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Estimates of Kolmogorov and linearn-widths of Besov classes on compact globally symmetric spaces of rank
1 (i.e. onSd, P d(IR), P d( lC), P d(IH), P 16(Cay) ) are established. It is shown that these estimates have sharp
orders in different important cases. A new characterisation of Besov spaces is also given.
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1 Introduction

In the present paper we investigate the asymptotically optimal approximation of Besov classes on compact glob-
ally symmetric spaces of rank 1 (two-point homogeneous spaces)Sd, P d(IR), P d( lC), P d(IH), P 16(Cay). In
what follows, optimal approximation will be interpreted in the sense of Kolmogorov and linearn-widths.

Estimates for Kolmogorovn-widths of Besov classes on bounded regions of Euclidean spaces can be found
in [21]. The spaces of Besov type on manifolds and their equivalent characterisations have been investigated in
different articles (see e.g. [22, 23, 16, 15, 5, 17]).

There are various approaches to the definition of smoothness via harmonic analysis. The basic theorem in
this range of problems is the well known analog of the Littlewood-Paley theorem [12] for trigonometric series,
on compact globally symmetric spaces of rank 1 by Bonami and Clerc [2]. We introduce the Besov spaces
decomposing a smooth functionf into a series relative to spherical harmonics and using zonal polynomials
Kn(z) which are natural generalizations of the de la Vallée Poussin polynomials onS1. We prove that the Besov
spaces are real interpolation of two Sobolev spaces. Our definition of Besov space is new even for the sphereSd,
d ≥ 2.

We use sharp orders of Kolmogorovn-widths of Sobolev classes from [3] and [11], and interpolation tech-
niques by Triebel [21] to prove asymptotic estimates for Kolmogorov and linearn-widths of Besov classes on
two-point homogeneous spaces.

Suppose thatA is a convex, compact, centrally symmetric subset of a Banach spaceX with unit ball B. The
linearn–width ofA in X is defined by

δn(A,X) := δn(A,B) := inf
Pn

sup
f∈A

‖f − Pnf‖,

wherePn varies over all linear operators of rank at mostn that mapX into itself.
The Kolmogorovn–width ofA in X is defined by

dn(A,X) := dn(A,B) := inf
Xn

sup
f∈A

inf
g∈Xn

‖f − g‖,
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2 A. K. Kushpel, J. Levesley, and S. A. Tozoni:n–widths on 2–point homogeneous manifolds

whereXn runs over all subspaces ofX of dimensionn.
For ease of notation we will writean ¿ bn for two sequences, ifan ≤ cbn for n ∈ IN and an ³ bn, if

c1bn ≤ an ≤ c2bn for all n ∈ IN and some constantsc, c1 andc2. Also, we shall put

(a)+ :=
{

a, if a > 0,
0, otherwise.

We shall be interested here in compact homogeneous spaces. Such manifolds of dimensiond will be denoted
by Md. EachMd can be considered as the orbit space of some compact subgroupH of the orthogonal groupG,
that isMd = G/H. Let π : G → G/H be the natural mapping ande be the identity ofG. The pointo = π(e)
which is invariant under all motions ofH is called the pole ofMd. On any such manifold there is an invariant
Riemannian metricd(·, ·), and a measuredν which is induced by the normalised left Haar measure onG and
is invariant under the action ofG. The two-point homogeneous spaces have the following additional property.
If x, x′, y, y′ ∈ Md with d(x, y) = d(x′, y′) then there is ag ∈ G such thatx = gx′ andy = gy′. Two point
homogeneous spaces admit essentially only one invariant second order differential operator, the Laplace-Beltrami
operator∆. A functionZ : Md → IR is called zonal ifZ(h−1·) = Z(·) for anyh ∈ H. The geometry of these
spaces is in many respects similar. For example, all geodesics in a given one of these spaces are closed and have
the same length2L. HereL is the diameter ofG/H, i.e. the maximum distance between any two points. A
complete classification of the two-point homogeneous spaces was given by Wang [24].

For each zonal functionz onMd, we have a univariate functioñz, defined on[−1, 1],

z(x) = z̃(cos(2λd(x, o))), x ∈ Md,

whereλ is eitherπ/2L or π/4L, depending on the homogeneous spaceMd.
Let Lp be the set of all complex measurable functionsϕ onMd of finite norm, given by

‖ ϕ ‖p=
{

(
∫

Md |ϕ(x)|pdν(x))1/p, if 1 ≤ p < ∞,
ess sup{|ϕ(x)| | x ∈ Md}, if p = ∞.

Further, letUp = {ϕ : ϕ ∈ Lp, ‖ ϕ ‖p≤ 1}.
Let z̃ ∈ L1([−1, 1], (1−x)α(1 + x)βdx). Then, for any integrable functiong we can define convolutionh on

Md as the following

h(·) = (z ∗ g)(·) =
∫

Md

z̃(cos(2λd(·, x)))g(x)dν(x).

For the convolution onMd we have Young’s inequality

‖z ∗ g‖q ≤ ‖z‖p‖g‖r, (1)

where1/q = 1/p + 1/r − 1 and1 ≤ p, q, r ≤ ∞.
For eachn ∈ IN, let Hn be the eigenspace of the Laplace-Beltrami operator corresponding to the eigenvalue

−n(n + α + β + 1), whereα andβ are numbers associated with the particular homogeneous spaceMd. Let
Tn = ⊕n

k=0Hk, andT = ∪∞n=0Tn. We havedim Tn ³ nd.
The Hilbert spaceL2 with usual scalar product

〈f, g〉 =
∫

Md

f(x)g(x)dν(x)

has the decomposition

L2 =
∞⊕

n=0

Hn.

