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Abstract: We study chemical reactions with complex mechanisms under two assumptions:
(i) intermediates are present in small amounts (this is the quasi-steady-state hypothesis or
QSS) and (ii) they are in equilibrium relations with substrates (this is the quasiequilibrium
hypothesis or QE). Under these assumptions, we prove the generalized mass action law
together with the basic relations between kinetic factors, which are sufficient for the
positivity of the entropy production but hold even without microreversibility, when the
detailed balanceis not applicable. Even though QE and QSS produce useful approximations
by themselves, only the combination of these assumptions can render the possibility beyond
the“rarefied gas’ limit or the “ molecular chaos’ hypotheses. We do not use any a priori form
of the kinetic law for the chemical reactions and describe their equilibriaby thermodynamic
relations. The transformations of the intermediate compounds can be described by the
Markov kinetics because of their low density (low density of elementary events). This
combination of assumptions was introduced by Michaelis and Menten in 1913. In 1952,
Stueckelberg used the same assumptions for the gas kinetics and produced the remarkable
semi-detailed balance relations between collision rates in the Boltzmann equation that
are weaker than the detailed balance conditions but are still sufficient for the Boltzmann
H-theorem to be valid. Our results are obtained within the Michaelis-Menten-Stueckel beg
conceptual framework.
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1. Introduction
1.1. Main Asymptotic Ideas in Chemical Kinetics

There are several essentialy different approaches to asymptotic and scale separation in kinetics, and
each of them hasits own area of applicability.

In chemical kinetics various fundamental ideas about asymptotical analysis were developed [1]:
Quasiegiulibrium asymptotic (QE), quas steady-state asymptotic (QSS), lumping, and the idea of
[imiting step.

Most of the works on nonequilibrium thermodynamics deal with the QE approximations and
corrections to them, or with applications of these approximations (with or without corrections). There
are two basic formulation of the QE approximation: The thermodynamic approach, based on entropy
maximum, or the kinetic formulation, based on selection of fast reversible reactions. The very first
use of the entropy maximization dates back to the classical work of Gibbs [2], but it was first
claimed for a principle of informational statistical thermodynamics by Jaynes [3]. A very generd
discussion of the maximum entropy principle with applications to dissipative kinetics is given in the
review [4]. Corrections of QE approximation with applications to physical and chemical kinetics were
developed [5,6].

QSS was proposed by Bodenstein in 1913 [7], and the important Michaelis and Menten work [8]
was published simultaneously. It appears that no kinetic theory of catalysis is possible without QSS.
This method was elaborated into an important tool for the analysis of chemical reaction mechanism
and kinetics [9-11]. The classical QSS is based on the relative smallness of concentrations of some
of the “active’ reagents (radicals, substrate-enzyme complexes or active components on the catalyst
surface) [12-14].

Lumping analyss ams to combine reagents into “quasicomponents’ for dimension
reduction [15,17-19]. Wel and Prater [16] demonstrated that for (pseudo)monomolecular
systems there exist linear combinations of concentrations which evolve in
time  independently. These linear combinations (quasicomponents)  correspond
to the left egenvectors of the Kkinetic matrix: If IK = Al then
d(l,c)/dt = (I, )\, where the standard inner product ([, ¢) is the concentration of a quasicomponent.
They aso demonstrated how to find these quasicomponentsin a properly organized experiment.

This observation gave rise to a question: How to lump components into proper quasicomponents
to guarantee the autonomous dynamics of the quasicomponents with appropriate accuracy? Wei
and Kuo studied conditions for exact [15] and approximate [17] lumping in monomolecular and
pseudomonomolecular systems. They demonstrated that under certain conditionsalarge monomolecular
system could be well-modelled by alower-order system.

More recently, sensitivity analysis and Lie group approach were applied to lumping analysis[18,19],
and more general nonlinear forms of lumped concentrations were used (for example, concentration of
guasicomponents could be arational function of c).

Lumping analysis was placed in the linear systems theory and the relationships between lumpability
and the concepts of observability, controllability and minimal realization were demonstrated [20].
The lumping procedures were considered aso as efficient techniques leading to nonstiff systems and
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demonstrated the efficiency of the developed algorithm on kinetic models of atmospheric chemistry
[21]. An optima lumping problem can be formulated in the framework of a mixed integer nonlinear
programming (MINLP) and can be efficiently solved with a stochastic optimization method [22].

The concept of limiting step gives the limit simplification: The whole network behaves as a single
step. Thisisthe most popular approach for model simplification in chemical kinetics and in many areas
beyond kinetics. In the form of a bottleneck approach this approximation is very popular from traffic
management to computer programming and communication networks. Recently, the concept of the
l[imiting step has been extended to the asymptotol ogy of multiscal e reaction networks [23,24].

In this paper, we focus on the combination of the QE approximation with the QSS approach.

1.2. The Sructure of the Paper

Almost thirty years ago one of us published a book [25] with Chapter 3 entitled “Quasiequilibrium
and Entropy Maximum”. A research program was formulated there, and now we are in the position to
analyze the achievements of these three decades and formulate the main results, both theoretical and
applied, and the unsolved problems. In this paper, we start this work and combine a presentation of
theory and application of the QE approximation in physical and chemical kinetics with exposition of
some new results.

We start from the formal description of the general idea of QE and its possible extensions. In
Section 2, we briefly introduce main notations and some general formulas for exclusion of fast variables
by the QE approximation.

In Section 3, we present the history of the QE and the classica confusion between the QE
and the quas steady state (QSS) approximation. Another surprising confusion is that the famous
Michaelis-Menten kinetics was not proposed by Michaelis and Menten in 1913 [8] but by Briggs
and Haldane [12] in 1925. It is more important that Michaelis and Menten proposed another
approximation that is very useful in general theoretical constructions. We described this approximation
for general kinetic systems. Roughly speaking, this approximation states that any reaction goes through
transformation of fast intermediate complexes (compounds), which (i) are in equilibrium with the input
reagents and (ii) exist in avery small amount.

One of the most important benefits from this approach is the exclusion of nonlinear kinetic laws and
reaction rate constantsfor nonlinear reactions. The nonlinear reactionstransform into the reactions of the
compounds production. They are in afast equilibrium and the equilibrium is ruled by thermodynamics.
For example, when Michaelis and Menten discuss the production of the enzyme-substrate complex ES
from enzyme E and substrate S, they do not discuss reaction rates. These rates may be unknown. They
just assume that the reaction £/ + S = ES isin equilibrium. Briggs and Haldane involved this reaction
into the kinetic model. Their approach is more genera than the Michaelis-Menten approximation but
for the Briggs and Haldane model we need more information, not only the equilibrium of the reaction
E + S = ES but asoitsrates and constants.

When compounds undergo transformationsin alinear first order kinetics, there is no need to include
interactions between them because they are present in very small amountsin the same volume, and their
concentrations are also small. (By the way, thisargument is not applicabl e to the heterogeneous catalytic
reactions. Although the intermediates are in both small amounts and in a small volume, i.e, in the
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surface layer, the concentration of the intermediates is not small, and their interaction does not vanish
when their amount decreases [33]. Therefore, kinetics of intermediates in heterogeneous catalysis may
be nonlinear and demonstrate bifurcations, oscillations and other complex behavior.)

In 1952, Stueckelberg [26] used similar approach in his seminal paper “ H-theorem and unitarity of
the S-matrix”. He studied elastic collisions of particles as the quasi-chemical reactions

v+w—vV +w

(v,w,v',w’ are velocities of particles) and demonstrated that for the Boltzmann equation the linear
Markov kinetics of theintermediate compoundsresultsin the special relationsfor the kinetic coefficients.
These relations are sufficient for the H-theorem, which was originally proved by Boltzmann under the
stronger assumption of reversibility of collisions[27].

