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Abstract

Constructive sufficient conditions for regular oscillations in systems with stochastic resonance are given. Using these
conditions, a numerical procedure for indicating domains of parameters corresponding to the regular oscillations are proposed.
The regular oscillations in systems with additive and multiplicative noise are considered. Results of numerical experiments
are presented. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let us consider a bistable system with noise and
periodic forcing (see, e.g., Eq. (4)). Letpro be a prob-
ability that a point transits from one well to another
during the half-period of the periodic forcing and sub-
sequently stays there during the rest of the half-period.
Then we say that the noise-induced oscillations take
place with the probabilitypro. And we say that the
regular oscillations (transitions) occur ifpro is close
to 1. A typical regular behavior of some bistable sys-
tems with noise and periodic forcing is presented, in
particular, in Figs. 5, 7 and 8. In previous papers, such
a regularity is named a fluctuation-mediated periodic
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modulation of the populations of the coexisting stable
states or as statistical synchronization with periodic
forcing (see, e.g. [1,2] and references therein).

The regular oscillations are connected with the phe-
nomenon of amplifying the response to a periodic forc-
ing which is commonly referred as stochastic reso-
nance (SR). SR was first considered in the context of
a model concerning climate dynamics [3–5]. In these
initial works a fairly simple and robust mechanism
of regular oscillations was explained. Then SR has
been observed in a large variety of systems including
lasers, noise-driven electronic circuits, superconduct-
ing quantum interference devices, chemical reactions,
etc. Some theoretical investigations of SR have been
done as well. For instance, the signal-to-noise ratio in
the case of a sufficiently small amplitude of the pe-
riodic forcing has been studied by standard linear re-
sponse theory. SR is also simulated numerically for
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various physical and neurobiological problems mod-
eled by stochastic differential equations (SDEs). For a
review and extended list of references on SR see, e.g.,
[1,2,6–8].

Some conditions for regular oscillations, based on
Kramers’ theory of diffusion over a potential barrier,
are introduced in [3,4,9,10]. The subject of our pa-
per is to give alternative constructive sufficient condi-
tions for the presence of noise-induced regular oscil-
lations. Using these conditions, we propose a numer-
ical procedure for indicating domains of parameters
under which regular oscillations exist. The approach
proposed here is universal, it can be applied to any
system with SR. At the same time, we should mention
that Kramers-like approaches are analytically tractable
in some limit cases while our approach is numerical.

A typical system, for which the SR phenomenon is
observed, has the form of the Ito equation

dX = a(X)dt + b(t)dt + σ(t, X)dw(t), (1)

whereb and σ are periodic int , w(t) is a standard
Wiener process. For instance, the system

dX = (αX −X3)dt + A sinωt dt + σ dw(t) (2)

has the form (1). The following system in the sense
of Stratonovich [11]:

dX=
(
α −X − 2c

X

1 +X2

)
dt + A sinωt dt

+σ X

1 +X2
dw(t) (3)

can be presented in the form (1) as well.
Let us investigate the conditions of arising regular

oscillations for a specific system (see [3,4]) which is
similar to Eq. (2)

dX = (X −X3)dt + Aχ(t; θ)dt + σ dw(t), (4)

whereχ(t; θ) is the followingθ -periodic function:

χ(t; θ) =
{

1, 0 ≤ t < θ/2,
−1, θ/2 ≤ t < θ.

(5)

Thus,θ is a period andA is an amplitude of the con-
straining oscillations.

For clarity of exposition, let us give an explana-
tion of the mechanism of arising regular oscillations.

It differs from [3,4] (see [1,2,6–8] as well) in form
only. In the absence of noise (σ = 0) and periodic
forcing (A = 0) Eq. (4) has the stationary points
x = −1, x = 0, x = 1. The pointsx = −1 and
x = 1 are stable andx = 0 is unstable (see Fig. 1a,
wheref (x) is the right-hand side of the Eq. (4) for
σ = 0, A = 0). For σ = 0 and not largeA > 0,
the stationary points are displaced as shown in Fig.
1b during the first half-period and as in Fig. 1c dur-
ing the second half-period. Clearly, forσ = 0 a point
from a neighborhood ofx = −1 (from the left well)
cannot get into a neighborhood ofx = 1 (into the
right well) and vice versa. Such transitions become
possible forσ 6= 0. Regular transitions (oscillations)
arise if a point from the left well attains the point
x = 1 with probability close to 1 at a random time
τ < θ/2 and after that it remains in the right well
with probability close to 1 during the timeθ/2 − τ .
Indeed, the system acts by virtue of Fig. 1c after
the half-period and, due to the symmetry, the situa-
tion repeats with changing the left well for the right
one.

