TEICHMULLER THEORY AND CLUSTER ALGEBRAS:

CLUSTER ALGEBRAS:

Cluster algebras were developed by S. Fomin and A. Zelevinsky in [6], [7], and
[8] as an apparatus to study multiplicative properties of dual canonical bases —
as defined by Lusztig [15] — for complex semi-simple algebraic groups. For this
reason many cluster algebras arise naturally in Lie theory as the coordinate rings
of varieties attached to algebraic groups. In such instances a cluster is a toric
chart on the variety consisting of regular functions, which are referred to as cluster
variables. The set of all clusters forms a toric atlas for the variey with the key
feature — known as the Laurent Phenomenon — that the transition functions for
any pair of charts (clusters) are always expressible as Laurent polynomials in the
coordinates (cluster variables) of the source chart (cluster). Examples of cluster
algebras include the coordinate ring of any complex semi-simple algebraic group G
see [8], the coordinate ring of any of its double Bruhat cells G* see [8], and the
homogeneous coordinate ring of the Grassmannian G(k,n) see [18].

TEICHMULLER THEORY

The work of M. Gekhtman, M. Shapiro, and A. Vainshtein in [12] is the basis un-
derlying the recent developments relating Teichmiiller theory and cluster algebras.
In [12] they establish that to a surface X, s of genus g with s marked points one
can associate a cluster algebra A(E%S) for which every nice ideal triangulations
of the surface ¥, s (whose vertices are the s marked points) gives rise to a cluster
inside this algebra. These clusters serve as toric charts on the cluster manifold —
as defined in [11] — associated to A (X, ) and the decorated Teichmiiller space Tgs
itself can be realized as the positive part of this manifold (over which these clusters
restrict to the charts introduced by Penner in [17]). This construction bears sim-
ilarity to the approach used by [7] where clusters in the homogeneous coordinate
ring of the Grassmannian G(2,n) are parameterized by triangulations of a labelled
regular n-gon. In both cases the edges of each triangulation are naturally identified
with coordinate functions and the exchange relations — which govern the cluster
algebra structure — are variations of the Ptolemy rule for inscribed quadrilaterals.

Interest in decorated Teichmiiller spaces is in part motivated by the study of its
quantization — determined in [13] by R. Kashaev — owing to its use as a model
for quantum gravity in 2 + 1 dimensions; in the classical setting the phase space of
Einstein gravity in a 3 dimensional open manifold M is the Teichmiiller space of its
boundary OM (see [3]). The cluster variables associated to a nice ideal triangulation
of ¥4 s are known to quasi-commute in Kashaev’s quantization of Tgs . This leaves
open the possibility of quantizing the cluster algebra A(E%S) — in accordance with
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the technique introduced by A. Berenstein and Zelevinsky in [1] — and using this
quantum cluster structure to examine the Kashaev quantization.

In a line of inquiry related to [12], V. Fock and A. Goncharov study in [5] general-
izations of the decorated Teichmiiller space associated to split semi-simple algebraic
groups G. The moduli spaces Xg x, and Ag s, of, respectively, framed and dec-
orated G-local systems on a surface X, with s punctures are shown to be cluster
ensembles — as defined in their earlier work [4]. Their works relates dilogarithms
associated to the classifying space BG with analogs of the Weil-Peterson form for
Ag,s,. In other directions, E. Frenkel and A. Szenes in [10] — and independently
F. Chapoton in [2] — have studied a certain monomial degenerations of cluster
algebras — so called Y-systems — in connection with functional identities of the
Roger’s dilogarithm.
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