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Wecone o The Wrangler

This is the second issue of our maths newsletter from the University of
Leicester’s Department of Mathematics, now part of a new School of
Mathematics and Computer Science. We send it out to students, teachers,
our own graduates, etc. You can also pick it up on-line at our web address
(http://www.mcs.le.ac.uk/Wrangler). On that page you will find all the back
issues. If you would like to be added to our mailing list or have suggestions,
just drop us a line at wrangler@mcs.le.ac.uk, we’ll be flattered!

What do we have here this time? You will find lots about maths and
astronomy. How do the planets move? Can we describe the shape of the
universe? Maths can give us insight into these and many other questions
as old as the history of humankind. We offer exciting BSc/MMath degrees,
where you can combine maths with astronomy. Finally we report on a new
Leicester based research network in pure maths linking Europe and China.
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Computers using Numerical Integrators
provide a ‘virtual’ alternative to the
mechanical Orrery, first devised by Lord
Orrery in the 17 century. An Orrery can >
be used to move the positions of the
planets beyond the present to investigate
the state of the Solar System at some
future time. See the article on page 2.




THE ORRERY-

A 17 CENTRURY TIME MACHINE

Our knowledge of the Solar System has grown greatly
since Copernicus’s idea that the earth was orbiting the
sun in 1514, and the observations of Galileo Galilei from
1609 onwards using the newly discovered telescope.
The possibility of modelling the Solar System arrived
when Isaac Newton provided the
basic mathematical building blocks
for gravitation and Kepler provided
mathematical solutions to the
problem of planets orbiting a larger
body, such as the Sun. What is
perhaps not generally known is that
for a system as complex as the Solar
System there exists no analytical
solution as to where all of the planets
will be at any given time, or to put
it more simply, there is no mathematical equation into
which you can enter a future date to establish all of the
planetary positions. This is due to the fact that most
systems containing three bodies or more are chaotic.

Galileo(1564-1642)

To predict future planetary positions requires a different
approach, that of Numerical Integration. Here the
knowledge of the current planetary positions and
momenta, provided by astronomers,
are used to predict the positions and
momenta after a small increment in
time. This is then applied repeatedly
until we arrive at the future (or past)
time that we require. These Numerical
Integrators introduce errors at each
step and a great deal of mathematical
analysis has gone into the various
methods available to determine theirkKepler (1571-1630)
suitability for modelling different systems. The most
basic method is attributed to Euler, but use of this
method allows the planets to spiral out from the Sun
over long integration times.

There is an important class of methods called “geometric
integrators” whose main characteristic is to conserve
some of the properties of the system being simulated,
and an example being the ‘symplectic’ class which, when
used for models such as the Solar System, allow realistic
long term integrations.

Another idea is to use a variable step size so that shorter
steps are taken when things are changing rapidly and
larger steps elsewhere, and this allows
for faster integration times as less
steps are required to get to specified
future time. It is possible to combine
this with geometric integrators which
are ‘time reversible’ and, since time
reversibility is a property shared with
Newtons equations, it produces a very
efficient method which is suitable for

long term integrations of the Solar
Newton (1543-1727) System.

Using this method, simulations to investigate
the future of the Solar System have been done
which have integrated to over one billion years.
Another enhancement to the basic stepping integrator is
that of Higher Order. Here the error in the integration is
proportional to h" for some r>1, where h is the time step,
this leads to much improved accuracy for a given step
size, or the same accuracy for fewer steps. In the past
it has been difficult to combine the variable time step,
time reversible method with higher order techniques, but
>0y kst sy Do, s V107161203 @ research at the University
’ of Leicester has produced
such methods, allowing
further improvements in
efficiency for integrating
our Solar System model.
During the development
of these new methods
software was written
to give a visual representation of the Solar System in
motion, often referred to as an Orrery after the model
built for Lord Orrery in the 17™ century, and the title
image was taken from this software. Although the sizes of
the planets are drawn to scale relative to each other, the
Sun is scaled down substantially otherwise the planets
would be difficult to see. The sizes of the planets are also
greatly increased relative to their orbit size, if they were
drawn to scale even Jupiter would appear as a dot.

You can play around with the Solar System model and
enjoy the modern version of the orrery. There are many
links to this model and to other nice simulations on my
Leicester homepage:
http://www.mcs.le.ac.uk/~csweet/

Chris Sweet is a graduate student
in applicable mathematics currently
working on his PhD thesis in
mathematical modelling and is
working especially on molecular
simulation methods. He did also his
undergraduate studies in Leicester and
received his B.Sc. in mathematics from
the University of Leicester.