In Section 2 we investigate two probabilities in con-
junction with Fig. 1b: the probability of attainability
of the point x = 1 from x = −1 for a time less
thanθ/2 (which can be considered as the probability
of getting into the right well from the left one) and
the probability of unattainability of the pointx = 0
from x = 1 during the first half-periodθ/2. It is clear
that the closeness of the productp of these probabil-
ities to 1 is a sufficient condition for the presence of
regular oscillations. We observe that at the same time
some fluctuations of such a regular behavior are un-
avoidable: it always remains a positive probability of
unattainability from the left well into the right one,
sometimes more than two transitions may occur dur-
ing one period and so on. In other words, we assign a
probabilitypro to the very phenomenon of regular os-
cillations and the above-mentioned productp bounds
this probability from below. The magnitude ofp is
found by numerical solution of two boundary value
problems of parabolic type in Section 2. As a result,
given a level of probability, a domain of parameters
can be found such that the probabilitypro is above
this level.



246 G.N. Milstein, M.V. Tretyakov / Physica D 140 (2000) 244–256

Fig. 1. The functionf (x) = x − x3 + A for (a) A = 0, (b) A = 0.28, and (c)A = −0.28.

The approach proposed here and the approaches
based on Kramers’ theory of diffusion over a poten-
tial barrier are compared in Section 3. Some other
measures of SR are also shortly discussed. Implemen-
tation of the proposed approach for various systems
with SR is considered in Section 4. We study a system
of the form (4) withσ depending ont, X (or onX
only). Due to the multiplicative noise, one can essen-
tially extend the domain of system parameters guar-
anteeing regular oscillations. Particularly, we succeed
to get high-frequency regular oscillations. Let us ob-
serve that the new models presented in Section 4 are
obtained due to the essential use of our approach.

Some other results on noise-induced regular oscil-
lations and a detailed description of numerical algo-
rithms used in the experiments can be found in our
preprint [12]. In particular, we consider a system of
two coupled oscillators [13] and show that an increase

of coupling leads to shift of the domain of parameters
corresponding to the regular oscillations.

2. The sufficient conditions for regular oscillations

2.1. The main conception

Let Xs,x(t) be the solution of Eq. (4) which starts
from the pointx at the moments. If s = 0, we write
Xx(t) instead ofX0,x(t). It is known [3,4] that for
suitableA, θ, σ a point from a neighborhood of the
point x = −1 gets into a neighborhood of the point
x = 1 during the first half-periodθ/2 with the proba-
bility close to 1 and remains there up to the end of the
half-period. The same takes place in the time interval
[θ/2, θ) in the reverse order. Then all the events are
repeated.
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Let us underline: under the regular oscillations we
understand a behavior of the solutionX(t) such that
X−1(t) reachesx = 1 at a random time momentτ less
thanθ/2 andXτ,1(t) remains greater than zero during
the restθ/2− τ of the half-period. We emphasize that
the transitions occur at random time moments, i.e., the
phase at which the transitions occur is random.

As it has been explained in Section 1, accept-
able sufficient conditions for the regular oscillations
are the following ones: the probabilityp−1,1 =
p−1,1(A, θ, σ ) := P(X−1(t) < 1, 0 ≤ t ≤
θ/2) has to be small, and the probabilityp1,0 =
p1,0(A, θ, σ ) := P(X1(t) > 0, 0 ≤ t ≤ θ/2) has
to be close to 1. The oscillations will occur with the
probabilitypro which exceeds the product

p = p(A, θ, σ ) := q−1,1(A, θ, σ )p1,0(A, θ, σ ), (6)

whereq−1,1 = 1 − p−1,1. So, we conclude thatthe
closeness ofp = p(A, θ, σ ) to 1 is a sufficient con-
dition of regular oscillations. Hereafter this condition
is referred to as (RO). Thus, in practice, we can in-
dicate domains of parameters, for which the RO take
place with the probability exceeding the given level,
by evaluating the productp.