There is a unique real zonal eigenfunction (up to scalar multiplication)Zn ∈ Hn such that the orthogonal
projection fromL2 ontoHn is given by the convolution operatorϕ 7→ Zn ∗ ϕ. We have

Z̃n(t) = Cn(Md)Pα,β
n (t),
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wherePα,β
n are the Jacobi polynomials (see, for example Szegö [20]), andα andβ can be specified for eachMd.

For example, in the case ofSd, we haveσ = 0 andρ = d − 1. Thus,α = β = (d − 2)/2 and the polynomials
Pα,β

n are just multiples of the Gegenbauer polynomialP
(d−1)/2
n . The normalisation constantCn(Md) ³ nd/2 is

chosen for technical reasons, and its explicit value can be found in [3].
See [7, 9, 14, 18] for more information concerning the harmonic analysis on homogeneous spaces.
In the next section we will give the definition of a standard Sobolev spaces and introduce a set Besov type

spaces on two-point homogeneous manifolds. In the Section 3 we demonstrate that our definition of Besov
spaces generates a set of an equivalent norms. In the case ofSd our definition is equivalent to another definition
of Besov spaces given in [13]. In the final section of the paper we will use interpolation results of Triebel [21] to
give estimates ofn-widths for our Besov spaces.

2 Sobolev and Besov spaces on two-point homogeneous manifolds

Let Λ = {λk}k≥0 be a sequence of complex numbers, and let1 ≤ p, q ≤ ∞. If for anyϕ ∈ Lp there is a function
f := Λϕ ∈ Lq with formal expansion

f ∼
∞∑

k=0

λkZk ∗ ϕ,

then we shall say thatΛ is a multiplier operator of(p, q)-type with norm‖Λ‖p,q := supϕ∈Up
‖Λϕ‖q. Fors ∈ IR,

let Λs = {µs
k}k≥0, whereµs

k = (k(k+α+β +1))s/2. It was proved in [4] that, fors > d(1/p−1/q)+, Λ−s is a
multiplier operator of(p, q)-type, and for eachϕ ∈ Lp andn ≥ 1, there exists a polynomial functiontn(ϕ) ∈ Tn

such that

‖Λ−sϕ− tn(ϕ)‖q ¿ n−s+d(1/p−1/q)+‖ϕ‖p. (2)

The Sobolev spaceW s
p , s > 0, is given by

W s
p := {f ∈ Lp : Λsf ∈ Lp},

with norm

‖f‖s
p := ‖Λsf‖p.

Here we have identified functions which differ by a constant, i.e., iff − g = constant, thenf = g in W s
p . The

Sobolev classW
s

p, s > 0, is given by

W
s

p := {f ∈ W s
p : ‖f‖s

p ≤ 1}.

It is easy to show that

W
s

p = {c + Λ−sf : c ∈ IR, f ∈ Up}.

Let (λ(n)
k ) be an infinite lower triangular matrix, i.e.,λ

(n)
k = 0 for anyk > n andn ∈ IN.

Definition 2.1 We say that the sequenceK = {K2n}n∈IN of polynomial zonal functions

K2n =
2n∑

k=0

λ
(2n)
k Zk (3)

possesses the propertyKC , and we writeK ∈ KC , if λ
(2n)
k = 1 for any0 ≤ k ≤ 2n−1 and there exists a positive

constantC such that,‖K2n‖1 ≤ C for all n ∈ IN.
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Remark 2.2 In the case ofSd, d ≥ 2, the sequence of zonal polynomialsK was introduced and constructed
in an explicit form in [10, p. 287]. They are a natural generalization of the de la Vallée Poussin polynomial
Vn,2n(t) onS1,

Vn,2n(t) = 1/2 +
2n∑

k=1

λ
(2n)
k cos kt,

whereλ
(2n)
k = 1 for 1 ≤ k ≤ n andλ

(2n)
k = (2n− k)/n for n < k ≤ 2n. The de la Valĺee Poussin polynomials

Vn,2n(t) were used to introduce the Besov spaces onS1.

Let K ∈ KC . Fork ≥ 0 we write

ϕk = K2k −K2k−1 , k ≥ 1; ϕ0 = Z0. (4)

Definition 2.3 The functionf ∈ Lp belongs to the Besov spaceBs
p,q(K), s, p, q ∈ IR, s > 0, 1 ≤ p, q ≤ ∞,

if

‖f‖s
p,q(K) =

( ∞∑

k=0

(2ks‖ϕk ∗ f‖p)q

)1/q

< ∞,

where the functionsϕk are defined in (4).

It will be proved in Theorem 3.6 that the norms ofBs
p,q(K) and (W s0

p ,W s1
p )θ,q are equivalent fors =

(1−θ)s0+θs1, s0, s1 > 0, s0 6= s1. As consequence we can conclude that the norms ofBs
p,q(K

1) andBs
p,q(K

2)
are equivalent for allK1, K2 ∈ KC , that is, the norm ofBs

p,q(K) does not depend on the sequenceK ∈ KC . So
that we will write‖ · ‖s

p,q instead of‖ · ‖s
p,q(K).

As with the Sobolev spaces we will identify two functions inBs
p,q(K) which differ by a constant. It is easy to

see thatBs
p,q(K) is a normed vector space with norm‖ · ‖s

p,q(K). We will see in Section 3 thatBs
p,q(K) is the

interpolation space for two of the Sobolev spaces defined above, and is therefore a Banach space. Let

B
s

p,q(K) = {f ∈ Lp : ‖f‖s
p,q(K) ≤ 1}.

