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Abstract. An analytical expression of the mean velocity for forced thermal ratchets is obtained
under small amplitude of the periodic forcing. It gives quite accurate approximation of the mean
velocity, in particular for fast periodic forcing, and reproduces the current reversal. Diffusion
ratchets and forced ratchets with state-dependent noise are also considered.

1. Introduction

In recent years, one of the most intensively studied noise-induced phenomena is directed
transport in Brownian ratchets (see [1-5] and references therein). The interest in this
phenomenon is caused by its possible biological applications relating to movement of muscles
or the operation of molecular combustion motors. The ratchet mechanism is also particularly
interesting for novel separation techniques for particles of mesoscopic, micro- and nanoscales.

Analytical and numerical studies of the phenomenon have mainly dealt with evaluating the
mean velocity of the noise-induced transport. An analytical expression of the mean velocity
for forced thermal ratchets in the case of a sufficiently long period of the periodic forcing
(adiabatic regime) was given in [1]. For clarity of exposition, we derive the expression in
section 2. In accordance with this formula, given the ratchet potential, the sign of the mean
velocity does not depend on parameters of the system. But this formula does not work for
relatively fast periodic forcing (non-adiabatic regime). In section 3, we derive an analytical
expression of the mean velocity for forced thermal ratchets under small amplitude of periodic
forcing in the general case. Our tests demonstrate that the obtained formula gives quite good
results.

In [6] it is found numerically that the direction of mean current can be reversed in the case
of a short period of the periodic forcing. We obtain a formula which reproduces the current
reversal.

In section 4, we extend the procedure of section 3 to evaluate the mean velocity for forced
ratchets with multiplicative noise (see also [7, 8]) and for diffusion ratchets [9].
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2. Preliminaries
For clarity of exposition, we first derive some properties of solutions to the Ito equation (see
also[1,3,7,8])
dX = f(X)dr + o (X) dw(r) (2.1)

where f (x) ando (x) are L-periodic functions anea (¢) is a standard Wiener process.
Introduce the process(r) = X (¢) (modL) on a circle of radiud. /2. It is continuous
on the circle. Due to the periodicity ¢gf ando, we can write (2.1) in the form

dX = £(®)dr + o (®) dw(r). (2.2)

Under sufficiently wide assumptions (e.g(x) # 0, x € R), ®(¢) is an ergodic process
(see, e.g.,[10]). Itsinvariantdensijbtyp), 0 < ¢ < L, is L-periodic and satisfies the stationary
Fokker—Planck equation

1—32< 2p) 0 (fp)=0
p— O’ — — fr—
2 0¢? P R10) b

L
p(©0) = p(L) /0 p(@)dp = 1.

Solving this problem, we get

C L ¢
pg) = &) [r(L) [ e | r—l@ds} (2.3)
o (§0) © 0
where
_ ¢ f&

andC > 0 is found from the condition

L
/ p(p)dp = 1.
0

Let EX(0) < oo. Due to the ergodicity ob (¢), we have for the mean velocityof X (¢):

U= lim EX@) = lim EX© + lim }/t Ef(®(s))ds
t—00 t =00 t t—00 0
L LC
=/0 f@)p(p)dp = T[r(L) —-1]. (2.5)

The sign ofv depends on the sign 8fL) — 1 only. Evidently, the necessary and sufficient
condition for zero mean velocity consists of the equality (cf [7, 8])

L)
0o 3e)
For instance, it = const and the potential

dg = 0. (2.6)

F(x):—/f(x)dx

is an L-periodic function (e.g., a ratchet potential), we get the well known fact of
thermodynamics [11] thai = 0. Clearly, for anL-periodic potentialF'(x), one can find

an L-periodic state-dependeat(x) such that there is a noise-induced transport,i.e 0
(see, e.q., [7,8]).
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Remark 1. Let us note that the condition (2.6) remains true if we consider a SDE in the sense
of Stratonovich:

dX = f(X)dt + o (X) * dw(r).
This is equivalent to the Ito equation

dX = f(X)dr + %U(X)Z—Z(X) +o(X)dw(r). (2.7)
Analogously to (2.5), we get for the mean velodity of the solutionX (¢) to (2.7):

By = ES (1) 1]

o) 0
P @)= 20) exp<2 0 0% dg)'