First, the idea of such relations was proposed by Boltzmann as an answer to the Lorentz objections
against Boltzmann’s proof of the H-theorem. Lorentz stated the nonexistence of inverse collisions for
polyatomic molecules. Boltzmann did not object to this argument but proposed the “cyclic balance”
condition, which means balancing in cycles of transitions between states S — S, — ... — 5, —
S1. Almost 100 years later, Cercignani and Lampis [28] demonstrated that the Lorenz arguments
are wrong and the new Boltzmann relations are not needed for the polyatomic molecules under the
microreversibility conditions. The detailed balance conditions should hold.

Nevertheless, Boltzmann'sideaisvery seminal. It wasstudied further by Heitler [29] and Coester [30]
and the results are sometimes cited as the “ Heitler-Coestler theorem of semi-detailed balance”. In 1952,
Stueckelberg [26] proved these conditions for the Boltzmann equation. For the micro-description he
used the S-matrix representation, which is in this case equivaent for the Markov microkinetics (see
also [31)).

Later, these relations for the chemical mass action kinetics were rediscovered and called the complex
balance conditions [51,63]. We generalize the Michaelis-Menten-Stueckelberg approach and study in
Section 5 the general kinetics with fast intermediates present in small amount. In Subsection 5.7 the big
Michaelis-M enten-Stueckel berg theorem is formulated as the overall result of the previous analysis.

Before thisgeneral theory, weintroduce the formalism of the QE approximation with all the necessary
notations and examples for chemical kineticsin Section 4.

The result of the general kinetics of systems with intermediate compounds can be used wider than
this specific model of an elementary reaction: The intermediate complexes with fast equilibria and the
Markov kinetics can be considered as the “construction staging” for general kinetics. In Section 6, we
del ete the construction staging and start from the general forms of the obtained kinetic equations as from
the basic laws. We study the rel ations between the general kinetic law and the thermodynamic condition
of the positivity of the entropy production.

Sometimes the kinetics equations may not respect thermodynamics from the beginning. To repair this
discrepancy, deformation of the entropy may help. In Section 7, we show when is it possible to deform
the entropy by adding a linear function to provide agreement between given kinetic equations and the
deformed thermodynamics. As a particular case, we got the “ deficiency zero theorem”.

The classical formulation of the principle of detailed balance deals not with the thermodynamic and
global forms we use but just with equilibriac In equilibrium each process must be equilibrated with
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its reverse process. In Section 7, we demonstrate also that for the general kinetic law the existence of a
point of detailed balance is equivalent to the existence of such alinear deformation of the entropy that the
global detailed balance conditions (Equation (87) below) hold. Analogously, the existence of a point of
complex balance is equivalent to the global condition of complex balance after some linear deformation
of the entropy.

1.3. Main Results: One Asymptotic and Two Theorems

Let usfollow the ideas of Michaelis-Menten and Stueckel berg and introduce the asymptotic theory of
reaction rates. Let the list of the components A; be given. The mechanism of reaction is the list of the
elementary reactions represented by their stoichiometric equations:

Z apiAi - Z ﬁpiAi (1)
The linear combinations > . v, A; and ), 5,;A; are the complexes. For each complex . y;;A; from

the reaction mechanism we introduce an intermediate auxiliary state, a compound B;. Each elementary
reaction is represented in the form of the “2n-tail scheme” (Figure 1) with two intermediate compounds:

Figure 1. A 2n-tail scheme of an extended elementary reaction.

ap14 \ P14
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There are two main assumptionsin the Michaelis-Menten-Stueckel berg asymptotic:

e The compounds are in fast equilibrium with the corresponding input reagents (QE);
e They exist in very small concentrations compared to other components (QSS).

The smallness of the concentration of the compounds implies that they (i) have the perfect
thermodynamic functions (entropy, internal energy and free energy) and (ii) the rates of the reactions
B; — B; arelinear functions of their concentrations.

One of the most important benefits from this approach is the exclusion of the nonlinear reaction
kinetics: They arein fast equilibrium and equilibrium is ruled by thermodynamics.

Under the given smallness assumptions, the reaction rates r, for the elementary reactions have a
special form of the generalized mass action law (see Equation (74) below):

Tp = Pp exp(ap, /l)



Entropy 2011, 13 971

where ¢, > 0 isthe kinetic factor and exp(«,, f1) isthe Boltzmann factor. Here and further in the text
(ap, 1) = >, apift; 1S the standard inner product, exp( , ) is the exponential of the value of the inner
product and i; are chemical potentials .. divided on RT'.

For the prefect chemical systems, ji; = In(¢; /), where ¢; is the concentration of A; and ¢f > 0 are
the positive equilibrium concentrations. For different values of the conservation laws there are different
positive equilibria. The positive equilibrium ¢ is one of them and it is not important which oneisit. At
this point, /i, = 0, hence, the kinetic factor for the perfect systems is just the equilibrium value of the
rate of the elementary reaction at the equilibrium point ¢*: ¢, = r,(c*).

The linear kinetics of the compound reactions B, — B; implies the remarkable identity for the
reaction rates, the complex balance condition (Equation (89) below)

Z Pp exp(ft, O‘p) = Z Pp exp(ft, ﬁp)
p p
for all admissible values of /i and given ¢ which may vary independently. For other and more convenient
forms of this condition see Equation (91) in Section 6. The complex balance condition is sufficient
for the positivity of the entropy production (for decrease of the free energy under isothermal isochoric
conditions). The general formulafor the reaction rate together with the complex balance conditions and
the positivity of the entropy production form the Michaelis-Menten-Stueckel berg theorem (Section 5.7).
The detailed balance conditions (Equation (87) below),

o =,

for all p, are more restrictive than the complex balance conditions. For the perfect systems, the detailed
balance condition takes the standard form: 1 (c*) = r, (c*).

We study also some other, less restrictive sufficient conditions for accordance between
thermodynamics and kinetics. For example, we demonstrate that the G-inequality (Equation (92) below)

D ppexp(ii, a) = > o, explji, B,)
p p

issufficient for the entropy growth and, at the same time, weaker than the condition of complex balance.

If the reaction rates have the form of the generalized mass action law but do not satisfy the sufficient
condition of the positivity of the entropy production, the situation may be improved by the def ormation of
the entropy viaaddition of alinear function. Such adeformation isaways possiblefor the zero deficiency
systems. Let ¢ be the number of different complexesin the reaction mechanism, d be the number of the
connected componentsin the digraph of the transitions between compounds (vertices are compounds and
edges are reactions). To exclude some degenerated cases a hypothesis of weak reversibility is accepted:
For any two vertices B; and B;, the existence of an oriented path from B; to B; implies the existence of
an oriented path from B5; to B;.

Deficiency of the system is[63]

q—d—rankl’ > 0

where I' = (v;;) = (8i; — ;) is the stoichiometric matrix. If the system has zero deficiency then

the entropy production becomes positive after the deformation of the entropy via addition of a linear
function. The deficiency zero theoremin thisformis proved in Section 7.3.
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Interrel ations between the Michaelis-M enten-Stueckel berg asymptotic and the transition state theory
(which is aso referred to as the “activated-complex theory”, “absolute-rate theory”, and “theory of
absolute reaction rates’) are very intriguing. This theory was developed in 1935 by Eyring [35] and
by Evans and Polanyi [36].

Basic ideas behind the transition state theory are [37]:

e The activated complexes are in a quasi-equilibrium with the reactant molecules,
e Rates of the reactions are studied by studying the activated complexes at the saddle point of a
potential energy surface.

The similarity is obvious but in the Michaelis-Menten-Stueckelberg asymptotic an elementary
reaction is represented by a couple of compounds with the Markov kinetics of transitions between them
versus one transition state, which moves along the “reaction coordinate’, in the transition state theory.
Thisisnot exactly the same approach (for example, the theory of absolute reaction rates uses the detailed
balance conditions and does not produce anything similar to the complex balance).

Important technical tools for the analysis of the Michaelis-Menten-Stueckelberg asymptotic are the
theorem about preservation of the entropy production in the QE approximation (Section 2 and Appendix
1) and the Morimoto H -theorem for the Markov chains (Appendix 2).