To give a useful sufficient conditions for the imbeddingK ∈ KC we will need some information concerning
Ces̀aro means. Letδ ≥ 0 andn ∈ IN. We define the Ces̀aro kernelS̃δ

n by

S̃δ
n =

1
Cδ

n

n∑
m=0

Cδ
n−mZ̃m,

whereCδ
n are Ces̀aro numbers of ordern and indexδ,

Cδ
n =

Γ(n + δ + 1)
Γ(δ + 1)Γ(n + 1)

³ nδ, n →∞ (5)

(see, e.g., [20, p. 237]). Given a sequence{λk}k≥0 we define the differences∆sλk, k, s ∈ IN, by ∆0λk = λk,
∆1λk = λk − λk+1, and∆s+1λk = ∆sλk −∆sλk+1.

Lemma 2.4 Let (λ(2n)
k ) be such that for anyn ∈ IN there is suchC

′
> 0 that

2n−d−1∑

k=0

|∆d+1λ
(2n)
k |kd +

d∑
s=0

|∆sλ
(2n)
2n−s|ϑ(s)

n < C
′
, (6)

where

ϑ(s)
n =





2n(d−1)/2, 0 ≤ s < (d− 1)/2,
n2n(d−1)/2, s = (d− 1)/2,

2ns, s > (d− 1)/2.

ThenK = {K2n}n∈IN ∈ KC .
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P r o o f. Applying the Abel transformd + 1 times we get

K2n =
2n−d−1∑

k=0

(∆d+1λ
(2n)
k )Cd

kSd
k +

d∑
s=0

(∆sλ
(2n)
2n−s)C

s
2n−sS

s
2n−s

and hence

‖K2n‖1 ≤
2n−d−1∑

k=0

|∆d+1λ
(2n)
k |Cd

k‖Sd
k‖1 +

d∑
s=0

|∆sλ
(2n)
2n−s|Cs

2n−s‖Ss
2n−s‖1. (7)

It was proved in [4, Lemma 3] that

‖Sδ
n‖1 ¿





n(d−1)/2−δ, 0 ≤ δ < (d− 1)/2,
log n, δ = (d− 1)/2,
1, δ > (d− 1)/2.

(8)

Comparing (5) - (8) we get (6).

We present here two examples of sequences{K2n}n∈IN ∈ KC .

Example 2.5 Consider the function

ξ(t) = − 1
ω

exp
(

1
(t− 1/2)(t− 1)

)
,

where

ω =
∫ 1

1/2

exp
(

1
(t− 1/2)(t− 1)

)
dt.

Let

ν(t) =





0, 0 ≤ t < 1/2,
ξ(t), 1/2 ≤ t ≤ 1,
0, t > 1

and

µ(x) = 1 +
∫ x

0

ν(t)dt, x ≥ 0.

Putλ(n)
k = µ(k/n), 0 ≤ k ≤ n. Let f(x) be a continuous function on IR. Then for the differences of orderk we

have

∆k
hf(x) =

k∑
ν=0

(−1)ν k!
ν!(k − ν)!

f(x + νh). (9)

In addition, iff(x) hask derivatives, then

∆k
hf(x) = (−1)k

∫ h

0

· · ·
∫ h

0

f (k)(x + t1 + · · ·+ tk)dt1 · · · dtk (10)

Observe that for any integerk ≥ 1 we have|µ(k)(x)| = 0 for 0 ≤ x ≤ 1/2, x ≥ 1, and

|µ(k)(x)| ≤ C[(x− 1/2)(x− 1)]−2(k−1)exp
(

1
(x− 1/2)(x− 1)

)
(11)
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for 1/2 < x < 1. Since∆sλ2n

k = ∆s
2−nµ(k/2n), it follows from (10) and (11) that|∆d+1λ

(2n)
k | ≤ C2−(d+1)n

and therefore,

2n−d−1∑

k=0

|∆d+1λ
(2n)
k |kd ≤ C. (12)

We have∆sλ
(2n)
2n−s = µ(1) = 0 for s = 0, and from (10) and (11) we have that

|∆sλ
(2n)
2n−s| ≤ 2−ns

∣∣∣µ
(
1− s

2n

)∣∣∣ ≤ C

s
2−(s−1)nexp

(
−2n+2

s

)

for 1 ≤ s ≤ 2n. Then

lim
n→∞

d∑
s=0

|∆sλ
(2n)
2n−s|ϑ(s)

n = 0. (13)

Finally, from Lemma 2.4, (12) and (13) it follows thatK ∈ KC .

Example 2.6 (see, also, [10, p. 287]) Consider the function

χ0(t) =
{

1, 0 ≤ t ≤ 1,
0, t > 1,

and for1 ≤ s ≤ d let

χs(t) = 2d

∫ t+1/(2d)

t

χs−1(u)du.

The functionχd isd−1 times continuously differentiable and positive on[0,∞). Furthermore,χ(d−1)
d is Lipschitz

continuous,χd(t) = 1 for 0 ≤ t ≤ 1/2, and

χd(t) = Pd(t) =
(2d)d

d!
(1− t)d, 1− 1

2d
≤ t ≤ 1. (14)

Also χd is a polynomial function of degreed in each interval[ts, ts−1], 1 ≤ s ≤ d, wherets = 1− s/(2d). For
eachn ≥ 1 consider a sequence{λ(n)

k }n
k=0 given by

λ
(n)
k = χd

(
k

n

)
, 0 ≤ k ≤ n. (15)

To apply Lemma 2.4 we need to get some bounds for the differences|∆sλ
(2n)
k |. We show that for2n ≥ 2d2

and0 ≤ s ≤ d,

|∆sλ
(2n)
2n−s| ≤ (2d)2d2−dn (16)

and for alln ∈ IN, and1 ≤ k ≤ 2n,

|∆d+1λ
(2n)
k | ≤ C(d)2−dn. (17)

Remark that forn ≥ 2d2 and0 ≤ s ≤ d, (2n − s)/2n ≥ 1− 1/(2d), so that, settingh = 2−n,

λ
(2n)
2n−s = Pd

(
2n − s

2n

)
, and ∆sλ

(2n)
2n−s = ∆s

hPd

(
2n − s

2n

)
.