Due to the periodicity of (¢), we arrive at condition (2.6).

where

As is known [1] (see also [3-6]), forced thermal ratchets exhibit noise-induced transport.
Here we take a periodically forced thermal ratchet of the form
dX = f(X)dt + Ax(t; T)dt + o dw(r) (2.8)
where F(x) = — [ f(x) dx is an L-periodic ratchet potentialF'(x) = F(x + L), x € R,
possessing no reflection symmetfyx) # F(—x), x € (0,L/2); A, T, ando are some
positive constants;
1 0<t<T/2
x(@;T) = (2.9)
-1 T/2<t<T
andy (¢; T) is T-periodical.
The model (2.8) is similar to ones investigated in [1] (see also [3, 4, 6]).
In connection with (2.8), consider two SDEs

dX* = f(X")dt + Adr + o dw(t)
dX~™ = f(X7)dt — Adr + o dw(r).
Let ®*(r) and @~ (¢) be continuous random processes on the circle with radjizs
obtained by mapping*(¢) and X~ (¢) on the circle:®*(r) = X*(¢) (modL).
Just as (2.5), we find expressions for the mean velocities
vE = Jim EXE(t)/t.
We have

_,  Lo? 2AL/o? t Ap—F 2 t 2[Ap—F 2
5= (1 e / AAo—F@)fo d(p/ e 2A0-F@l/a’ 4,
0 0

L -1
+(e A" 1) / Av=r@l/o® [ " e 2me-r@no? g dw} : (2.10)
0 0

Putting— A instead ofA in (2.10), we get the expression for. The asymmetry of the ratchet
potentialF (x) canresultin* £ —v~. Note that ifF (x) were symmetric, i.eF (x) = F(—x),
thenv* = —v™.

Suppose that the pericl of x(¢; T) is sufficiently large so that stationary regimes of
®*(¢r) and ®(r) are established in a time essentially less tifid@. In this case the mean
velocity v of the solutionX (¢) to (2.8) can be approximated by

A

P (2.11)
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As far as we know, this formula was first obtained in [1]. Due to numerical experiments
(see, e.g., [6]), the mean velociyis fairly well approximated by the expression (2.11) in the
limit of large T

Expandingv* in powers of small amplitudd, we obtain

2
7" = AL2N My + ;AZLZNFMFJF (2.12)

where

L -1
NF — NF(U) — |:/ e72F((ﬂ)/az d(pi|
0

L -1
My = Mp(o) = [/ Q2F ()]0 d(p}
0

. , . (2.13)
I = (@) = LNy [0 [T de g ey [ g7 g
L 0 0 0
L
Ny / pe 2O dp - 7.
0
Analogously
2
0" = —AL*NpMp + — A’L’NyMypJr.
o
Then
.2 5.
V= ;A L NFMFJF. (214)

Clearly, if the period’ is not sufficiently large such that stationary regimes of the processes
@~ (1) and®*(r) are established in a time less thAp2, the formula (2.11) does not work.
In section 3 we obtain an approximate expression for the mean velocity in the case of a small
amplitudeA without any assumption on the length of the periad

3. The mean velocity for thermal ratchets in the limit of small amplitude of the periodic
forcing

In this section we consider systems with small-amplitude periodic forcing of the form
dX = f(X)dr + AB(t; T) dt + o dw(t) (3.1)

where the potentiaF(x) = — [ f(x) dx is an L-periodic function, the forcg(s; T) is a
T-periodic function,A > 0 is a sufficiently small number antl, T, o are some positive
constants.

At first we demonstrate the procedure of evaluating the mean velacity=
lim,_ . EX(t)/t in the case of8(z; T) = sin2tt/T. Because we can expand a periodic
function in the Fourier series, we are able to generalize the procedure for an arbitrary force
B(t; T). As an example, we evaluate the mean velogiip the case oB(#; T) = x(¢; T)
defined in (2.9) (see remark 4 below).