Remark 1. The condition of closeness of the proba-
bility q−1,1(A, θ, σ ) to 1 is necessary, but closeness
of p1,0(A, θ, σ ) to 1 is not necessary for the RO. In-
deed, X−1(t) reachesx = 1 after some timeτ > 0
and in fact we need thatXτ,1(t) remains in the neigh-
borhood ofx = 1 during a time less thanθ/2. It is
not difficult to get(see[12])

pro(A, θ, σ )=
∫ θ/2

0
p′

1(t;A, σ)p2

(
θ

2
− t;A, σ

)
dt,

p′
1 = dp1

dt
,

wherep1(t;A, σ) := P(τ−1(1) ≤ t), p2(t;A, σ) :=
P(τ1(0) > t), and τ−1(1) and τ1(0) are the
first-passage times ofX−1(t) to x = 1 and ofX1(t)

to x = 0, respectively. Note thatp1(θ/2;A, σ) =
q−1,1(A, θ, σ ) and p2(θ/2;A, σ) = p1,0(A, θ, σ ).
One can see thatp(A, θ, σ ) ≤ pro(A, θ, σ ) ≤
q−1,1(A, θ, σ ). Further, if p1,0 ≈ 1 thenp ≈ q−1,1

andpro ≈ p. Closeness ofpro to 1 gives the neces-

sary and sufficient condition of the RO. But this con-
dition is less constructive than the given above suffi-
cient condition(RO). Besides, the product p from Eq.
(6) approximatespro quite accurate for a wide set of
parameters according to our numerical experiments.
For example, if we put the curves of bothpro and p
in Fig. 2, they coincide visually. At the same time we
should mark that for some sets of parameterspro and
p cannot be so close, e.g., forA = 0.28, θ = 30, and
σ = 0.6 we havepro = 0.67 andp = 0.53.

2.2. Evaluation of the productp

Our urgent aim is to evaluatep(A, θ, σ ). Introduce
the functions

u(s, x) = u(s, x;A, θ, σ )
:= 1 − P

(
Xs,x(t) < 1, s ≤ t ≤ θ

2

)
,

0 ≤ s ≤ θ

2
, x ≤ 1,

v(s, x) = v(s, x;A, θ, σ )
:= P

(
Xs,x(t) > 0, s ≤ t ≤ θ

2

)
,

0 ≤ s ≤ θ

2
, x ≥ 0.

We get

1 − p−1,1 = u(0,−1), p1,0 = v(0,1),

p = u(0,−1)v(0,1).

It is well known that the probabilityP(Xs,x(t) <
1) satisfies the corresponding Cauchy problem for the
backward Kolmogorov equation (7). The probability
P(Xs,x(t) < 1, s ≤ t ≤ θ/2) obeys the same back-
ward Kolmogorov equation. However, unlike the pre-
vious probability, it satisfies a boundary value prob-
lem for this equation in half-band (see, e.g. [14–16]).
As a consequence, the functionu(s, x) satisfies the
following mixed problem:

∂u

∂s
+ 1

2
σ 2∂

2u

∂x2
+ (x − x3 + A)

∂u

∂x
= 0,

0 ≤ s <
θ

2
, x < 1 (7)
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Fig. 2. Dependence of the productp(A, θ, σ ) in σ for A = 0.28, θ = 104/3 (left) and in θ for A = 0.28, σ = 0.29 (right); θ in the
logarithmic scale.

with the initial and boundary conditions

u

(
θ

2
, x

)
= 0, x < 1, u(s,1) = 1,

0 ≤ s ≤ θ

2
. (8)

The solution of (7) and (8) has the probabilistic rep-
resentation

u(s, x) = Eϕ

(
Xs,x

(
τs,x ∧ θ

2

))
, (9)

where τs,x is the first (random) moment at which
Xs,x(t) = 1 and

ϕ(x) =
{

0, x < 1,
1, x = 1.