Using (10) we get

|∆sλ
(2n)
2n−s| ≤ hs max

t≥(2n−s)/n
P

(s)
d (t)

≤ 2−sn (2d)d

(d− s)!

( s

2n

)d−s

≤ (2d)2d2−dn, 2n ≥ 2d2, 0 ≤ s ≤ d,
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proving (16) and consequently (13). Sinceχ
(d)
d is a piecewise continuous function on[0, 1], it follows from (10)

that|∆d
2−nχd(k/2n)| ≤ C(d)2−nd. Then (17) follows from the definition of differences.

Now, letIn
k = [k/2n, (k + d + 1)/2n], ts = 1− s/(2d), n ∈ IN, 1 ≤ k ≤ 2n, 1 ≤ s ≤ d + 1, and let

En,d = {k : {t1, t2, . . . , td+1} ∩ In
k 6= ∅, 1 ≤ k ≤ 2n} .

If k is not inEn,d, thanχ
(d+1)
d (t) = 0 for t ∈ In

k and hence∆d+1λ
(2n)
k = ∆d+1

2−nχd(k/2n) = 0. Therefore
{

k : ∆d+1λ
(2n)
k 6= 0, 0 ≤ k ≤ 2n

}
⊂ En,d.

SinceCard (En,d) ≤ (d + 1)(d + 2) for all n ∈ IN, using (17) we get

2n−d−1∑

k=0

|∆d+1λ
(2n)
k |kd ≤ C(d)

∑

k∈En,d

(
k

2n

)d

≤ C(d)(d + 1)(d + 2).

Finally from Lemma 2.4 it follows thatK = {K2n}n∈IN ∈ KC .

3 Besov spaces as interpolation spaces

Two complex Banach spacesA0 andA1 are called an interpolation pair̄A = (A0, A1) if there exists a Haus-
dorff topological vector space in whichA0 andA1 are continuously embedded. Then, the following spaces and
quantities are well-defined:

∆(Ā) = A0 ∩A1;
‖a‖∆(Ā) = max(‖a‖A0 , ‖a‖A1), a ∈ ∆(Ā);

Σ(Ā) = A0 + A1 = {a0 + a1 : a0 ∈ A0, a1 ∈ A1};
‖a‖Σ(Ā) = inf

a=a0+a1∈Σ(Ā)
(‖a0‖A0 + ‖a1‖A1);

K(t, a) = K(t, a; Ā) = inf
a=a0+a1∈Σ(Ā)

(‖a0‖A0 + t‖a1‖A1), 0 < t < ∞;

J(t, a) = J(t, a; Ā) = max(‖a‖A0 , t‖a‖A1), 0 < t < ∞, a ∈ ∆(Ā).

For a givent > 0, ‖ · ‖Σ(Ā) andK(t, ·) are equivalent norms onΣ(Ā), and‖ · ‖∆(Ā) andJ(t, ·) are equivalent
norms on∆(Ā).

Let 0 < θ < 1, 1 ≤ q ≤ ∞, and letΦθ,q be the functional defined by

Φθ,q(ϕ(t)) =

{ (∫∞
0

(t−θϕ(t))q dt
t

)1/q
, 1 ≤ q < ∞,

ess supt>0 t−θϕ(t), q = ∞,

whereϕ is a non-negative measurable function.
Givena ∈ Σ(Ā) we define

‖a‖θ,q;K = Φθ,q(K(t, a)). (18)

The set

Kθ,q(Ā) = {a ∈ Σ(Ā) : ‖a‖θ,q;K < ∞}
is a Banach space with the norm‖ · ‖θ,q;K , and is called the interpolation space of the pairĀ by theK-method.
If 1 ≤ q < ∞ then∆(Ā) is dense inKθ,q(Ā).

We define the interpolation space of the pairĀ by theJ-method as the setJθ,q(Ā), of all a ∈ Σ(Ā) which
can be represented by

a =
∫ ∞

0

u(t)
dt

t
, (19)
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whereu is a measurable function taking values in∆(Ā), convergence in the integral is inΣ(Ā), and

Φθ,q(J(t, u(t))) < ∞. (20)

The setJθ,q(Ā) is a Banach space with the norm

‖a‖θ,q;J = inf
u

Φθ,q(J(t, u(t))), (21)

where the infimum is taken over allu such that (19) and (20) hold. If1 ≤ q < ∞ then∆(Ā) is dense inJθ,q(Ā).
Both theJ- andK-method are called real interpolation methods.
A direct consequence of the definition is that, for anya ∈ Σ(Ā), the functiont 7→ K(t, a) is positive,

increasing, concave, and fort, s > 0,

K(t, a) ≤ max(1, t/s)K(s, a). (22)

Similarly, for anya ∈ ∆(Ā), the functiont 7→ J(t, a) is positive, increasing, convex, and fort, s > 0,

J(t, a) ≤ max(1, t/s)J(s, a). (23)

Theorem 3.1 ([1, p. 44]) Let Ā = (A0, A1) be an interpolation pair, and let0 < θ < 1 and1 ≤ q ≤ ∞.
Then,Jθ,q(Ā) = Kθ,q(Ā) with equivalence of norms.

From this point to the end of the paper we will not distinguishJθ,q(Ā) andKθ,q(Ā), and will denote them
both by(A0, A1)θ,q. Both norms‖ · ‖θ,q;J and‖ · ‖θ,q;K will be denoted by‖ · ‖(A0,A1)θ,q

.
Given a linear operatorT ∈ L(A, B), whereA andB are Banach spaces, we denote

‖T‖A,B = sup
a∈A, ‖a‖≤1

‖Ta‖B .

