,*)e,, and that

s
p,q°

1F lwso witya, < Csllfllp.q-
O
Remark 3.7 Lets > d(1/p —1/¢)+, 1 < p,q < o0, andn € N. Consider the operatd,, defined onL,,
by I.f = f — t,(A° f), wheret, (o) = G,, x ¢, whereG,, = >} _ (ANTIN)CNSY, N = (d+1)/2if dis
odd andN = (d + 2)/2if d is even. From (2) we have that
||InHWIf,Lq < Csn—sﬂ-d(l/P—l/‘Z)Jr. (36)
Now, considers,p,r,q € Rwith 1 < p,q,r < oo, ands > d(1/p — 1/q)+. Letsp,s1 € R such that

s1 > s > sg > d(l/p—1/q)4, and letd € (0,1), such thats = (1 — 0)so + 0s;. From (34) we have
By . = (W3, W;5t)e,,. Then, from (24) and (36),

1-0 0
(||In||W:07Lq) (HInHWZfl,Lq)
< QOgnstd/p=1/a)y (37)

a5

p,r?

IN

Lq
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Remark 3.8 Consider the multiplier sequendé = {3 },50, \; = (1 + k(k +a+ B +1))¥/2, s > 0. The
Sobolev spaces can also be defined udifigather tham*. We define

WS = {feLp:AsfeLp},
with norm
115 = [A° £1],-

From [4, Theorem 2JA—* is bounded froni, to L, for s > d(1/p — 1/q)+. The inequality (2) also holds
for A=%, s > 0. Since Bernstein’s inequality (Theorem 3.4) holds for the sequéep(ﬁeee [6]), the same is true
for Corollary 3.5.

Now, fors,p,q € R,s > 0,1 <p,q < oo, andf € L,, we define

1£115,q = [1Fllp + 11£115,q5

and
By ={f€Ly:|Ifl}, <oo}

In this case we have thit- H; and|| - H;q are norms irW; andB;,q respectively, when we consider these
spaces as subspaces/gf

Theorem 3.6 holds for the spacﬁgj andB;’)q, with minor changes in the proof. In the proof we consider
a sequenceguy), .z as in the proof of Theorem 3.6, only with the minor change= 7, = f. We need the
inequalities

Cyr= Y, f) < Ifll, < C2K(1,f), 1<p<oo, f€L,.
Remark 3.9 Besov spaces on the unit sphérein R4 were studied in [13], where the authors give a list of

equivalent norms for Besov spaces. We will show that the Besov spaces considered in [13] and thB;paces
have equivalent norms.

The Sobolev spaces considered in [13] are the spﬁgiegiven in Remark 3.8. Let us denote Iﬁqu the

Besov spaces in [13f > 0, 1 < p,q < oo. The following two equivalent norms faf;
givenin [13]:

oo 1/q
Wlflls, = ||f||p+<zmsqlEm(f)Z> ;

m=1

¢ among others, are

'] l/q
@fls, = ||f||p+(stq‘l&(w/m,ﬂg) , os<2orr=12,...,

m=1

whereE,,(f), is the best approximation of a functighe L,, by spherical polynomials of degree m, and
K, (m/m, f), is given in terms of thé(-functional by

KT(’]T/TTL, f)p = K(,R_Qrmf2r’ fa Lpa WpQT)
It is not difficult to show (see Lemma 3.2) that the nof?’thH;ﬂ is the norm of the interpolation space

(Lp, W2") s j2r,q» thatis,Bs .= (L, W2") 2, 4. It was also proved in [13] that

* . *
By, C W, CB, o,

§s>0,1<p<o0.
By the definition of the clas&((f, L,, Wg") given in Section 4, we can conclude that
W; € H(S/QT,LP,WZ?T), 1<p<oo, s<2r.
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Consider nows, sg, s1 € Rwith 0 < s < s < s1, ands = (1 —n)so + ns1,n € (0,1). Then
W3t € H(si/2r,L,, W2T), i=0,1,
and from (34)
Byq= W Wit

Applying the Reiteration Theorem (see [1, p. 50]) we can conclude that

*

Hs 7 1S 772r s
Bp,q = (WpO’Wpl)nyq = (LP7Wp )S/QT’Q :Bp q "

)

4 Estimates ofn—widths of Besov classes

Fors > d(1/p —1/q)+ the operaton—* is bounded fron’,, to L, and thereforelV,; = A=*(L,,) C L,. Now
letsp,s1 > d(1/p — 1/q)+ with 5o < s < s1, and letd < 6 < 1 such thats = (1 — 0)so + 0s1. Then, by (34),
By =Wy, Wit)e, C W50 C L. ThusB; . C Ly, fors > d(1/p —1/¢)+,andl < p,q,r < <.