One can associate an autonomous system with the system (3.1) in a standard way. In the
case off(¢t; T) = sin 2tt/ T, we have

dXx = f(X)dt+Asin(2?nS) dr + o dw(?)
ds = dr.
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Consider the random procegB(r), ®(zr)): ®(¢r) = X (t) (modL), ©(¢) = S(¢) (modT)
on atorus traced by a circle with radilig2r whose centre runs along a circle of radiy&r .
Due to the periodicity of the coefficients, we get
2

dX = f(P) dt+Asin< T @) dr + o dw(r). 3.2

Because ofc # 0, the procesg®, ®) is ergodic. Its stationary density(p, 9),
0< ¢ <L, 0L v < T,isL-periodic ing and T-periodic in®. The densityp (g, )
satisfies the stationary Fokker—Planck equation

c?d%p dp ad 2
— = — = — — || -F(p)+ Asin—0 =0. 3.3
- w[( @)+ Asin 2 )p} (3.3)
One can see that
L
1
p(®) = f plp.Mdp=7  0<9<T (3.4)
0

i.e., p(¥) is the uniform distribution on the interval [@].
Due to ergodicity of the proces®, ©), the mean velocity := lim,_. . EX (t)/t isequal

T /L r rL 2
a:-f / F’(go)p(<p,19)d<pdz9+/ f Asin<—ﬂ)1’<¢ﬁ>d¢’dﬁ
0 0 0 0 r

T L
_ /O /O F'(g) plp. 9) dp A

where the last equality follows from (3.4).
Expand the density(p, ©#) in powers ofA:

to

1 A?
p(p,¥) = FP0(¢)+AP1(§0, 17)+7P2(90, B+ (3-5)

Therefore,

L T L
U= —/O F'(¢)po(p) dw—A/O /O F'(¢)p1(p, 9) do dv

A2 T L
S| P dods - .. (3.6)
0 0
By substituting (3.5) in (3.3) and collecting terms with the same facttisk =
0,1,2,...,we getasystem of equations fag, p1, p2, etc.
The functionpg(¢p) satisfies the problem
0,2 82

0
78—(/)2170 + ﬁ(F/(ﬁl))Po) =0

L
po(0) = po(L) / po(p)dp =1
0
whence
po(¢) = Np - g 2F(p)/o? (3.7)

whereNy is defined in (2.13).
Due to (3.7) and the periodicity df (x), the first term in (3.6) is equal to zero.
In accordance with (3.4), we obtain

L
/ pi(p,¥)dp =0 k=12,.... (3.8)
0
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The functionp; (¢, ©) satisfies the equation

023%py  dp1 D 1 21
s ey (F — Zsin[ =v ) p. =0.
2902 0 8(p( @p) — 7 ( T ) Po(®)

Its solution has the form
2 .2
pi(p, ) = bi(p) COS—-0 +c1(p) sin =9 (3.9)

whereb;(p) andcy(p) satisfy the boundary value problem

0.2

d 2
G g F@hn — Frea =0

"y d 2 L 3.10
Gel* g (F@e + b= Zpie) =0 (3.10)
bi(O) =bi(L) B =b(L)  a@=c(l) 0 =L

Apparently, there exists a unigue solution to the problem (3.10) for any periodic potential
F(¢). We have proved this for a sufficiently smdlland for a sufficiently big’, but we have
not succeeded in giving a general proof. At the same time it is not difficult to detect this fact
numerically for any concret€ (¢).

In accordance with (3.8) (this is also clear from (3.10))

L L
fo bi(g)dg = 0 /0 c1(¢) dg = O, (3.11)

Substituting (3.9) in (3.6), we obtain that the second term of (3.6) is equal to zero.
Now consider the functiop, (g, ). It satisfies the equation

02 82p2 13[)2 10 2 3[)1
e e T (F —sin[ —»8 | == =0. 3.12
2902 299 2890( (9)p2) ( T ) ” (3.12)

Its solution has the form (the form is distinguished from (3.9) becaysiepends op and?})

4 54
p2(p, ¥) = ax(p) + ba(p) 005?19 +c2(e) sin 719

where the functions,(¢), b2(¢), andca () are found by solving the corresponding boundary
value problem for three linear ordinary differential equations of the second order with periodic
coefficients. A nonzero contribution gf, to v (see (3.6)) is given by the term with(¢)
only. That is why we need not considen(¢) andc,(¢) but are interested i (¢) only, which
satisfies the equation
02 " + d F/ /o 0