2. QE and Preservation of Entropy Production

In this section we introduce informally the QE approximation and the important theorem about the
preservation of entropy production in this approximation. In Appendix 1, this approximation and the
theorem are presented with more formal details.

Let us consider asystem in adomain U of area vector space E given by differential equations

& — P @

The QE approximation for (3) uses two basic entities: Entropy and slow variables.

Entropy S is an increasing concave Lyapunov function for (3) with non-degenerated Hessian
0%S/0z;0x;: I

20 (4
In this approach, the increase of entropy in timeis exploited (the Second Law in the form (4)).

The slow variables M are defined as some differentiable functions of variables x: M = m(x). Here
we assume that these functions are linear. More general nonlinear theory was developed in [38,39] with
applications to the Boltzmann equation and polymer physics. Selection of the slow variables implies a
hypothesis about separation of fast and slow motion. The slow variables (almost) do not change during
the fast motion. After some initial time, the fast variables with high accuracy are functions of the slow
variables: We can write z =~ x73,.

The QE approximation defines the functions x3, as solutions to the following MaxEnt
optimization problem:

S(z) — max subjectto m(z) = M (5)
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The reasoning behind thisapproximationissimple: During thefast initial layer motion, entropy increases
and M amost does not change. Therefore, it isnatural to assume that z %, is close to the solution to the
MaxEnt optimization problem (5). Further 2%, denotes a solution to the MaxEnt problem.

A solutionto (5), =3, is the QE state, the set of the QE states =%, parameterized by the values of the
slow variables M isthe QE manifold, the corresponding value of entropy

S*(M) = 5(xy) (6)

is the QE entropy and the equation for the slow variables

dm .
TR m(F(z})) (7)
represents the QE dynamics.

The crucial property of the QE dynamicsis the preservation of entropy production.

Theorem about preservation of entropy production. Let us calculate dS*(M)/dt at point M
according to the QE dynamics (7) and find dS(x)/dt at point x = x7%, due to the initial system (3).

The results always coincide:
dS*(M)  dS(=)
e dt

(8)

The left hand side in (8) is computed due to the QE approximation (7) and the right hand side
corresponds to the initial system (3). The sketch of the proof is givenin Appendix 1.

The preservation of the entropy production leads to the preservation of the type of dynamics: If for
theinitial system (3) entropy production is non-negative, d.S/dt > 0, then for the QE approximation (7)
the production of the QE entropy is also non-negative, d5*/dt > 0.

In addition, if for the initial system (d.S/dt)|, = 0 if and only if F'(z) = 0 then the same property
holds in the QE approximation.

3. TheClassicsand the Classical Confusion
3.1. The Asymptotic of Fast Reactions

It is difficult to find who introduced the QE approximation. It was impossible before the works of
Boltzmann and Gibbs, and it became very well known after the works of Jaynes|[3].

Chemical kinetics has been a source for model reduction ideas for decades. The ideas of QE appear
there very naturally: Fast reactions go to their equilibrium and, after that, remain almost equilibrium all
the time. The general formalization of thisidealooks as follows. The kinetic equation has the form

dN
dt
Here N isthe vector of composition with components N; > 0, K, corresponds to the slow reactions,
K, corresponds to fast reaction and e > 0 isa small number. The system of fast reactions has the linear
conservation laws by (N) = > by Nj: by(Kys(N)) = 0.
The fast subsystem

= Ka(N) + 2K (V) ©

AN
S K (N
i fs(V)
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tends to a stable positive equilibrium N* for any positive initial state N (0) and this equilibrium is a
function of the values of the linear conservation laws b;(N(0)). In the plane b;(N) = b(N(0)) the
equilibrium is asymptotically stable and exponentially attractive.

Vector b(N) = (b;(N)) isthe vector of slow variables and the QE approximation is

db
i

In chemical kinetics, equilibria can be described by conditional entropy maximum (or conditional
extremum of other thermodynamic potentials). Therefore, for these cases we can apply the formalism of
the quasiequilibrium approximation. The thermodynamic Lyapunov functions serve astoolsfor stability
analysis and for model reduction [40].

The QE approximation, the asymptotic of fast reactions, iswell known in chemical kinetics. Another
very important approximation was invented in chemical kinetics as well. It isthe Quas Steady State
(QSS) approximation. QSS was proposed in [7] and was elaborated into an important tool for analysis
of chemical reaction mechanisms and kinetics [9-11]. The classical QSS is based on the relative
smallness of concentrations of some of “active” reagents (radical's, substrate-enzyme complexesor active
components on the catalyst surface) [13,14]. In the enzyme kinetics, its invention was traditionally
connected to the so-called Michaelis-Menten kinetics.

b(Ku(N*(b)) (10)

3.2. QSSand the Briggs-Haldane Asymptotic

Perhaps the first very clear explanation of the QSS was given by Briggs and Haldane in 1925 [12].
Briggs and Haldane consider the simplest enzyme reaction S + F = SE — P + E and mention that
the total concentration of enzyme ([E] + [SE]) is “negligibly small” compared with the concentration
of substrate [S]. After that they conclude that L[S E] is“negligible” compared with < [S] and £[P] and
produce the now famous ‘Michaelis-Menten’ formula, which was unknown to Michaelis and Menten:
ki [E|[S] = (k_1 + ko) [ES] OF

B ana 2Py = fms) = 2P [g]

ES =% v+ 9] dt

(11)

where the “Michaglis-Menten constant” is

There is plenty of misleading comments in later publications about QSS. Two most important
confusions are:

e Enzymes (or catalysts, or radicals) participate in fast reactions and, hence, relax faster than
substrates or stable components. This is obviously wrong for many QSS systems. For example,
in the Michaelis-Menten system all reactions include enzyme together with substrate or product.
There are no separate fast reactions for enzyme without substrate or product.

e Concentrations of intermediates are constant because in QSS we equate their time derivatives
to zero. In general case, thisis also wrong: We equate the kinetic expressions for some time
derivativesto zero, indeed, but this just exploits the fact that the time derivatives of intermediates
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concentrations are small together with their values, but not obligatory zero. If we accept QSS then
these derivatives are not zero aswell: To prove thiswe can just differentiate the Michaelis-Menten
formula (11) and find that [ES] in QSS is amost constant when [S] > K, thisis an additional
condition, different from the Briggs-Haldane condition [E] + [AE] < [S] (for more details
see[1,14,33] and asimple detailed case study [41]).

After a simple transformation of variables the QSS smallness of concentration transforms into a
separation of time scales in a standard singular perturbation form (see, for example [33,34]). Let us
demonstrate this on the traditional Michaelis-Menten system:

Wl ke + hlsm
% = Iy [S][E] — (k_1 + k2)[SE] o

[E] + [SE] = e = const, [S] + [P] = s = const

This is a homogeneous system with the isochoric (fixed volume) conditions for which we write the
eguations. The Briggs-Haldane condition ise < s. Let us use dimensionless variables x = [S]/s,
§=[SE]/e
d
fd—x = —ska(l— &) + k€
dg

i skiz(l — &) — (k-1 + k2)§

To obtain the standard singularly perturbed system with the small parameter at the derivative, we need
to change the time scale. This means that when e — 0 the reaction goes proportionally slower and to
study thislimit properly we haveto adjust thetime scale: dr = £dt:

3_95 = —shir(l— &) + k£
67(—15 o
i skiz(l—¢&) — (k-1 + k2)§

For small ¢/s, the second equation is a fast subsystem. According to this fast equation, for a given

constant z, the variable £ relaxesto
ST

Ky + sx
exponentialy, as exp(—(skix + k_1 + ko)t). Therefore, the classical singular perturbation theory
based on the Tikhonov theorem [42,43] can be applied to the system in the form (14) and the QSS
approximation is applicable even on an infinite time interval [44]. This transformation of variables and
introduction of slow time is a standard procedure for rigorous proof of QSS validity in catalysis [33],
enzyme kinetics [45] and other areas of kinetics and chemical engineering [13].