We get analogously that the functionv(s, x) satis-
fies the mixed problem

∂v

∂s
+ 1

2
σ 2 ∂

2v

∂x2
+ (x − x3 + A)

∂v

∂x
= 0,

0 ≤ s <
θ

2
, x > 0, (10)

v

(
θ

2
, x

)
= 1, x > 0, v(s,0) = 0,

0 ≤ s ≤ θ

2
. (11)

The solution of (10) and (11) has the probabilistic
representation

u(s, x) = Eψ

(
Xs,x

(
τs,x ∧ θ

2

))
, (12)

where τs,x is the first (random) moment at which
Xs,x(t) = 0 and

ψ(x) =
{

1, x > 0,

0, x = 0.

One can prove that the functionu(s, x;A, θ, σ ) is
increasing and the functionv(s, x;A, θ, σ ) is decreas-
ing with respect toθ . And typically there is a fairly
wide range ofθ ∈ (θ∗(A, σ ), θ∗(A, σ )), where un-
der fixedA andσ the productp(A, θ, σ ) is close to
its maximum. Analogously, the productp(A, θ, σ ) is
close to its maximum in the range of the noise intensity
σ ∈ (σ∗(A, θ), σ ∗(A, θ)). We take the amplitudeA
of the constraining oscillations less thanA∗ = 2

√
3/9

so that the system (4) withA < A∗ andσ = 0 has
three stationary points for each of the half-periods. Ev-
idently, the productp(A, θ, σ ) is an increasing func-
tion with respect toA under fixedθ andσ .

As is known and has already been mentioned, there
is a domain of parameters such that the RO are ob-
served. Due to the sufficient condition of RO, we are
able to get estimates of this domain in terms of the
productp(A, θ, σ ).

To find the probabilitiesq−1,1 andp1,0, we have to
solve the problems (7)–(8) and (10)–(11) numerically.
In a number of tests we have used both probability



G.N. Milstein, M.V. Tretyakov / Physica D 140 (2000) 244–256 249

methods from [17] and finite-difference schemes and
have seen ourselves that they give coincident results.

Probabilistic methods for boundary value problems
are based on probabilistic representations of their so-
lutions. The representations are connected with sys-
tems of SDEs. To realize them, Markov chains which
weakly approximate the solutions of these systems
are constructed. Unlike usual approximations of SDEs
(see, e.g. [18]), when a time discretization is exploited,
space–time discretizations are recommended in the
case of parabolic boundary value problems [17]. If the
value ofσ is small, it is preferable to attract weak nu-
merical methods from [19]. These methods are spe-
cially intended to approximate solutions of SDEs with
small noise and are highly efficient. In [20] the special
methods of [19] were effectively applied to evaluation
of the signal-to-noise ratio in systems with SR.

Due to the fact that the absolute value of the term
x − x3 becomes big at|x| � 1, there are difficul-
ties in implementation of finite-difference schemes
for solving the boundary value problems (7)–(8) and
(10)–(11). The difficulties do not arise in simulating
the problems by the probabilistic methods. Moreover,
we need the individual valuesu(0,−1) and v(0,1)
only, and in such a case the probabilistic approach

Fig. 3. Dependence of the productp(A, θ, σ ) in A for θ = 104/3 and variousσ .

with the Monte Carlo technique is the most relevant.
That is why we mainly use the probabilistic methods
in our experiments and attract finite-difference ones
from time to time to control the obtained results. Some
further details on the used probabilistic methods are
available in [12].

2.3. Numerical results

Figs. 2 and 3 show typical behavior of the product
p(A, θ, σ ). The remarkable feature is that there is a
range of parameters where the productp is close to
1 that corresponds to the RO. Given the level of the
productp, the domains of parameters are indicated in
Fig. 4. Let us emphasize that the range of parameters
for the RO is fairly large. For some fixedA and σ ,
the system (4) can be turned to a regular behavior
(p becomes close to 1) by choosing the periodθ (cf.
Fig. 2 (right), Fig. 4, and properties of the functions
u andv in Section 2.2). It remembers a “bona-fide”
SR discussed in [21,22]. We should also mention that
the productp can have maximum inθ for fixedA and
σ which is far from 1, and, evidently, in this case the
system is far from the regular behavior. Influence of
the amplitudeA on the effect of synchronization in
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Fig. 4. Level curves of the productp(A, θ, σ ) in the plane(θ, σ ) for A = 0.28; θ in the logarithmic scale.