7612 %( (go)ag) - Cl - (313)

az(0) = az(L) a5(0) = ay(L).
The function

2 2 2 ¢ 2
ay(p) = Cre 2F W/ + Z g 2F Wl / (ca(§) + Co)e?F /7 dg (3.14)
o 0

with (M is defined in (2.13))
L
Co=~Mr [ eate)e" /" d
0

is the solution to the problem (3.13) under ary But due to (3.8)

L
/ ax(@)dp = 0
0
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whence the constaut; can be found uniquely.
Substituting (3.14) in (3.6) and using the periodicitytfy), the second equality of (3.11),
and the expression fary, we come to the formula

A?T [F 2 2 [ 2
122 [P 50 [+ coe o ds | dg
2 0 0'2 0
A’TL 1 L 2
=-———Co= EAZTLMF f c1(6)2F®/7" dg (3.15)
0

whereci (¢) is from (3.10). Note that1(¢) depends on the parametdtando (see (3.10)).
Continuing the procedure and finding, p4, etc, it is possible to get other terms of
the expansion (3.6). For instance, it is not difficult to see that the next nonzero term in the
expansion (3.6) is a term with factdr*.

Let us state the obtained result.

Theorem 1. For small amplitudeA of the periodic forcing the mean velocityis evaluated
by the formula

L
0= SA’TLMp / c1(8)EF®/7° de + O(A%) (3.16)
0

wherec; (¢) is from (3.10) andVr is defined in (2.13).

We perform some numerical experiments. We take the following ratchet potéritial

L 2w x X
F(x)=——|(sin— +-sin— L>0 3.17
== ( L 4L ) g (3.17)

that is used for some tests, e.g. in [6]. Recall that the current reversal for just this potential was
announced in [6]. For sufficiently big periods the mean velocity is always positive for

this potential. But for small’, the value ofv can become negative, i.e. current reversal may
occur.

In figure 1 we present a comparison of approximate values given by formula (3.15) and
the mean velocityp evaluated by direct Monte Carlo simulations of the SDE (3.1) with
B(t; T) = sin2rt/T. We apply a third-order weak scheme [12] to this SDE. To obtain
a sample trajectory, we numerically integrate the SDE during 1000 periods of the periodic
forcing B(z; T) with the time step 0.02-0.01. In our tests we simulate 200 000-1000 000
sample trajectories. The Monte Carlo errors of the given points are no greater thaér3.

Other errors are less than or comparable to the Monte Carlo ones.

According to figure 1, the mean velocity of the noise-induced transport can be
approximated quite accurately by (3.16) for a small amplitude of the periodic forcing. Let
us underline that the expression (3.16) works, in particular, for sfh@le., in the fast-forcing
regime) and reproduces the current reversal. In passing, we note that the standard deviation
(E(X(t) — EX(1))®Y? is essentially greater than the mean valig () when the current
reversal is observed.

Remark 2. Expanding the expression (3.16) in powerd oT", we get in the case of largg:

= 12,2 A? 4
V= —A°L°NpMpJr+O| — | + O(A")
o T2
whereNg, Mg, and Jr are from (2.13).

Remark 3. Expanding the expression (3.16) in powers of srifiallve obtain

L
U= %AZT‘lLNFMF /O (F"(£))?F' (&) d& + O(A%T®) + O(A*TH). (3.18)
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Figure 1. Solid curves are obtained by formula (3.15) and dashed curves by direct Monte Carlo
simulations of the SDE (3.1) with(¢; T) = sin 27t/ T, the potentialF (x) of (3.17),L = 1 and
o =0.4.

Substituting the ratchet potentiél(¢) of the form (3.17) in (3.18), we get

9
b= ~817 A2T4NFMF

which approves the possibility of the current reversal.

Remark 4. As has already been mentioned, we are able to obtain an approximation like (3.15)
for other systems with the directed noise-induced transport in the same way as above. For
instance, we evaluate the mean velogity the case of the system (2.8) witr; 7) = x (¢; T)
defined in (2.9). To this end we expapd; T) in the Fourier series and apply the procedure
given above. As a result, we obtain

= EA 2T LMy / g2F®)/o? i Cl(é) d§+O(A4) (3.19)
k—l
wherec’{(w) satisfies the system
%2% E(Fb y 2n(2§_1)6§=0
%zzz—g %(F’c'{) + —271(2;— 1)bl - ;2](—11; ' =0
bA(0) = bi(L) d o) = = b’%L) c1(0) = ¢i(L) ic1<0> icl(m
k=12, ....