MATHS FACTS

Our website:
http://www.mcs.le.ac.uk

The maths degrees we offer:
http://www.mcs.le.ac.uk/teaching/degrees/

BSc/MMath Mathematics

BSc/MMath in Computational Maths

BSc Mathematics and Computer Science

BSc/MMath in Mathematics with Astronomy

BSc Mathematics with Management
Many degrees are offered with the possibility of studying 1 year abroad
either in the USA or Europe. Mathematics teaching received an excel-
lent 22/24 score in the QAA evaluation in 2000. Leicester’s research
groups in Pure and Applied Mathematics entered the 2001 Research As-
sessment Exercise as separate units of assessment, landing 5 ratings in
both categories.




TOPOLOGY Or WHaT’s
THE SHAPE OF THE UNIVERSE

There are many questions as old as humankind, like
What is the shape of the Universe? Is the Uni-
verse finite or infinite? What’s outside the Uni-
verse? Is the Universe bounded? The answer to
all these questions involves a discussion of the
intrinsic geometry and topology of the Universe.
There are basically three possible shapes of the Uni-
verse; a flat Universe (zero curvature), a spherical or
closed Universe (positive curvature) or a hyperbolic
or open Universe (negative curvature). Curvature is
the geometrical expression for the existence of mass.
A high mass Universe has positive curvature, a low
mass Universe has negative curvature. The three ge-
ometries are classes of what is called Riemannian ge-
ometry, based on three possible states for parallel lines:
they never meet (flat), they cross (spherical) or they
always diverge (hyperbolic). In a flat Universe the angles
of a triangle sum to 180 degrees, in a closed Universe
their sum is greater than 180 and in an open Universe
their sum is less than 180 (see picture below).

Closed Geometry

Open Geometry

Flat Geometry

But how do the possible geometries determine its over-
all shape, its topology? In fact the three geometries of
the universe are consistent with many different possi-
ble topologies. For example, general relativity theory
would describe both a torus (a doughnut shape) and
a plane by the same equations, even though the torus
is finite and the plane is infinite. Like in a hall of mir-
rors, the apparently endless universe might be deluding
us. The cosmos could, in fact, be finite. The illusion
of infinity would come about as light wrapped all the
way around space, creating multiple images of each
galaxy. A mirror box evokes a finite cosmos that looks
endless. In the real universe there is no boundary from
which light can reflect. Instead a multiplicity of images
could arise as light rays wrap around the universe over
and over again. From the pattern of repeated images,
we could deduce the universe’s true size and shape.

Normally we believe the universe is, like a flat
plane, simply connected, which means there is only
one direct path for light to travel from a source to
an observer. But the universe might instead be mul-
tiply connected, in which case there would be many
different such paths. An observer would see multiple
images of each galaxy and could easily misinterpret
them as distinct galaxies in an infinite universe, like
a visitor in a mirrored room having the illusion of
seeing a multiple image of herself. Such a possible
finite shape of the universe is the doughnut, in topol-
ogy better known as a torus. It is constructed from a
square by glueing together opposite edges. Anything
crossing one edge reenters from the opposite edge.
Although this surface cannot exist within our three-di-
mensional space, a distorted version can be built by tap-
ing together top and bottom and scrunching the resulting
cylinderinto a ring (see left picture above). For observers
in the pictured red galaxy, space seems infinite because
their line of sight never ends (see right picture above).
Light from the yellow galaxy can reach them along several
different paths, so they see more than one image of it.

A finite hyperbolic space is formed by an octa-
gon glueing together again all opposite edges.
(picture above). Topologically, this shape is just a pret-
zel. People living on this surface would see an infinite
grid of galaxies.

To describe the shape of the univers we use the language
of mathematics, namely topology. The classification of
topological shapes together with observational cosmo-
logical data will help to understand the real shape of
our cosmos. And we are still just at the beginning of this
exciting interplay between topology and cosmology.