It is worth to mention that the smallness of parameter e/s can be easily controlled in experiments,
whereas the time derivatives, transformation rates and many other quantities just appear as a result of
kinetics and cannot be controlled directly.

€qss =



Entropy 2011, 13 976

3.3. The Michaelis and Menten Asymptotic

QSS is not QE but the classical work of Michaelis and Menten [8] was done on the intersection of
QSS and QE. After the brilliantly clear work of Briggs and Haldane, the name “Michaelis-Menten”
was attached to the Briggs and Haldane equation and the original work of Michaelis and Menten was
considered as an important particular case of this approach, an approximation with additional and not
necessary assumptions of QE. From our point of view, the Michaelis-Menten work includes more and
may giverise to an important general class of kinetic models.

Michaelis and Menten studied the “fermentative splitting of cane sugar”. They introduced
three “compounds’: The sucrose-ferment combination, the fructose-ferment combination and the
glucose-ferment combination. The fundamental assumption of their work was “that the rate of
breakdown at any moment is proportional to the concentration of the sucrose-invertase compound”.

They started from the assumption that at any moment according to the mass action law

[Si] [E] = Ki[SiE] (15)

where [S;] isthe concentration of the ith sugar (here, : = 0 for sucrose, 1 for fructose and 2 for glucose),
[E] isthe concentration of the free invertase and K; is the ith equilibrium constant.

For simplification, they use the assumption that the concentration of any sugar in question in free state
ispractically equal to that of the total sugar in question.

Finally, they obtain 5
€lo0
S0E] = T [P T o 4o
where e = [E] + 37,[S; E], [P] = [S1] = [So] and ¢ = 3 + 75
Of course, this formula may be considered as a particular case of the Briggs-Haldane formula (11)
if wetake k_y > ko in (11) (i.e., the equilibration S + £ = SE is much faster than the reaction
SE — P + FE) and assumethat ¢ = 0 in (16) (i.e., fructose-ferment combination and glucose-ferment
combination are practically absent).
This is the truth but may be not the complete truth. The Michaelis-Menten approach with many
compounds which are present in small amounts and satisfy the QE assumption (15) is a seed of the

general kinetic theory for perfect and non-perfect mixtures.

4. Chemical Kineticsand QE Approximation
4.1. Soichiometric Algebra and Kinetic Equations

In this section, we introduce the basic notations of the chemical kinetics formalism. For more details
see, for example, [33].

Thelist of componentsisafinite set of symbols A4, ..., A,.

A reaction mechanism is afinite set of the stoichiometric equations of elementary reactions:

Z OépiAi - Z ﬁpz‘Ai (17)

where p = 1,...,m is the reaction number and the stoichiometric coefficients «,;, 3, are
nonnegative integers.
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A stoichiometric vector , of the reaction (17) isan-dimensional vector with coordinates

Ypi = ﬁpi — O (18)

that is, “gain minusloss’ in the pth elementary reaction.

A nonnegative extensive variable /V;, the amount of A;, corresponds to each component. We call the
vector N with coordinates N; “the composition vector”. The concentration of A; isan intensive variable
¢; = N;/V,where V' > 0 isthe volume. The vector ¢ = N/V with coordinates ¢; is the vector of
concentrations.

A non-negative intensive quantity, r ,, the reaction rate, correspondsto each reaction (17). Thekinetic
equations in the absence of external fluxes are

dN
E = V;Tp’)/p (19)

If the volumeis not constant then equations for concentrationsinclude V' and have different form (thisis
typical for the combustion reactions, for example).

For perfect systems and not so fast reactions, the reaction rates are functions of concentrations and
temperature given by the mass action law for the dependance on concentrations and by the generalized
Arrhenius equation for the dependance on temperature 7T'.

The mass action law states:

ro(e,T) = ky(T) [ [ & (20)
where k,(T") isthe reaction rate constant.

The generalized Arrhenius equation is:

k,(T) = A,exp (%) exp (— g;f) (21)

where R = 8.314472 fnol is the universal, or ideal gas constant, E,, is the activation energy, S,, is
the activation entropy (i.e., E,, — 1'S,, isthe activation free energy), A, is the constant pre-exponential
factor. Some authors neglect the S,, term because it may be less important than the activation energy,
but it is necessary to stress that without thisterm it may be impossible to reconcile the kinetic equations
with the classical thermodynamics.

In general, the constants for different reactions are not independent. They are connected by various
conditionsthat follow from thermodynamics (the second |aw, the entropy growth for isolated systems) or
microreversibility assumption (the detailed balance and the Onsager reciprocal relations). In Section 6.2
we discuss these conditions in more general settings.

For nonideal systems, more general kinetic law is needed. In Section 5 we produce such a general
law following the ideas of the original Michaelis and Menten paper (thisis not the same as the famous
“Michaelis-Menten kinetics’). For this work we need a general formalism of QE approximation for
chemical kinetics.




Entropy 2011, 13 978

4.2. Formalismof QE Approximation for Chemical Kinetics
4.2.1. QE Manifold

In this section, we describe the general formalism of the QE for chemical kinetics following [34].

The general construction of the quasi-equilibrium manifold givesthe following procedure. First, let us
consider the chemical reactions in a constant volume under the isothermal conditions. The free energy
F(N,T) = V f(c,T) should decrease due to reactions. In the space of concentrations, one defines a
subspace of fast motions L. It should be spanned by the stoichiometric vectors of fast reactions.

Slow coordinates are linear functions that annulate L. These functions form a subspace in the space
of linear functions on the concentration space. Dimension of thisspaceiss = n — dim L. It isnecessary
to choose any basis in this subspace. We can use for this purpose a basis b; in L+, an orthogonal
complement to L and define the basic functionalsas b; (V) = (b;, N).

The description of the QE manifold isvery smplein the Legendre transform. The chemical potentials

are partial derivatives
_OF(N,T) 0f(e,T)

Let us use u; as new coordinates. In these new coordinates (the “conjugated coordinates’), the QE
manifold is just an orthogonal complement to L. This subspace, L=, is defined by equations

(22)

Z wiy; =0 forany ~ € L (23)

It issufficient to takein (23) not al v € L but only elements from abasisin L. In this case, we get the
system of n — dim L linear equations of the form (23) and their solution does not cause any difficulty.
For the actual computations, one requires the inversion from p to c.

It is worth to mention that the problems of the selection of the slow variables and of the description
of the QE manifold in the conjugated variables can be considered as the same problem of description of
the orthogonal complement, L.

To finalize the construction of the QE approximation, we should find for any given values of slow
variables (and of conservation laws) b; the corresponding point on the QE manifold. This means that we
have to solve the system of equationsfor c:

b(N) =b; (u(c,T),7,) =0 (24)

where b is the vector of slow variables, p isthe vector of chemical potentials and vectorsy, form abasis
in L. After that, we have the QE dependence cx(b) and for any admissible value of b we can find all
the reaction rates and calculate b.

Unfortunately, the system (24) can be solved analytically only in some special cases. In general case,
we haveto solveit numerically. For this purpose, it may be convenient to keep the optimization statement
of the problem: F* — min subject to given b. There exists plenty of methods of convex optimization for
solution of this problem.

The standard toy example gives us a fast dissociation reaction. Let a homogeneous reaction
mechanism include a fast reaction of theform A + B = AB. We can easily find the QE approximation
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for this fast reaction. The slow variables are the quantitiesb; = Ny — Ngand b, = Ny + N + Ne
which do not change in this reaction. Let the chemical potentialsbe i 4/ RT = Incs + pia0, b/ RT =
Incp+ppo, pap/RT = Incap+pap. Thiscorrespondstothefreeenergy FF = VRT ), c;(In ¢;+ 1),
the correspondent free entropy (the Massieu-Planck potential) is —F'/T". The stoichiometric vector is
v = (-1, —1, 1) and the equations (24) take the form

b, by  cap

CA—CB ==, CatcCp+cap=—
VvV’ V' cucp

=K

where K isthe equilibrium constant X' = exp(p 40 + 4o — f4AB0)-
From these equations we get the expressions for the QE concentrations:

b, 1 1by  1\? by +by
by by) = =k — — S
calbi,be) = 57 K+\/(2V K) TRV

b b1 +b
03(51752) = CA(bth) - Vl ) CAB<b1a bz) = - 2

The QE free entropy is the value of the free entropy at this point, ¢(by, bs).