systems with SR was investigated in [23] (see also [8]
and references therein). It was stated that increase of
A leads to an extension of the range ofσ (for fixedθ ),
where the RO occur. This follows from our analysis
as well (see Fig. 3 and properties of the functionsu

andv in Section 2.2). Let us also observe that in the
case of model (4) the RO are realized for sufficiently
large periodsθ only. This corresponds to common
knowledge on SR [1,2,6–8]. To get high-frequency RO
(i.e., for rather smallθ ), we involve into consideration
models with specific multiplicative noises in Section 4.

Fig. 5 presents typical sample trajectories of the so-
lution to Eq. (4). We take values of parameters cor-
responding to Fig. 2. For the parametersA, θ, σ such
that the productp(A, θ, σ ) is close to 1, i.e., the suf-
ficient condition (RO) takes place, we observe the RO
(see Fig. 5b). A sample trajectory in the case when
q−1,1 ≈ 0.8 andp1,0 ≈ 1, i.e., when the necessary
condition does not fulfill, is given in Fig. 5a. One can
see that transitions between two wells duringθ/2 oc-
cur with the probability close to 0.8. Fig. 5c demon-
strates a typical trajectory in the case ofq−1,1 ≈ 1 and
p1,0 ≈ 0.8. After reachingx = 1 (x = −1), the tra-
jectory remains in the corresponding well during the
rest of the half-period with the probability close to 0.8.

To simulate trajectories we use the mean-square Eu-
ler method. This simplest mean-square method is usu-
ally exploited for trajectory analysis of SR models.
Let us mention that more accurate mean-square meth-
ods can be applied to the SDE with additive noise (4)
(see, e.g. [18] for the modern theory of numerical in-

tegration of SDEs). Besides, if the noise intensityσ is
small, SR is observed for largeθ and one should sim-
ulate the system on long time intervals. In this case the
most preferable methods are ones of [24], where effi-
cient high-exactness mean-square methods for SDEs
with small noise are proposed. To use these special
methods is essentially important if a system under con-
sideration (e.g., an array of coupled oscillators [25])
is of high-dimension.

Remark 2. We also implement the approach for the
model with sinusoidal forcing(2). Some numerical ex-
periments are performed. In particular, they approve
the fact that the domain of parameters corresponding
to the RO in the case of sinusoidal forcing is narrower
than in the case of periodic rectangular pulses forcing.

Remark 3. The approach proposed here can be car-
ried over to the problem of noise-induced transport in
Brownian ratchets[26] (for a review on this topic see,
e.g. [27,28]). By our approach we are able to indi-
cate the domains of parameters, where the transport
is unidirectional. A separate paper will be devoted to
this subject.

3. Comparison with the approach based on
Kramers’ theory of diffusion over a potential
barrier

Let us consider system (4) when it acts by virtue of
Fig. 1b, i.e.,
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Fig. 5. Sample trajectories of the solution to Eq. (4) forA = 0.28, θ = 104/3, and variousσ : (a) σ = 0.12, (b) σ = 0.2, (c) σ = 0.35.

dX = a(X)dt + σ dw(t),

a(x) = x − x3 + A, A < 2
√

3/9.

Evaluate some mean characteristics ofτ−1(1) (the
first-passage time ofX−1(t) to x = 1) andτ1(0) (the
first-passage time ofX1(t) to x = 0).

The mean valueEτ−1(1) can be found in the fol-
lowing way. Consider the boundary value problem

1
2σ

2ψ ′′ + a(x)ψ ′ + 1 = 0, ψ(C;C) = 0,

ψ(1;C) = 0, C < −1

for the function ψ(x;C), where C is a parame-
ter. It is known [14–16] thatψ(−1;C) is equal to
the mean value of the first-exit time of the process
X−1(t) from the interval(C,1). Clearly,Eτ−1(1) =
limC→−∞ψ(−1;C). In addition, one can prove that
Eτ−1(1) = 9(−1), where9(x) is a solution to the
problem

1
2σ

29 ′′ + a(x)9 ′ + 1 = 0,

9 ′(−∞) = 0, 9(1) = 0. (13)

The second momentEτ2
−1(1) is equal to91(−1),

where91(x) is a solution to the problem

1
2σ

29 ′′
1 + a(x)9 ′

1 + 29(x) = 0,

9 ′
1(−∞) = 0, 91(1) = 0,

and9(x) is the solution of problem (13) (see [14–16]).
The meanEτ1(0) and the second momentEτ2

1 (0)
can be found analogously.