Suppose thatT is a linear operator fromA0 + A1 into B, and letTi be the restriction ofT to Ai, i = 0, 1. If
Ti ∈ L(Ai, B), i = 0, 1, then

‖T‖(A0,A1)θ,q,B ≤ (‖T0‖A0,B)1−θ (‖T1‖A1,B)θ
. (24)

Let 0 < θ < 1, 1 < r < ∞, and1 ≤ q ≤ ∞. We will denote byλθ,r,q, the space of all sequences(αk)k∈ZZ,
such that

‖(αk)‖λθ,r,q =






 ∑

k∈ZZ
(r−kθ|αk|)q




1/q

, 1 ≤ q < ∞,

supk∈ZZ r−kθ|αk|, q = ∞,

is finite.
The next two lemmas can be found forr = 2 in [1].

Lemma 3.2 Let Ā = (A0, A1) be an interpolation pair and leta ∈ Σ(Ā). Then,a ∈ (A0, A1)θ,q if and only
if (K(rk, a))k∈ZZ ∈ λθ,r,q. Moreover, we have

r−θ(log r)1/q‖(K(rk, a))‖λθ,r,q ≤ ‖a‖(A0,A1)θ,q
≤ r(log r)1/q‖(K(rk, a))‖λθ,r,q . (25)

Lemma 3.3 Let Ā = (A0, A1) be an interpolation pair and leta ∈ Σ(Ā). Thena ∈ (A0, A1)θ,q if and only
if there existsuk ∈ ∆(Ā), k ∈ ZZ, with

a =
∑

k∈ZZ
uk (26)

(convergence insideΣ(Ā)), and such that(J(rk, uk)) ∈ λθ,r,q. Moreover,

(log r)−1+1/qr−θ inf
uk

‖(J(rk, uk))‖λθ,r,q ≤ ‖a‖(A0,A1)θ,q

≤ r(log r)−1+1/q inf
uk

‖(J(rk, uk))‖λθ,r,q . (27)
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Now suppose0 < s1 < s2 and1 ≤ p ≤ ∞. It follows from (2) thatΛs1−s2 is bounded onLp and hence, for
f ∈ W s2

p ,

‖f‖s1
p = ‖Λs1−s2Λs2f‖p ≤ Cp‖f‖s2

p < ∞.

ThereforeW s2
p ⊂ W s1

p for 0 < s1 < s2 and1 ≤ p ≤ ∞. The spaceT = ∪∞n=1Tn is dense inLp, 1 ≤ p < ∞,
and hence is also dense inW s

p , s > 0, 1 ≤ p < ∞. SinceBs
p,q is the interpolation of two Sobolev spaces (see

Theorem 3.6) andT is dense in these Sobolev spaces, it follows thatT is also dense inBs
p,q, s > 0, 1 ≤ p < ∞,

and1 ≤ q ≤ ∞.
The next result is Bernstein’s inequality and is proved in [6].

Theorem 3.4 For all s, p ∈ IR, s > 0, 1 ≤ p ≤ ∞,
∥∥∥∥∥

m∑

k=1

µs
kZk ∗ f

∥∥∥∥∥
p

≤ Csm
s‖f‖p, f ∈ Tm, m ≥ 1. (28)

Corollary 3.5 LetK ∈ KC , s, p ∈ IR, s > 0, and1 ≤ p ≤ ∞. Then

‖Λs(ϕk ∗ f)‖p ≤ Cs2ks‖ϕk ∗ f‖p, f ∈ Lp, k ≥ 0 (29)

and

‖ϕk ∗ f‖p ≤ Cs2−ks‖Λsf‖p, f ∈ W s
p , k ≥ 0. (30)

P r o o f. Let us fixf ∈ Lp, 1 ≤ p ≤ ∞, andk ≥ 0. We have thatϕk ∗ f ∈ T2k . Hence, by (28),

‖Λs(ϕk ∗ f)‖p ≤ Cs2ks‖ϕk ∗ f‖p.

Now if f ∈ W s
p , let tk be a polynomial of degree2k−1 satisfying (2) forϕ = Λsf . Then

‖f − tk‖p ¿ 2−ks‖Λsf‖p,

andK2k ∗ tk = tk. Therefore, by (1), (2) and Definition 2.1 we get

‖f −K2k ∗ f‖p ≤ ‖f − tk‖p + ‖K2k ∗ (f − tk)‖p

≤ (1 + ‖K2k‖1)‖f − tk‖p

≤ C2−ks‖Λsf‖p

and hence by (4)

‖ϕk ∗ f‖p ≤ ‖f −K2k ∗ f‖p + ‖f −K2k−1 ∗ f‖p

≤ C2−ks‖Λsf‖p.

Theorem 3.6 LetK ∈ KC . If 0 < s0 < s1 then

Bs1
p,q ⊂ Bs0

p,q, 1 ≤ p, q ≤ ∞. (31)

If 1 ≤ q0 < q1 ≤ ∞ then

Bs
p,q0

⊂ Bs
p,q1

, s > 0, 1 ≤ p ≤ ∞. (32)

Moreover,

Bs
p,1 ⊂ W s

p ⊂ Bs
p,∞, s > 0, 1 ≤ p ≤ ∞. (33)

If s0, s1 > 0 ands0 6= s1, then

(W s0
p ,W s1

p )θ,q = Bs
p,q, 1 ≤ p, q ≤ ∞, 0 < θ < 1, (34)

with equivalence of norms, wheres = (1− θ)s0 + θs1.
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P r o o f. The inclusions (31) and (32) follow directly from the definition of Besov space. Now, from (29), we
have

‖f‖s
p ≤

∞∑

k=0

‖Λs(ϕk ∗ f)‖p

≤ Cs

∞∑

k=0

2ks‖ϕk ∗ f‖p

= Cs‖f‖s
p,1.