—2¢4(by, b2)

4.2.2. QE in Traditional MM System

Let usreturn to the simplest homogeneous enzyme reaction £ + S = ES — P + S, the traditiona
Michaelis-Menten System (12) (it is simpler than the system studied by Michaelis and Menten [8]).
Let us assume that the reaction £ + S = ES isfast. This means that both k£, and £_; include large
parameters: k; = 1y, k-y = L1k_;. For small e, we will apply the QE approximation. Only three
components participate in the fast reaction, A, = S, A, = E, A3 = ES. For analysis of the QE
manifold we do not need to involve other components.

The stoichiometric vector of the fast reaction isy = (—1,—1,1). The space L is one-dimensional
and its basis is this vector v. The space L+ is two-dimensional and one of the convenient bases is
by = (1,0,1),b, = (0, 1,1). Thecorresponding slow variablesare by (N) = Ny + N3, bo(N) = No+ Ns.
Thefirst slow variable isthe sum of the free substrate and the substrate captured in the enzyme-substrate
complex. The second of them is the conserved quantity, the total amount of enzyme.

The equation for the QE manifold is (15): kicico = k_1c3 Or %g—; = & because kicicy = k_icj,

C3

where ¢ = ¢/(T) > 0 are the so-called standard equilibrium values and for perfect systems

pi = RT'In(c;/cf), F = RTV . ci(In(c;/cf) — 1).
Let usfix the slow variables and find ¢ 5 3. Equations (24) turninto

c1+c3 = b1 , Co+ C3 = bg s k10102 = k,103

Here we change dynamic variables from N to ¢ because this is a homogeneous system with

constant volume.
If weusec; = by — ¢z and ¢; = by — ¢3 then we obtain a quadratic equation for c;:

kycs — (kiby + kiby + k_1)es + kibiby =0 (25)
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Therefore,

1 k_ 1 k)2
es(br,bo) = 3 <b1 + by + k—l) - 5\/<b1 + by + k—l) — dbyby
1 1

Thesign“—" is selected to provide positivity of al ¢;. This choice provides also the proper asymptotic:
c3 — 0 if any of b; — 0. For other C1,2 we should use cp = b — C3 and Cy = by — C3.
The time derivatives of concentrations are:
¢ = —kiciep + k_yc3 + Uinciln — UoutC1
0:2 = —kicico + (k-1 + ka)cs + Un'lcign — UoutC2 (26)
é3 = kicicy — (k=1 + k2)c3 + VinC3' — UoutC3
Cy = kocy + Uinciln — Uout C4
here we added external flux with input and output velocities (per unite volume) v;, and v,,; and input
concentrations ¢™. Thisis done to stress that the QE approximation holds also for a system with fluxes
if the fast equilibrium subsystem is fast enough. The input and output velocities are the same for all
components because the system is homogeneous.
The slow systemis

bi = ¢+ ¢3 = —kacs + Uinbiln — Vouth1
by = é9 + 3 = Vinby' — Vourba (27)
Cq = kocs + Uinciln — VoutC4
where bt = ¢t + ¢l it = it 4 ¢ln,
Now, we should use the expression for c3(by, by):

b= — o [ [y 00+ 22) = 2 (0 0 +E2—4bb + Vb — Vouih
1 — 22 1 2 k1 9 1 2 k1 102 inYq outV1

1 o 1 k)2 . (28)
C4 =k2§ (b1 + by + —1> — —\/(51 + by + k—1> — 4b1by | 4 vincy' — VoutCa

kl 2 1
62 :Uinbign — Vout b2

It is obvious here that in the reduced system (28) there exists one reaction from the lumped component
with concentration b, (the total amount of substrate in free state and in the substrate-enzyme complex)
into the component (product) with concentration c,. The rate of this reaction is kyc(b1bs). The
lumped component with concentration b, (the total amount of the enzyme in free state and in the
substrate-enzyme complex) affects the reaction rate but does not change in the reaction.

Let ususefor ssimplification of this system the assumption of the substrate excess (we follow the logic
of the original Michaelis and Menten paper [8]):

[S] > [SE], i.e., by > c3 (29)

Under this assumption, the quadratic equation (25) transformsinto

b2 kfl C3
14+ =24+ — =b = 30
( +b1+k1b1)c3 2+0(b1> (30)
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and in this approximation
baby

by by %1
(compare to (16) and (11): This equation includes an additional term b, in denominator because we did
not assume formally anything about the smallness of b, in (29)).

After this simplification, the QE slow equations (28) take the form

C3 (31)

1= —Lblk + Uinb" — Vourbr
by + by + k;ll
62 - UinbiQH - voutb2 (32)
koboyby

in
Cy4 + VinCqy — VoutCa

_51—1—524—]1—711

Thisisthe typical form in the reduced equations for catalytic reactions. Nominator in the reaction rate
corresponds to the “brutto reaction” S + £ — P + E [33,49].

4.2.3. Heterogeneous Catalytic Reaction

For the second example, let us assume equilibrium with respect to the adsorption in the CO on Pt
oxidation:
CO+Pt=PtCO; O,+2Pt=2PtO

(for detailed discussion of the modeling of CO on Pt oxidation, this*MonaLiza’ of catalysis, we address
readersto [33]). Thelist of componentsinvolved in these 2 reactionsis: A; = CO, Ay = O,, A3 = P,
Ay = PtO, A5 = PtCO (CO, does not participate in adsorption and may be excluded at this point).
Subspace L is two-dimensional. It is spanned by the stoichiometric vectors, v, = (—1,0,—1,0,1),
7o = (0,—1,-2,2,0).
The orthogonal complement to L is a three-dimensional subspace spanned by vectors (0, 2,0, 1, 0),
(1,0,0,0,1),(0,0,1,1,1). Thisbasisis not orthonormal but convenient because of integer coordinates.
The corresponding slow variables are

bl = 2N2 + N4 = 2N02 + NPtO
by = Ny + N5 = Nco + Npico (33)
bs = N3 + Ny + N5 = Np¢ + Npyo + Npsco

For heterogeneous systems, caution is needed in transition between N and ¢ variables because there are
two “volumes’ and we cannot put in (33) ¢; instead of NV;: Ngas = ViasCaas DUt Noyet = VaureCsurt, Where
where V4, isthe volume of gas, V¢ isthe area of surface.

Thereisalaw of conservation of the catalyst: Np; + Npio + Npico = bs = const. Therefore, we
have two non-trivial dynamical slow variables, b, and b,. They have avery clear sense: b, isthe amount
of atoms of oxygen accumulated in O, and PtO and b, is the amount of atoms of carbon accumulated in
CO and PtCO.

The free energy for the perfect heterogeneous system has the form

F=VuRT Y ¢ (ln <z—) - 1) + Vet RT Y ¢ (m <z—> - 1) (34)

A; gas A; surf v
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where ¢; are the corresponding concentrationsand ¢; = ¢} (7') > 0 are the so-called standard equilibrium
values. (The QE free energy isthe value of the free energy at the QE point.)
From the expression (34) we get the chemical potentials of the perfect mixture

— RTIn <C—) (35)
G
The QE manifold in the conjugated variablesis given by equations:

—pn = p3+ s =05 —po — 2p3 + 2p4 =0

[tistrivial to resolve these equations with respect to y5 4, for example:
1
pa = §M2+M3; M5 = p1 + 3

or with the standard equilibria

Cq C3 [Ca Cs C1 C3

d aVa g dg
or in the kinetic form (we assume that the kinetic constants are in accordance with thermodynamics and
all these forms are equivalent):

k101€3 = k_1€5, ]{326263 = k_QCZ (36)
The next task is to solve the system of equations:

2 2
kicics = k_ics , kacacs = k_acy, 2VaasCo + Vaeea = b1

(37)
VaasC1 + Vaurt€s = ba, Vows(cs +ca+¢5) = bs

Thisisasystem of five equationswith respect to five unknown variables, c; 2 5 4 5. We have to solve them
and use the solution for calculation of reaction rates in the QE equations for the slow variables. Let us
construct these equations first, and then return to (37).