The approach of [3,4] based on Kramers’ theory
employs the following conditions as sufficient ones
for the existence of RO (from the principal point of
view our exposition here only slightly differs from
[3]): (i) Eτ−1(1) � θ/2, (ii) Eτ1(0) � θ/2, (iii)
(Dτ−1(1))1/2 = [Eτ2

−1(1) − (Eτ−1(1))2]1/2 � θ/2.
These conditions are fairly constructive because all
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the magnitudesEτ−1(1), Eτ1(0), andEτ2
−1(1) can be

found by quadratures. Moreover, for smallσ they can
be expressed by exponential Kramers’ formulas.

Other conditions of RO are given in [9,10]. To get
them, exponential Kramers formulas are exploited.

In the previous section we proposed an alterna-
tive approach, which is sufficiently constructive as
well and possessed more generality. Besides, one can
get the more exhaustive answers using the sufficient
condition (RO) from Section 2.1 in comparison to
the conditions of [3,4,9,10] which are only quali-
tative in nature. Let us emphasize once more that
the probability in Section 2 is assigned to the very
phenomenon of RO. The universality and utility of
the proposed approach are demonstrated in Sec-
tion 4. At the same time, Kramers-like approaches
are analytically tractable in some limit cases while
our approach is numerical. We should also mention
here about some measures commonly used for SR
(signal-to-noise ratio, response amplitude, waiting
time distributions) [1,2,6–8]. As is known [2,22], a
maximum of signal-to-noise ratio does not directly
reflect the RO (synchronization between the hopping
and driving) in systems with SR. Such characteristics
of SR as the response amplitude at the frequency of
the periodic signal and waiting time distributions re-
flect the phenomenon of RO. Generally, waiting time
distributions are less effective in computational sense
than the measurep introduced in Section 2.1. And
thep gives more information on the RO than the re-
sponse amplitude. We restrict ourselves to this short
comment on characteristics of SR. A more profound
comparison analysis requires a special consideration.

4. High-frequency RO in systems with
multiplicative noise

In the case of system (4) it is impossible to get
high-frequency RO. Indeed, if we decrease the period
lengthθ , we should increase the noise levelσ to pre-
serve the level of the probabilityq−1,1 of escape from
the metastable state to absolutely stable state. But the
probability p1,0 of return from the absolutely stable
state to the metastable one decreases with an increase

of σ . Therefore, the productp becomes low and the
RO disappear. In this section we consider some spe-
cific systems with multiplicative noise such that the
probability p1,0 is always equal to 1 and due to this
fact we are able to obtain the high-frequency RO.

Consider the model with multiplicative time-
dependent noise

dX= (X −X3)dt + Aχ(t; θ)dt

+σγ (t, X; θ)dw(t), (14)

whereχ(t; θ) is theθ -periodic function defined in (5)
andγ (t, x; θ) is the followingθ -periodic function:

γ (t, x; θ) =




1, 0 ≤ t < θ/2, x < 1,

0, 0 ≤ t < θ/2, x ≥ 1,

1, θ/2 ≤ t < θ, x > −1,

0, θ/2 ≤ t < θ, x ≤ −1.

As was marked in [29] (where SR for periodically
modulated noise intensity was considered), periodi-
cally modulated noise is not uncommon and it arises,
for example, at the output of any amplifier whose gain
varies periodically in time. And a system with diffu-
sion coefficient which depends on its state plays an
important role in a number of physical systems (see,
e.g. [30–32] and references therein).