Let A = (Ay, 41) be an interpolation pair of Banach spackg, be the unit ball of4;, i = 0, 1, and letB
be another Banach space such thatA; C B. In Triebel [21] sufficient conditions were given on Kolmogorov
n-widths d,,(Ua,, B), i = 0,1, for obtaining estimates for the Kolmogorexwidths d,,(U4,,4,),.,, B)- TO
get our results we will use sharp orders for the Kolmogorewidthsd,, (W7, L,) found in [3, 11], the property
(34), which says that a Besov space is an interpolation space of Sobolev spaces, and Triebel's theorem mentioned
above.

We will denote the unit ball of a Banach spadeby Ua. If A = (A4, A;) is an interpolation pair and
(A(), Al)g’l CAC (1407 Al)@,oo: we write A € H(G, Ao, Al)

Theorem 4.1 (see[21]) Let A = (A, A;) be an interpolation pair of Banach spaces and/zbe a Banach
space such thatly, A; C B. Suppose that there exist > 0 andC; > 0,47 = 0, 1, such that

do(Ua,,B) <Cin™®, neN,i=0,L (38)
Suppose also that there exiéts (0,1) and A € H(6, Ay, A;) such that
d,(Uz,B) > Cn™% neN, (39)
where0 < & = (1 — 6)ag 4 fag, andC > 0. 1f 6 € [0,1], A € H(0, Ag, A;), anda = (1 — B)ag + fay, then
do(Ua,B) =n~®, neN. (40)
Theorem 4.2 (se€[3, 4, 11) Letp,q,s € R.
cf1<p=¢g<>oor2<qg<p<oo,ands >0, then
dn(W,, L) =< n~ /4. (41)
()If1<p<g<2ands>d(1/p—1/q),then
dn(W,, Lg) = n=%/dt1/p=1/a, (42)
D (i) If 2<p<g<ocands > d/2, then
dn(W,, L) < n~ /" (43)
D (iv)Ifl1<p<2<g<ooands > d/p,then
dn(W,, Ly) = n=3/dH1/p=1/2, (44)
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t(WIfl<g<p<2ands > 0,then

dn(W,, Lg) < n~ /4, (45)

Theorem 4.3 Letp,q,s,r € R.

(M fl<p=¢g<xor2<g<p<oos>0andl <r < oo, then

do(B. ., Ly) = 6. (B,

P, 4q P,

L,) =n~*/4, (46)

) 1<p<qg<2,s>d(l/p—1/q),andl <r < oo, then

S S

d,(B

p,r?

L,) < 6,(B

p,r?

L) = n—*/d41/p=1/ (47)

D (i)If2<p<g<oo,s>d/2,andl <r < oo, then

dn(B;

p,T?

L,) = n~%4. (48)

(V) IfFl<p<2<g<oo,s>d/p,andl <r < oo, then

dp(B ., Ly) = n~s/d+1/p=1/2, (49)

p,r?

W Ifl<g<p<2,5>0,andl < r < oo, then

dn(B;

oo L) =< 0n(B, . L) < n~ %% (50)
Proof. Considerl < p,r < o0, s, 80,51 > 0,andd € (0,1), with s = (1 — 6)sy + 0s1. From (34) we have

By 1= W32, Wi )e1, By oo = (W0, W51)s o0, and hence, from (33),

(W;O,W;’l)g,l C W; C (W;",W;l)gm.
Therefore
WpS S H(@,Wgo,ng). (51)

Now from (32) we haves; | C B, , C B, ., and hence, from (34),

p,00?
(Wpo,Wit)e1 C By o C (W0, Wit ) oo

Thus,
By . € H(O,W,°, W). (52)

Let s,p,q,r be as in (i) and choos&),s; € R such thatd < sp < s < s;. Letf € (0,1) with s =
(1 —6)sg + 0s1. From (41) we have

Ay (W' Ly) < Cn~*/% neN,i=0,1 (53)
From (51) we have that/; € H (6, W,°, W;1), and, from (41),
dn(W,,Lg) > Cn=/%, neN. (54)

Then (46) for Kolmogorov.-widths follows from Theorem 4.1, (53), and (54).
Now let s, p, ¢, r be as in (ii) and choos&, ands; such thats; > s > so > d(1/p — 1/q). Letd € (0,1)
such thats = (1 — 6)sg + 6s1. From (42) we have

do(W,', Lg) < Cn=s/dt1/p=1/a p e N, i=0,1. (55)
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From (51) we have that/; € H (0, W,°, W 1), and, from (42),
dn(W,, Ly) > Cn~ /4t /p=1/a p e N. (56)

Then (47) for Kolmogorov.-widths follows from Theorem 4.1, (55), and (56).

The proofs of (48), (49), and (50) for Kolmogoravwidths follow in the same way as those of (46) and (47)
above.

Lets > d(1/p—1/q)+, andn € N. From (37) we have that

6nd (B;,NLQ) < ||I7IHB;,7-;L<1 < Csn_‘g+d(1/p_1/q)+a

and hence

8 (B5 . Lg) < Cyn= /4t A/p=1/a)+ -y e N. (57)
The upper bounds for linear-widths in (46), (47) and (50) follow from (57). The lower bounds follow from
the inequalityd,, (A, X) < 0, (A, X). O
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