We assume the adsorption (the Langmuir-Hinshelwood) mechanism of CO oxidation (the numbersin
parentheses are used below for the numeration of the reaction rate constants):

(£1) CO+Pt=PtCO
(£2) O,+2Pt=2PtO (39)
(3) PtO+PtCO—CO,+2Pt

The kinetic equations for this system (including the flux in the gas phase) is

CcO = Vowme(—kic1e3 + k_1c5) + Vgas(UinCifl — UoutC1)
O, = Viwrs(—kacoch + k_oc?) + Vgas(vincign — VoutC2)
Pt = Vet (=kicics + k_1c5 — 2kacacs + 2k_oc; + 2kscycs) (39
PtO = Viwrt (2k2cac3 — 2k_oc; — kscycs)
PtCO N; = Viwt(k1c1cs — k_1c5 — kgcacs)

COQ NG - ‘/surfk30405 + ‘/gas (UinCIGn - voutCG)
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Here vy, and v,,; are the flux rates (per unit volume).
For the slow variables this equation gives:

by = 2Ny + Ny = —ViurtkscaCs + 2Vigas (VinCh — VousC2)
by = Ny 4+ N5 = —Viurkscacs + Vias (Vi€ — VousC1)

S (40)
b3:N3+N4+N5:0
NG - ‘/;urfk30405 + vaas(vincgn - Uoutcﬁ)
This system looks quite simple. Only one reaction,
PtO+PtCO—CO,+2Pt (41)

isvisible. If we know expressions for c; 5(b) then this reaction rate is also known. In addition, to work
with the rates of fluxes, the expressionsfor ¢, »(b) are needed.

The system of equations (37) is explicitly solvable but the result is quite cumbersome. Therefore, let
us consider its simplification without explicit analytic solution. We assume the following smallness:

by > Ny, by > N; (42)

Together with this smallness assumptions equations (37) give:
bs
Vaurs (14 gt + /17 )

1 ky b bs 43)
\/ 2F_2 Vs Vit (1 R ek v SRV e V*:)

- k}l bg b3
kg Vi k1 by 1 ky by
g V;urf 1+ %—1 Vaas + 2%_2 Vgas

C3 =

Cs

In this approximation, we have for the reaction (41) rate

ky 1 ko /Dby b%
P hseats = kg 557 :
—1 -2 V:gas Vvs?lrf (1 + %ﬁ + %;—i&;g)

This expression gives the closure for the slow QE equations (40).
4.2.3. Discussion of the QE procedure for Chemical Kinetics

We finalize here theillustration of the general QE procedure for chemical kinetics. Aswe can see, the
simple analytic description of the QE approximation is available when the fast reactions have no joint
reagents. In general case, we need either anumerical solver for (24) or some additional hypotheses about
smallness. Michaelisand Menten used, in addition to the QE approach, the hypothesisabout smallness of
the amount of intermediate complexes. Thisisthe typical QSS hypothesis. The QE approximation was
modified and further developed by many authors. In particular, a computational optimization approach



Entropy 2011, 13 984

for the numerical approximation of slow attracting manifolds based on entropy-related and geometric
extremum principles for reaction trajectories was developed [47].

Of course, validity of al the simplification hypotheses is a crucial question. For example, for the
CO oxidation, if we accept the hypothesis about the quasiequilibrium adsorption then we get a simple
dynamics which monotonically tends to the steady state. The state of the surface is unambiguously
presented as a continuous function of the gas composition. The pure QSS hypothesis results for the
Langmuir-Hinshelwood reaction mechanism (38) without quasiequilibrium adsorption in bifurcations
and the multiplicity of steady states [33]. The problem of validity of smplifications cannot be
solved as a purely theoretical question without the knowledge of kinetic constants or some additional
experimental data.

5. General Kineticswith Fast | ntermediates Present in Small Amount
5.1. Soichiometry of Complexes

In this Section, we return to the very general reaction network.

Let uscal all theformal sumsthat participate in the stoichiometric equations (17), the complexes. The
set of complexesfor a given reaction mechanism (17) is©4, ..., ©,. The number of complexes g < 2m
(two complexes per elementary reaction, as the maximum) and it is possible that ¢ < 2m because some
complexes may coincide for different reactions.

A complex ©; isaforma sum©, = Z?Zl vijA; = (v;, A), where v; isavector with coordinates v;;.

Each elementary reaction (17) may be represented in the form ©, — ©, where ©7 are the
complexes which correspond to the right and the left sides (17). The whole mechanism is naturally
represented as adigraph of transformation of complexes: Vertices are complexesand edges are reactions.
Thisgraph givesaconvenient tool for the reaction representation and is often called the “ reaction graph”.

Let us consider a smple example: 18 elementary reactions (9 pairs of mutually reverse reactions)
from the hydrogen combustion mechanism (see, for example, [49]).

H+ 0, = O+ OH: O+ H, — H + OH:
OH+H2:H+HQO, O+HQO:2OH,

H+ OH+M = HyO + M: H+ Oy + M = HO, + M:
HQOQ+H:H2+HOQ

There are 16 different complexes here:

©; =H+ 0y, 6, =0+ OH, ©3 =0 + H,, ©, = H+ OH,
O5 = OH + Hy, 06 = H + H,O, ©; = O 4+ H,0, O3 = 20H,
Oy = HO; + H,0,0 =Hy + Oy, ©;; = H+ OH + M,

O, =HO+M, ©135=H+ Oy + M, ©4, =HO, + M,

0,5 = H,Oy + H, ©16 = Hy + HO,
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The reaction set (44) can be represented as

@1 - @2, @3 - @4, @5 - @6, @7 - @8 - @9 = @10,
©11 = O3, O13 = Oy, O15 = Oy

We can see that this digraph of transformation of complexes has a very ssmple structure: There are five
isolated pairs of complexes and one connected group of four complexes.

5.2. Soichiometry of Compounds

For each complex ©; we introduce an additional component B;, an intermediate compound and B
are those compounds B; (1 < j < ¢), which correspond to the right and |eft sides of reaction (17).

We cal these components “compounds’ following the English translation of the original
Michaelis-Menten paper [8] and keep “complexes’ for the formal linear combinations © ;.

An extended reaction mechanism includes two types of reactions. Equilibration between a complex
and its compound (¢ reactions, one for each complex)

0, = B; (45)

and transformation of compounds B, — B, (m reactions, one for each elementary reaction from (17).
So, instead of the reaction (17) we can write

Of course, if the input or output complexes coincide for two reactions then the corresponding
equilibration reactions also coincide.

It is useful to visualize the reaction scheme. In Figure 1 we represent the 2n-tail scheme of an
elementary reaction sequence (46) which is an extension of the elementary reaction (17).

The reactions between compounds may have several channels (Figure 2): One complex may transform
to several other complexes.

The reaction mechanism is a set of multichannel transformations (Figure 2) for al input complexes.
In Figure 2 we grouped together the reactions with the same input complex. Another representation of
the reaction mechanism is based on the grouping of reactions with the same output complex. Below, in
the description of the complex balance condition, we use both representations.

The extended list of components includes n + g components. n initial species A; and ¢ compounds
B;. The corresponding composition vector N¢ is a direct sum of two vectors, the composition vector
for initial species, V, with coordinates N; (i = 1, ..., n) and the composition vector for compounds, T,
with coordinatesY; (j =1,...,¢): N* =N @ T.