It is evident thatp1,0 = 1 in the case of (14)
and, consequently, the necessary and sufficient condi-
tion of RO consists in the closeness of the probability
q−1,1(A, θ, σ ) to 1. This probability can be close to
1 even for a fairly smallθ (i.e., for high-frequency
ω = 2π/θ) and for very smallA under an appro-
priate value ofσ . Thus, it is possible to organize the
high-frequency RO in system (14) with small periodic
forcing. Moreover, in the case of the model (14) the
RO can be obtained under zeroA. Another system
with high-frequency SR was considered in [33].

Fig. 6 demonstrates level lines ofq−1,1(A, θ, σ ) in
the plane(θ, σ ) forA = 0.28. A typical trajectory with
the high-frequency oscillations are given in Fig. 7. Let
us observe that rather long excursions of trajectories
(up to x = ±5 or even more) are possible. Consider,
for instance, a trajectoryXs,1(t),0 ≤ s < θ/2, t ≥ s.
When t < θ/2, we haveχ(t; θ) > 0 and the noise
σγ (t, x; θ) = σ for x < 1 andσγ (t, x; θ) = 0 for
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Fig. 6. Level curves of the probabilityq−1,1(A, θ, σ ) in the plane
(θ, σ ) for A = 0.28; θ in the logarithmic scale.

x ≥ 1. Consequently,Xs,1(t) ≥ 1, s ≤ t < θ/2, and
the noise is switched off for thisXs,1(t). At t = θ/2
the noise is switched on for allx > −1 and affects
the trajectoryXs,1(t) which can fluctuate then in both
directions, in particular, up to a large positivex. Such
large fluctuations occur often because to achieve the
high-frequency RO, we take sufficiently large values
of the noise intensityσ .

Now consider the model with multiplicative
time-independent noise

dX = (X −X3)dt + Aχ(t; θ)dt + σγ (X)dw(t),

(15)

Fig. 7. Sample trajectory of the solution to Eq. (14) forA = 0.28,
θ = 2π/ω ≈ 0.524(ω = 12), σ = 35.

where

γ (x) =
{

1, −1< x < 1,
0 otherwise.

(16)

Let the solutionX(t) to Eq. (15) start fromx = −1.
During the time [0, θ/2) the drift in system (15)
corresponds to Fig. 1b. Clearly, the probability of
attainability of the pointx = 1 for the time less than
θ/2 is not less thanq−1,1 in model (4). After reaching
the pointx = 1 at a random moment, the trajectory
moves deterministically in positive direction to a point
X(θ/2) > 1. Then the drift in system (15) becomes
corresponding to Fig. 1c and the trajectory changes
its movement direction. The trajectory comes back
to the pointx = 1 at a momentθ/2 + τ , whereτ is
random. It remains the timeθ/2− τ for the trajectory
to reach the pointx = −1. The random momentτ is
less than a quantitys∗ which can be evaluated in the
following way. Let the solutionX(t) of the equation

X′ = X −X3 + Aχ(t; θ)
start fromx = 1. Then the trajectoryX(t) moves in
positive direction up tot = θ/2, when the trajectory
changes its movement direction, and comes back to
the pointx = 1 at the instancet∗ ∈ (θ/2, θ). The
value of the desireds∗ is equal tot∗ − θ/2.

Introduce the probability

p∗
−1,1 = p∗

1,−1(A, θ, σ )

:= P

(
X−1(t) < 1, 0 ≤ t ≤ θ

2
− s∗

)
.

The sufficient condition of RO of the solution to
Eq. (15) consists in the closeness of the probability
q∗
−1,1 = 1 − p∗

1,−1 to 1. By the same arguments as
in Section 2.2, it is not difficult to see thatq∗

−1,1 =
u(0,−1), whereu(s, x) is the solution to the follow-
ing mixed problem

∂u

∂s
+ σ 2

2
γ (x)

∂2u

∂2x
+ (x − x3 + A)

∂u

∂x
= 0,

0 ≤ s <
θ

2
− s∗, x < 1, (17)

u

(
θ

2
− s∗, x

)
= 0, x < 1,

u(s,1) = 1, 0 ≤ s ≤ θ

2
− s∗. (18)
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Fig. 8. Sample trajectory of the solution to Eq. (15) forA = 0.02,
θ = 2π/ω ≈ 62.83(ω = 0.1), σ = 3.