From (30),

‖f‖s
p,∞ = sup

k∈IN
2ks‖ϕk ∗ f‖p

≤ Cs sup
k∈IN

2ks2−ks‖Λsf‖p

= Cs‖f‖s
p.

The inclusions in (33) follow from the previous two inequalities.
We now prove (34). Consider0 < s0 < s1. Let f ∈ (W s0

p ,W s1
p )θ,q, with f = f0 + f1, fi ∈ W si

p , i = 0, 1.
From (30),

‖ϕk ∗ f‖p ≤ ‖ϕk ∗ f0‖p + ‖ϕk ∗ f1‖p

≤ C02−ks0‖Λs0f0‖p + C12−ks1‖Λs1f1‖p

≤ C2−ks0(‖f0‖s0
p + 2k(s0−s1)‖f1‖s1

p ),

and hence

‖ϕk ∗ f‖p ≤ C2−ks0K(2k(s0−s1), f).

Thus, puttingr = 2s1−s0 we get

2ks‖ϕk ∗ f‖p ≤ C2kθ(s1−s0)K(2k(s0−s1), f) = CrkθK(r−k, f),

so that
( ∞∑

k=0

(2ks‖ϕk ∗ f‖p)q

)1/q

≤ C

( ∞∑

k=0

(rkθK(r−k, f))q

)1/q

.

Applying Lemma 3.2 we find

‖f‖s
p,q =

( ∞∑

k=0

(2ks‖ϕk ∗ f‖p)q

)1/q

≤ C

( ∞∑

k=0

(rkθK(r−k, f))q

)1/q

≤ C‖f‖(W s0
p ,W

s1
p )θ,q

.

Suppose conversely thatf ∈ Bs
p,q. From (29),

J(2k(s0−s1), ϕk ∗ f) = max(‖Λs0(ϕk ∗ f)‖p, 2k(s0−s1)‖Λs1(ϕk ∗ f)‖p)

≤ max(Cs02
ks0‖ϕk ∗ f‖p, Cs12

k(s0−s1)2ks1‖ϕk ∗ f‖p)

= Cs2ks0‖ϕk ∗ f‖p,

and hence

2k(s−s0)J(2k(s0−s1), ϕk ∗ f) ≤ Cs2ks‖ϕk ∗ f‖p.
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Thus, again puttingr = 2s1−s0 , we get

rθkJ(r−k, ϕk ∗ f) ≤ Cs2ks‖ϕk ∗ f‖p, k ≥ 0. (35)

Consider the sequence(uk)k∈ZZ defined by

uk =
{

0, k ≥ 1,
ϕ−k ∗ f, k ≤ 0.

Sinces0 < s1 we have thatW s1
p ⊂ W s0

p , and henceW s0
p + W s1

p = W s0
p . From (29) and Ḧolder’s inequality

∑

k∈ZZ
‖uk‖s0

p =
∞∑

k=0

‖Λs0(ϕk ∗ f)‖p

≤ Cs0

∞∑

k=0

2ks0‖ϕk ∗ f‖p

= Cs0

∞∑

k=0

2kθ(s0−s1)2ks‖ϕk ∗ f‖p

≤ Cs0

( ∞∑

k=0

r−kθq′
)1/q′

‖f‖s
p,q < ∞,

where1/q + 1/q′ = 1. Therefore, we may conclude that the series
∑

k∈ZZ uk converges tof ∈ W s0
p . Now, by

(35)


 ∑

k∈ZZ
(r−kθJ(rk, uk))q




1/q

=

( ∞∑

k=0

(rkθJ(r−k, ϕk ∗ f))q

)1/q

≤ Cs

( ∞∑

k=0

(2ks‖ϕk ∗ f‖p)q

)1/q

= Cs‖f‖s
p,q.

Thus, by Lemma 3.2, we can conclude thatf ∈ (W s0
p ,W s1

p )θ,q and that

‖f‖(W s0
p ,W

s1
p )θ,q

≤ Cs‖f‖s
p,q.

Remark 3.7 Let s > d(1/p − 1/q)+, 1 ≤ p, q ≤ ∞, andn ∈ IN. Consider the operatorIn, defined onLp,
by Inf = f − tn(Λsf), wheretn(ϕ) = Gn ∗ ϕ, whereGn =

∑n
k=1(∆

N+1λ−s
k )CN

k SN
k , N = (d + 1)/2 if d is

odd andN = (d + 2)/2 if d is even. From (2) we have that

‖In‖W s
p ,Lq ≤ Csn

−s+d(1/p−1/q)+ . (36)

Now, considers, p, r, q ∈ IR with 1 ≤ p, q, r ≤ ∞, ands > d(1/p − 1/q)+. Let s0, s1 ∈ IR such that
s1 > s > s0 > d(1/p − 1/q)+, and letθ ∈ (0, 1), such thats = (1 − θ)s0 + θs1. From (34) we have
Bs

p,r = (W s0
p ,W s1

p )θ,r. Then, from (24) and (36),

‖In‖Bs
p,r,Lq ≤

(
‖In‖W

s0
p ,Lq

)1−θ (
‖In‖W

s1
p ,Lq

)θ

≤ Csn
−s+d(1/p−1/q)+ . (37)
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Remark 3.8 Consider the multiplier sequenceΛ̇s = {λ̇s
k}k≥0, λ̇s

k = (1 + k(k + α + β + 1))s/2, s > 0. The
Sobolev spaces can also be defined usingΛ̇s rather thanΛs. We define

Ẇ s
p :=

{
f ∈ Lp : Λ̇sf ∈ Lp

}
,

with norm

‖f ‖̇s
p := ‖Λ̇sf‖p.

From [4, Theorem 2],̇Λ−s is bounded fromLp to Lq for s > d(1/p − 1/q)+. The inequality (2) also holds
for Λ̇−s, s > 0. Since Bernstein’s inequality (Theorem 3.4) holds for the sequenceλ̇s

k (see [6]), the same is true
for Corollary 3.5.