Here po(p) is the same as in (3.7).
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Expanding the expression (3.19) in powerd pT", we get for largeT':
2 A?
V= —A’L°NpMpJr + o(
o

ﬁ> +O(A%

which coincides with (2.14).

4. Some extensions

4.1. Forced ratchets with state-dependent noise

The procedure proposed above can be applied in the case of multiplicative (state-dependent)
noise

dX = f(X)dt + AB(t; T) dt + o (X) dw(t) (4.1)

where f(x) ando (x) are L-periodic functions, the forc@(s; T) is a T-periodic function,
A > 0is a sufficiently small numbef, andT are some positive constants.

Let f(x) ando (x) be such that the condition (2.6) takes place. Thet i 0, the mean
velocityv = lim,_. o, EX(¢)/t is equal to zero (see section 2). In this case we get for sanall
andB(t; T) = sin 27t/ T that

2 L L -1
A ZT L /0 c1®r ) ds[ /0 rHE) ds] +0(A%) (4.2)

wherer () is defined in (2.4) and; (¢) satisfies the system

1 d? d 2
28,27 P — g (F@b) - Le=0

v

2 dg? do T
L 2ren — L(p@ren +
20,20 Wea d(pf("Cl T

b1(0) = b1(L) b1(0) = by(L) c1(0) = c1(L) c1(0) = ¢y (L).

r(g) /L r() ]‘1
= d .
Pol¢) 02@)[ L 2@ ©

The formula (3.16) is a special case of (4.2).

1 /
by — 71’0((/?) =0

Here

4.2. Diffusion ratchets

Using the procedure of section 2, we can also find the mean velocity of noise-induced transport
in the case of diffusion ratchets with small periodic perturbation of the diffusion coefficient:

dX = f(X)dt +o - (L +AB(t:; T)) dw () (4.3)

where the potentiaF (x) = — [ f(x) dx is an L-periodic function, the forcg(s; T) is a
T-periodic function,A > 0 is a sufficiently small number ant, 7, o are some positive
constants. The transport in diffusion ratchets was investigated analytically for small and large
T and numerically for a wide set of parameters in [9] (see also [4]).

For definiteness, let us tak@(t; T) = sin2tt/T. Then the mean velocity is
approximately evaluated under smalas

L
b= —%AZUZTLMF/O ¢4 (&) 17 dg + 0(A%) (4.4)
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v
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-0.02

T T

0.2 0.4 A

Figure 2. Solid curves are obtained by formula (4.4) and dashed curves by direct Monte Carlo
simulations of the SDE (4.3) witfi(z; T) = sin 2r¢/ T, the potentialF(x) of (3.17),L = 1 and
o =04.

whereMy. is defined in (2.13) and; (¢) satisfies the system

o2, d 27
7b1 + @(F (p)b1) — Ta= 0

2 2
¢, d 2 o,
'+ —(F + b+ — =0
51 d(p( (p)c1) Tt T Po(®)

b1(0) = b1(L) b1(0) = by (L) c1(0) = c1(L) c1(0) = ci (L)

with po(e) from (3.7).

In figure 2 we present a comparison of approximate values given by the formula (4.4) and
the mean velocity evaluated by direct Monte Carlo simulations of the SDE (4.3) with the
potential F (x) of (3.17) andB(z; T) = sin 2r¢/T. We apply a third-order weak scheme [12]
to this SDE. To obtain a sample trajectory, we numerically integrate the SDE during 1000
periods of(r; T') with the time step 0.02—0.01. In these tests we simulatel®®-2 x 10°
sample trajectories. The Monte Carlo errors of the given points are not greaterhBors.

Other errors are less than or comparable to the Monte Carlo ones. According to figure 2, the
mean velocityy of the noise-induced transport in diffusion ratchets can be approximated quite
accurately by (4.4) in the case of a small periodic perturbation of the diffusion coefficient.

Remark 5. Expanding the expression (4.4) in powers of srialive get

L
U= %AZTZLMFNF/O F'(£)(F"(£))?de + O(A%T*) + O(A*T?).  (4.5)

An expression for the mean velocityn the limit of smallT is given in [9]. If we substitute
B(t; T) = sin2rt/ T in that expression and expand it in powersdgfwe also arrive at (4.5).
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