‘Frank Neumann is a Lecturer in
Pure Mathematics, who joined the
niversity of Leicester in Autumn
001. His main research interest is in
opology and especially in Homotopy
heory and its applications. He is
_regularly giving introductory courses
yon Topology for students as part of
the undergraduate programme in
Leicester.
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Editor Frank Neumann
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THE GOOGLEPLEXOR

First, we congratulate John Reardon of St Francis
Xavier College for sending us correct answers to both
of our GooglePlexor problems! And here are the correct
solutions for the problems from our last issue:

Problem 1: Grazing cows

Let y be the fraction of already present grass that grows on 1 acre of
pasture in 1 week. The amount of grass that grows in 4 weeks on the
first pasture is 10/3 y 4 = 40/3 y. This is equivalent to increasing the
area of the first pasture from 10/3 to 10/3 + 40/3 y. In one week,
one cow eats grass from the area (10/3 + 40/3y)/48 = (10 + 40y)/ 144
acres. Applying a similar argument to the second pasture, we get (10
+ 90y) /189 acres as the area of the second pasture consumed by a
cow in one week. Since all cows consume grass at the same rate, (10
+ 40y)/144 = (10 + 90y)/189, and, therefore, y = 1/12. This means
that one cow eats grass from the area of (10+40/12)/144 = 25/216
acres in one week. Let x be the number of cows the third pasture can
feed for 18 weeks. Then, (24 + 24x18/6)/(18x) = 25/216, or x = 46.

Problem 2: Find the Number System

The answer is n = 9. Inspecting the first digit from the right in the
given equation, we find that 20 is divisible by n. So either O = 0 or O
=n/2. In the second case, from the third digit we derive K > n/2, but
from the fifth digit we see that 3K < T <n- 1, so K < n/3. It follows that
0 = 0. Now we have these equations: 3T = Kn + Y (from the second and
third digits), 3Y = cn (where c is the number carried from the fourth
to the fifth digit), and 3K + c = T (the fifth digit). Multiplying the first
equation by 3 and substituting the expressions for 3Y and 3K from the
two other equations, we get 9T = (T - c)n + cn, and so n = 9. We must
also check that there’s at least one solution for this n. In fact, there
are four: KYOTO = 13040, 16050, 23070, or 26080.

And here come the new problems. Solutions should be
sent as usual by email to: googleplexor@mcs.le.ac.uk

Problem 3:Star Triangle

An astronomer picks at random three stars that are
close to each other in the sky. What is the probability
that the triangle formed by the stars is obtuse?

Problem 4:The Jogger

A jogger went for a long 5 hour run. First, she ran along
a horizontal path, then climbed up the hill and finally
returned back along the same path. If the jogger’s
speed on the horizontal path is 4 mph, the speed during
the climb is 3 mph and the speed during the descent is 6
mph, find the total distance of the jogger’s run.

MATHS WITH ASTRONOMY

We run three joint degrees with astronomy, a 3-year
BSc, a 4-year MMath, and a 4-year BSc with a year in
Europe. These degrees aim to teach the applications
of mathematics and theoretical physics to the
problems of astrophysics. Besides a core knowledge
of mathematics a student will graduate knowing about
planetary, stellar and galactic astronomy as well as
cosmology. There are opportunities for project work
in the degree, and students can also make private
use of the university observatory. The degrees are
taught jointly by the Department of Mathematics and
the Department of Physics and Astronomy. Students
usually need A-levels in both maths and physics to enter

the degrees. For more details contact Mike Dampier,
the Admissions Tutor, at dam@mcs.le.ac.uk

ALGEBRA IN CHINA AND EUROPE
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The University of Leicester’s Pure Mathematics
Group obtained in October 2002 under the AsiaLink
scheme of the European Union a large grant to form
a research network in the subject area of algebras
and representations. Additional support for network
activities has been obtained from the Royal Society
and the London Mathematical Society.

Two members of the pure mathematics group
in Leicester, Anne Henke (European manager)
and Steffen Koenig (Network Co-ordinator) are
coordinating in this network nine different research
groups: four of these research groups are at
leading universities in China; the other five groups
come from three different European countries
(Belgium, Germany and the United Kingdom).

The network’s main aim is a lively research exchange
between the 90 researchers involved, via workshops
and conferences. Moreover, it aims at educating
Chinese PhD students in a sandwich PhD programme.
Up to 15 PhD scholarships are available over a period
of three years. For the academic year 2002/03
five scholarships have been awarded; three of
the five students, Degang, Ming and Ronghua,
chose to study pure mathematics in Leicester.

European manager
Anne Henke (2nd
row, middle) with
her PhD student
Marie Vernon (2nd
row, left) and the
3 Chinese students:
Ming Fang (1st row,
left), Degang Liang
(1st  row, right)
and Ronghua Tang
(2nd row, right).

Additional information on the AsiaLink network can
be found on the following webpage:
http://www.mcs.le.ac.uk/research/pure/AsialLink/
AsiaLink.html