Now, for s, p, q ∈ IR, s > 0, 1 ≤ p, q ≤ ∞, andf ∈ Lp, we define

‖f ‖̇s
p,q := ‖f‖p + ‖f‖s

p,q,

and

Ḃs
p,q := {f ∈ Lp : ‖f ‖̇s

p,q < ∞}.

In this case we have that‖ · ‖̇s
p and‖ · ‖̇s

p,q are norms inẆ s
p andḂs

p,q respectively, when we consider these
spaces as subspaces ofLp.

Theorem 3.6 holds for the spacesẆ s
p andḂs

p,q, with minor changes in the proof. In the proof we consider
a sequence(uk)k∈ZZ as in the proof of Theorem 3.6, only with the minor changeu1 = Z0 ∗ f . We need the
inequalities

C1r
−1J(r, f) ≤ ‖f‖p ≤ C2K(1, f), 1 ≤ p ≤ ∞, f ∈ Lp.

Remark 3.9 Besov spaces on the unit sphereSd in IRd+1 were studied in [13], where the authors give a list of
equivalent norms for Besov spaces. We will show that the Besov spaces considered in [13] and the spacesḂs

p,q

have equivalent norms.

The Sobolev spaces considered in [13] are the spacesẆ s
p given in Remark 3.8. Let us denote by

∗
Bs

p,q the

Besov spaces in [13],s > 0, 1 ≤ p, q ≤ ∞. The following two equivalent norms for
∗

Bs
p,q, among others, are

given in [13]:

(1)‖f‖s
p,q = ‖f‖p +

( ∞∑
m=1

msq−1Em(f)q
p

)1/q

,

(2)‖f‖s
p,q = ‖f‖p +

( ∞∑
m=1

msq−1Kr(π/m, f)q
p

)1/q

, s < 2r, r = 1, 2, . . . ,

whereEm(f)p is the best approximation of a functionf ∈ Lp by spherical polynomials of degree≤ m, and
Kr(π/m, f)p is given in terms of theK-functional by

Kr(π/m, f)p := K(π2rm−2r, f ;Lp, Ẇ
2r
p ).

It is not difficult to show (see Lemma 3.2) that the norm(2)‖f‖s
p,q is the norm of the interpolation space

(Lp, Ẇ
2r
p )s/2r,q, that is,

∗
Bs

p,q= (Lp, Ẇ
2r
p )s/2r,q. It was also proved in [13] that

∗
Bs

p,1⊂ Ẇ s
p ⊂

∗
Bs

p,∞, s > 0, 1 ≤ p ≤ ∞.

By the definition of the classH(θ, Lp, Ẇ
2r
p ) given in Section 4, we can conclude that

Ẇ s
p ∈ H(s/2r, Lp, Ẇ

2r
p ), 1 ≤ p ≤ ∞, s < 2r.
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Consider nows, s0, s1 ∈ IR with 0 < s0 < s < s1, ands = (1− η)s0 + ηs1, η ∈ (0, 1). Then

Ẇ si
p ∈ H(si/2r, Lp, Ẇ

2r
p ), i = 0, 1,

and from (34)

Ḃs
p,q = (Ẇ s0

p , Ẇ s1
p )η,q.

Applying the Reiteration Theorem (see [1, p. 50]) we can conclude that

Ḃs
p,q = (Ẇ s0

p , Ẇ s1
p )η,q = (Lp, Ẇ

2r
p )s/2r,q =

∗
Bs

p,q .

4 Estimates ofn–widths of Besov classes

For s > d(1/p− 1/q)+ the operatorΛ−s is bounded fromLp to Lq and therefore,W s
p = Λ−s(Lp) ⊂ Lq. Now

let s0, s1 > d(1/p− 1/q)+ with s0 < s < s1, and let0 < θ < 1 such thats = (1− θ)s0 + θs1. Then, by (34),
Bs

p,r = (W s0
p ,W s1

p )θ,r ⊂ W s0
p ⊂ Lq. ThusBs

p,r ⊂ Lq, for s > d(1/p− 1/q)+, and1 ≤ p, q, r ≤ ∞.
Let Ā = (A0, A1) be an interpolation pair of Banach spaces,UAi

be the unit ball ofAi, i = 0, 1, and letB
be another Banach space such thatA0, A1 ⊂ B. In Triebel [21] sufficient conditions were given on Kolmogorov
n-widths dn(UAi

, B), i = 0, 1, for obtaining estimates for the Kolmogorovn-widths dn(U(A0,A1)θ,r
, B). To

get our results we will use sharp orders for the Kolmogorovn-widthsdn(W s
p , Lq) found in [3, 11], the property

(34), which says that a Besov space is an interpolation space of Sobolev spaces, and Triebel’s theorem mentioned
above.

We will denote the unit ball of a Banach spaceA by UA. If Ā = (A0, A1) is an interpolation pair and
(A0, A1)θ,1 ⊂ A ⊂ (A0, A1)θ,∞, we writeA ∈ H(θ, A0, A1).

Theorem 4.1 (see[21]) Let Ā = (A0, A1) be an interpolation pair of Banach spaces and letB be a Banach
space such thatA0, A1 ⊂ B. Suppose that there existαi ≥ 0 andCi > 0, i = 0, 1, such that

dn(UAi , B) ≤ Cin
−αi , n ∈ IN, i = 0, 1. (38)

Suppose also that there existsθ̃ ∈ (0, 1) andÃ ∈ H(θ̃, A0, A1) such that

dn(UÃ, B) ≥ Cn−α̃, n ∈ IN, (39)

where0 < α̃ = (1− θ̃)α0 + θ̃α1, andC > 0. If θ ∈ [0, 1], A ∈ H(θ,A0, A1), andα = (1− θ)α0 + θα1, then

dn(UA, B) ³ n−α, n ∈ IN. (40)

Theorem 4.2 (see[3, 4, 11]) Letp, q, s ∈ IR.