The space of composition vectors F is a direct sum of n-dimensional £/, and g-dimensional E:
E=F,& FEp.

For concentrations of A; we use the notation ¢; and for concentrations of 5; we use;.

The stoichiometric vectors for reactions ©; = B; (45) are direct sums: ¢/ = —v; @ e;, wheree¢; is
the jth standard basis vector of the space 7 = E'g, the coordinates of e; are e;; = d;;:

gj = (—l/jl, —ng, ey —l/jn,o, e ,O, 1,0, Ce ,O) (47)
l
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The stoichiometric vectors of equilibration reactions (45) are linearly independent because there exists
exactly one vector for each /.

The stoichiometric vectors 7' of reactions B; — B, belong entirely to 5. They have jth coordinate
—1, lth coordinate +1 and other coordinates are zeros.

To exclude some degenerated cases a hypothesis of weak reversibility is accepted. Let us consider
a digraph with vertices ©,; and edges, which correspond to reactions from (17). The system is weakly
reversible if for any two vertices ©; and O, the existence of an oriented path from ©, to ©; impliesthe
existence of an oriented path from ©; to ©,.

Of course, thisweak reversibility property is equivalent to weak reversibility of the reaction network
between compounds B;.

Figure 2. A multichannel view on the complex transformation. The hidden reactions
between compounds are included in an oval S.
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5.3. Energy, Entropy and Equilibria of Compounds

In this section, we define the free energy of the system. The basic hypothesisis that the compounds
are the small admixtures to the system, that is, the amount of compounds 5; is much smaller than
amount of initial components A;. Following thishypothesis, we neglect the energy of interaction between
compounds, which is quadratic in their concentrations because in the low density limit we can neglect
the correlations between particles if the potential of their interactions decay sufficiently fast when the
distance between particles goes to oo [50]. We take the energy of their interaction with A; in the linear
approximation, and use the perfect entropy for B;. These standard assumptions for a small admixtures
give for the free energy:

u;(c,T)

q
F=Vf(e,T)+VRTY (
P RT

+1Ing; — 1> (48)
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Let us introduce the standard equilibrium concentrations for 5,. Due to the Boltzmann distribution
(exp(—u/RT)) and formula (48)

(e.T) = Sexp (—%) (49)

where 1/Z isthe normalization factor. Let us select here the normalization Z = 1 and write:

J

}7—Vqﬂ;Ty+VRT§;§jQn(§%273>—J) (50)

We assume that the standard equilibrium concentrations ¢;(c,7) are much smaller than the
concentrations of A;. It isalways possible because functions . ; are defined up to an additive constant.
The formulafor free energy is necessary to define the fast equilibria (45). Such an equilibrium isthe
minimizer of the free energy on the straight line parameterized by a: ¢; = ¢ — avj;, g; = a.
If we neglect the products ;07 (¢, T') /Oc; as the second order small quantities then the minimizers
have the very ssmple form:

:ui(cﬁ T)
19]‘ = ' VjiiRT (51)
or -
6 =<l T)exp (20D 52)
where
_0f(e,T)
i = 7&9@

isthe chemical potential of A; and

i
¥ =1 2
! “(q)

(RTY; = %g—g isthe chemical potentia of B;).

The thermodynamic equilibrium of the system of reactions B; — B, that corresponds to the
reactions (46) is the free energy minimizer under given values of the conservation laws.

For the systemswith fixed volume, the stoichiometric conservation laws of the monomolecular system
of reaction are sums of the concentrations of B; which belong to the connected components of the
reaction graph. Under the hypothesis of weak reversibility there is no other conservation law. Let the
graph of reactions B; — B; have d connected components C'; and let V; be the set of indexes of those
B; which belong to C: B; € C, if and only if ;7 € V,. For each C there exists a stoichiometric
conservation law

bs = Z g = const (53)
JEVs

For any set of positive valuesof 3, (s = 1,...,d) and given ¢, T there exists a unique conditional

maximizer §;q of the free energy (50): For the compound B, from the sth connected component (5 € V)

this equilibrium concentration is
sj (e, T)

- 54
S 5@ T) 9

g;q = ﬁs
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The positive values of concentrationss; are the equilibrium concentrations (54) for some values of 3,
ifandonlyif foranys=1,...,dandadl j,l € V;

0 =9, (55

(¥; = In(g;/<;)). This means that compounds are in equilibrium in every connected component C', the
chemical potentialsof compounds coincidein each component C's. The system of equations (55) together
with the equilibrium conditions (52) constitute the equilibrium of the systems. All the equilibriaform a
linear subspace in the space with coordinates y;/RT (i = 1,...,n)andd; (j = 1,...,q).

In the expression for the free energy (50) we do not assume anything special about free energy of
the mixture of A;. The density of this free energy, f(c,T'), may be an arbitrary smooth function (later,
we will add the standard assumption about convexity of f(c,T") asafunction of ¢). For the compounds
B;, we assume that they form a very small addition to the mixture of A;, neglect al quadratic termsin
concentrations of B; and use the entropy of the perfect systems, p In p, for this small admixture.

This approach results in the explicit expressions for the fast equilibria (52) and expression of the
equilibrium compound concentrations through the values of the stoichiometric conservation laws (54).

5.4. Markov Kinetics of Compounds

For the kinetics of compounds transformations B; — B;, the same hypothesis of the smallness of
concentrations leads to the only reasonable assumption: The linear (monomolecular) kinetics with the
rate constant ;; > 0. This“constant” isafunction of ¢, T": x;;(c, T"). The order of indexesat « isinverse
to the order of themin reaction: x;; = x;—;.

The master equation for the concentration of 5; gives:

dg;

T > (ks — ki) (56)
LU#]

Itisnecessary to find when thiskinetics respect thermodynamics, i.e., when the free energy decreases due

to the system (56). The necessary and sufficient condition for matching the kinetics and thermodynamics

is: The standard equilibrium ¢* (49) should be an equilibrium for (56), that is, forevery j =1,....¢q

D RS =Y ks (57)
LI#] LU#j
This condition is necessary because the standard equilibrium is the free energy minimizer for given ¢, T’
and >, = >;<;. Thesum } . ¢; conserves due to (56). Therefore, if we assume that /' decreases
monotonically due to (56) then the point of conditional minimum of £ on the plane >, <; = const
(under given ¢, T') should be an equilibrium point for this kinetic system. This conditionis sufficient due
to the Morimoto H -theorem (see Appendix 2).
For aweakly reversible system, the set of the conditional minimizersof the free energy (54) coincides
with with the set of positive equilibriafor the master equations (56) (see Equation (132) in Appendix 2).
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5.5. Thermodynamics and Kinetics of the Extended System

In this section, we consider the compl ete extended system, which consistsof species A; (i = 1,...,n)
and compounds B; (j = 1,...,¢q) and includes reaction of equilibration (45) and transformations of
compounds B; — B; which correspond to the reactions (46).

Thermodynamic properties of the system are summarized in the free energy function (50). For kinetics
of compounds we accept the Markov model (56) with the equilibrium condition (57), which guarantees
matching between thermodynamics and kinetics.

For the equilibration reactions (45) we select a very general form of the kinetic law. The only
requirement is: This reaction should go to its equilibrium, which is described as the conditional
minimizer of free energy F' (52). For each reaction ©; = B, (where the complex is a formal
combination: ©; = ). v;;A;) weintroduce the reaction rate w;. Thisrate should be positiveif

i C,T
9y <y it E%T ) (58)
and negative if
i C,T
19]' > E Vjilu (RT ) (59)

The general way to satisfy these requirement isto select ¢ continuous function of real variable w;(z),
which are negative if x > 0 and positiveif x < 0. For the equilibration rates we take

U)j = ’LUj (1% — Vji/h'(c, T)> (60)

RT

If several dynamica systems defined by equations & = Jq, ... © = J, on the same space have the
same Lyapunov function F', then for any conic combination J = >, axJ, (ar, > 0, >, ar > 0) the
dynamical system & = J aso hasthe Lyapunov function F'.