The RO in the case of Eq. (15) are observed under
a more wide set of parameters than for Eq. (4) how-
ever under a more restricted set of parameters than
for Eq. (14). Fig. 8 shows a typical trajectory of the
solution to Eq. (15) under values of parameters such
that they do not ensure the RO in the case of the
model (4).

Now let us give a brief remark on simulation of
SDEs (14) and (15). If a model has discontinuous in
time and continuous in space coefficients, there are no
serious problems in its simulation. Despite the diffu-
sion coefficient in Eq. (14) is discontinuous int and
x, principal difficulties do not arise as well. It is so
because any trajectory of Eq. (14) feels the disconti-
nuity of the diffusion coefficient inx not more than
once during the half-periodθ/2. As to Eq. (15), dis-
continuity in x of the diffusion coefficient leads to
some problems in numerical simulations. Indeed, if
X(t) ≥ −1 at a momentt ∈ [nθ, (n + 1/2)θ), n =
0,1,2, . . . , then X(s) > −1 for all s ∈ (t, (n +
1/2)θ) with probability 1. But due to the discretiza-
tion error, the usual mean-square Euler approximation
of X(tk) violates this property and can become less
than −1. As a result, it gives a too distorted image
of the real behavior. To overcome this difficulty, we
propose a modified approximation (agreeing with the
above-mentioned property of trajectories) [12], which
is used for simulation of SDE (15) here.

Remark 4. Using the approach proposed in Section
2, one can obtain a sufficient condition for the RO
(3) which has an asymmetrical bistable potential(see
[11]). Let the system(3) have two stable pointsx−
and x+, x− < x+, and one unstablexu, x− < xu <

x+, in the absence of periodic forcing and noise. To
give a sufficient condition for the RO in the asymmet-
rical case, four probabilities have to be considered:
the probabilityqx−,x+ with which the trajectory start-
ing from x = x− reaches the pointx = x+ during
the first half-period of the periodic forcing(i.e., when
the periodic forcing is positive); the probabilitypx+,xu

of unattainability of the pointx = xu during the first
half-period by the trajectory starting fromx = x+;
the probabilityqx+,x− with which the trajectory start-
ing fromx = x+ reaches the pointx = x− during the
second half-period of the periodic forcing; the proba-
bility px−,xu of unattainability of the pointx = xu dur-
ing the second half-period by the trajectory starting
from x = x−. Due to the asymmetry, qx−,x+ 6= qx+,x−
and px+,xu 6= px−,xu. In this situation, the sufficient
condition of RO consists in the closeness of the prod-
uctsqx−,x+ · px+,xu and qx+x− · px−,xu to 1. One can
easily write down boundary value problems for these
probabilities.

It follows from the analysis given in [11] that the
model (3) can operate in the regime of high-frequency
RO. Probably, this becomes possible owing to the spe-
cific type of noise which acts, in essence, in bounded
range of statesx only (cf. models (14) and (15) which
also have bounded-type noise).

Remark 5. The approach of Section2 can also be
applied to studying RO in the case of a monostable
system. For instance, we consider SDE(1) with

a(x) =




−2α(x + β), x < −β,
−γπ sinπx, |x| < 1,

0, 1 ≤ |x| ≤ β,

−2α(x − β), x > β,

and b(t) = Aχ(t; θ), χ(t; θ) is from (5). For A =
0 and σ = 0, the solution to this equation has the
unique globally stable pointx = 0. If σ = 0 and A is
not large, the equation has aθ -periodic solution with
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an amplitude less than1. After adding the noise of
a certain not large level, the system does not exhibit
any RO. But an increase of the noise intensity leads
to the RO with a large amplitude approximately equal
to β. To find a set of parameters under which the RO
with large amplitude are observed, we introduce the
probabilities

q−β,β := 1 − P

(
X−β(t) < β, 0 ≤ t ≤ θ

2

)
,

pβ,1 := P

(
Xβ(t) > 1, 0 ≤ t ≤ θ

2

)
.

Then the sufficient condition for the RO with the ampli-
tudeβ consists in the closeness of the productq−β,β ·
pβ,1 to 1. The boundary value problems for calculat-
ing these probabilities can be written down just as in
Section2.2. Some details on this model can be found
in [12].
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