: (i) If 1 ≤ p = q ≤ ∞ or 2 ≤ q ≤ p < ∞, ands > 0, then

dn(W
s

p, Lq) ³ n−s/d. (41)

: (ii) If 1 ≤ p ≤ q ≤ 2 ands > d(1/p− 1/q), then

dn(W
s

p, Lq) ³ n−s/d+1/p−1/q. (42)

: (iii) If 2 ≤ p ≤ q < ∞ ands > d/2, then

dn(W
s

p, Lq) ³ n−s/d. (43)

: (iv) If 1 ≤ p ≤ 2 ≤ q < ∞ ands > d/p, then

dn(W
s

p, Lq) ³ n−s/d+1/p−1/2. (44)
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: (v) If 1 < q ≤ p ≤ 2 ands > 0, then

dn(W
s

p, Lq) ³ n−s/d. (45)

Theorem 4.3 Letp, q, s, r ∈ IR.

: (i) If 1 ≤ p = q ≤ ∞ or 2 ≤ q ≤ p < ∞, s > 0, and1 ≤ r ≤ ∞, then

dn(B
s

p,r, Lq) ³ δn(B
s

p,r, Lq) ³ n−s/d. (46)

: (ii) If 1 ≤ p ≤ q ≤ 2, s > d(1/p− 1/q), and1 ≤ r ≤ ∞, then

dn(B
s

p,r, Lq) ³ δn(B
s

p,r, Lq) ³ n−s/d+1/p−1/q. (47)

: (iii) If 2 ≤ p ≤ q < ∞, s > d/2, and1 ≤ r ≤ ∞, then

dn(B
s

p,r, Lq) ³ n−s/d. (48)

: (iv) If 1 ≤ p ≤ 2 ≤ q < ∞, s > d/p, and1 ≤ r ≤ ∞, then

dn(B
s

p,r, Lq) ³ n−s/d+1/p−1/2. (49)

: (v) If 1 < q ≤ p ≤ 2, s > 0, and1 ≤ r ≤ ∞, then

dn(B
s

p,r, Lq) ³ δn(B
s

p,r, Lq) ³ n−s/d. (50)

P r o o f. Consider1 ≤ p, r ≤ ∞, s, s0, s1 > 0, andθ ∈ (0, 1), with s = (1− θ)s0 + θs1. From (34) we have
Bs

p,1 = (W s0
p ,W s1

p )θ,1, Bs
p,∞ = (W s0

p , W s1
p )θ,∞, and hence, from (33),

(W s0
p ,W s1

p )θ,1 ⊂ W s
p ⊂ (W s0

p ,W s1
p )θ,∞.

Therefore

W s
p ∈ H(θ, W s0

p ,W s1
p ). (51)

Now from (32) we haveBs
p,1 ⊂ Bs

p,r ⊂ Bs
p,∞, and hence, from (34),

(W s0
p ,W s1

p )θ,1 ⊂ Bs
p,r ⊂ (W s0

p ,W s1
p )θ,∞.

Thus,

Bs
p,r ∈ H(θ, W s0

p ,W s1
p ). (52)

Let s, p, q, r be as in (i) and chooses0, s1 ∈ IR such that0 < s0 < s < s1. Let θ ∈ (0, 1) with s =
(1− θ)s0 + θs1. From (41) we have

dn(W
si

p , Lq) ≤ Cn−si/d, n ∈ IN, i = 0, 1. (53)

From (51) we have thatW s
p ∈ H(θ, W s0

p ,W s1
p ), and, from (41),

dn(W
s

p, Lq) ≥ Cn−s/d, n ∈ IN. (54)

Then (46) for Kolmogorovn-widths follows from Theorem 4.1, (53), and (54).
Now let s, p, q, r be as in (ii) and chooses0 ands1 such thats1 > s > s0 > d(1/p − 1/q). Let θ ∈ (0, 1)

such thats = (1− θ)s0 + θs1. From (42) we have

dn(W
si

p , Lq) ≤ Cn−si/d+1/p−1/q, n ∈ IN, i = 0, 1. (55)
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From (51) we have thatW s
p ∈ H(θ, W s0

p ,W s1
p ), and, from (42),

dn(W
s

p, Lq) ≥ Cn−s/d+1/p−1/q, n ∈ IN. (56)

Then (47) for Kolmogorovn-widths follows from Theorem 4.1, (55), and (56).
The proofs of (48), (49), and (50) for Kolmogorovn-widths follow in the same way as those of (46) and (47)

above.
Let s > d(1/p− 1/q)+, andn ∈ IN. From (37) we have that

δnd(B̄s
p,r, Lq) ≤ ‖In‖Bs

p,r,Lq ≤ Csn
−s+d(1/p−1/q)+ ,

and hence

δn(B̄s
p,r, Lq) ≤ Csn

−s/d+(1/p−1/q)+ , n ∈ IN. (57)

The upper bounds for linearn-widths in (46), (47) and (50) follow from (57). The lower bounds follow from
the inequalitydn(A, X) ≤ δn(A,X).
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[7] A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental Functions, Vol. 2 (McGraw-Hill,

New York, 1953).
[8] R. Gangolli, Positive definite kernels on homogeneous spaces and certain stochastic processes related to Lévy’s Browian
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[9] T. Koornwinder, The addition formula for Jacobi polynomials and spherical harmonics, SIAM J. Appl. Math.25, 236–

246 (1973).
[10] A. K. Kushpel, Inequalities for discrete norms with scattered centers of polynomials onSd, In 47th Semińario Brasileiro
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