Thefree energy (50) decreases monotonically dueto any reaction ©; = B; with reaction rate w; (60)
and also due to the Markov kinetics (56) with the equilibrium condition (57). Therefore, the free energy
decreases monotonically due to the following kinetic system:

dCi I
a2
j=1

% = wi+ Y (ks — ki)
LI#]
where the coefficients « ;; satisfy the matching condition (57).
This general system (61) describes kinetics of extended system and satisfies all the basic conditions
(thermodynamics and smallness of compound concentrations). In the next sections we will study the QE

approximations to this system and exclude the unknown functions w ; fromiit.

(61)

5.6. QE Elimination of Compounds and the Complex Balance Condition

In this section, we use the QE formalism developed for chemical kinetics in Section 4 for
simplification of the compound kinetics.



Entropy 2011, 13 990

First of all, let us describe L+, where the space L is the subspace in the extended concentration space
spanned by the stoichiometric vectors of fast equilibration reactions (45). The stoichiometric vector for
the equilibration reactions have a very specia structure (47). Dimension of the space L is equa to the
number of complexes. dim L = ¢. Therefore, dimension of L+ is equal to the number of components
A;: dim Lt = n. For each A; we will find avector b; € L+ that has the following first n coordinates:
bi, = 0i for k=1, ..., n. Thecondition (b;, g;) = 0 givesimmediately: b; ,,.; = v;;. Finaly,

bi:(67...7071;07--'767V117V2i7'"?ti) (62)
—

7

The corresponding slow variables are

bi(e,¢) = ¢ + Z SiVji (63)
j
In the QE approximation all w; = 0 and the kinetic equations (61) givein this approximation
db;
E = Z (/fjm - lfzﬁj)Vji (64)

Ly, 1#j

In these equations, we have to use the dependence ¢(b). Here we use the QSS Michaelis and Menten
assumption: The compounds are present in small amounts

C¢>>§j

In this case, we can take b; instead of ¢; (i.e., take (b, T") instead of (e, T)) in the formulas for
equilibria (52):
6 = Tyexp (=) (©5)
In the final form of the QE kinetic equation there remain two “offprints’ of the compound kinetics:
Two sets of functions¢; (b, T') > 0 and x5, (b, T') > 0. Thesefunctions are connected by theidentity (57).
Thefinal form of the equationsis

; v i (b, .  Vjiti(b,
% = Z (/ijlql*(b, T) exp (W) — ky;s; (b, T) exp (W)) Vji (66)

Lj,1#j

The identity (57), ZU# RS = ZH# k1557, provides a sufficient condition for decreasing of free
energy due to the kinetic equations (66). This is a direct consequence of two theorem: The theorem
about the preservation of entropy production in the QE approximations (see Section 2 and Appendix 1)
and the Morimoto H -theorem (see Appendix 2). Indeed, in the QE state the equilibrated reactions (45)
©, = B; do not produce entropy and all changes in the total free energy are caused by the Markov
kKinetics B, — B;. Due to the Morimoto H-theorem this change is negative: The Markov kinetics
decrease the perfect free energy of compounds and do not affect the free energy of A;. In the QE
approximation, the concentrations of A; are changing together with concentrations of B; because of
the equilibrium conditions for reactions ©,;, = B;. Due to the theorem of preservation of the entropy
production, the time derivative of the total free energy in this QE dynamics coincides with the time
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derivative of the free energy of B; due to Markov Kinetics. In addition to this proof, in Section 6 below
we give the explicit formulafor entropy production in (66) and direct proof of its positivity.

Let usstressthat the functions<; (b, T') and r;,(b, T') participate in equations (66) and in identity (57)
in the form of the product. Below we use for this product a special notation:

@jl(b’ T) - /{jl(b7 T)gl* (b’ T) (] 7£ l) (67)

We call thisfunction ¢;(b, T') the kinetic factor. The identity (57) for the kinetic factor is

> 0ud. T) = (b, T) foral j (68)

Li#] Li#]

We call the thermodynamic factor (or the Boltzmann factor) the second multiplier in the reaction rates

(b, T) = exp (W) (69)

In this notation, the kinetic equations (66) have a simple form

b _

5 = 2 (2alb T)u(b,T) = o1 (b, ) (b, )i (70)

L, 1#]

The general equations (70) have the form of “sum over complexes’. Let us return to the more usual
“sum over reactions’” form. An elementary reaction corresponds to the pair of complexes ©,;, ©; (46).
It has the form ©, — ©, and the reaction rate isr = ¢ ;€. In the right hand side in (70) this reaction
appears twice: first time with sign “+” and the vector coefficient »; and the second time with sign “—"
and the vector coefficient v;. The stoichiometric vector of thisreactionisy = v; — ;. Let usenumerate
the elementary reactions by index p, which correspondsto the pair (4, (). Finaly, we transform (46) into
the sum over reactions form

db;
i > e, T, T) (vsi — i)

= Z @p(b, T)Qp(bﬂ T)fypi
o

In the vector form it looks as follows:
db
TR Z%}(ba T)S2(b, ), (72)
P

5.7. The Big Michaelis-Menten-Stueckelberg Theorem

L et us summarize the results of our analysisin one statement.
L et us consider the reaction mechanism illustrated by Figure 2 (46):

under the following asymptotic assumptions:
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1. Concentrations of the compounds B, are close to their quasiequilibrium values (65)

G = (14 6)% = (14 8); (b, T) exp <W) <1
(this may be dueto the fast reversible reactions in (46));
2. Concentrations of the compounds 5, are much smaller than the concentrations of the components
A;: Thereisasmall positive parameter ¢ < 1, ¢; = &¢; and &7 do not depend on €;
3. Kinetics of transitions between compounds B, — B; islinear (Markov) kinetics with reaction rate
constants kj; = Lr ;.

Under these assumptions, in the asymptotic 6, — 0, J,& > 0 kinetics of components A; may be
described by the reaction mechanism

Z apiAi - Z ﬁpiAi

with the reaction rates
r, = Q,exp 7(%’/0
P P RT

where the kinetic factors ¢, satisfy the condition (68):

d.w= D

Py 0p=V p, Bp=v

for any vector v from the set of al vectors {«,, 5,}. This statement includes the generalized mass action
law for r, and the balance identity for kinetic factors that is sufficient for the entropy growth asit is
shown in the next Section 6.

6. General Kineticsand Thermodynamics
6.1. General Formalism

To produce the general kinetic law and the complex balance conditions, we use“ construction staging”:
The intermediate complexeswith fast equilibria, the Markov kinetics and other important and interesting
physical and chemical hypothesis.

In this section, we delete these construction staging and start from the forms (69), (72) as the basic
laws. We use also the complex balance conditions (68) as a hint for the general conditions which
guarantee accordance between kinetics and thermodynamics.

Let us consider adomain U in n-dimensional real vector space £ with coordinates N, ..., N,. For
each N; a symbol (component) A; is given. A dimensionless entropy (or free entropy, for example,
Massieu, Planck, or Massieu-Planck potential which correspond to the selected conditions [52]) S(V)
is defined in U. “Dimensionless” means that we use S/ R instead of physical S. This choice of units
corresponds to the informational entropy (p In p instead of kgp In p).

The dua variables, potentials, are defined as the partial derivativesof S:

08
Hi = ON,

(73)
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Warning: This definition differs from the chemical potentials (22) by the factor 1/RT": For constant
volume the Massieu-Planck potential is — F'/T" and we, in addition, divideit on R. On the other hand, we
keep the same sign as for the chemical potentials, and this differs from the standard L egendre transform
for S. (It isthe Legendre transform for function —5).

The reaction mechanism is defined by the stoichiometric equations (17)

Z apiAi - Z ﬁpiAi

(p = 1,...,m). In genera, there is no need to assume that the stoichiometric coefficients o, 3,
are integers.

The assumption that they are nonnegative, o, > 0, 3,; > 0, may be needed to prove that the kinetic
equations preserve positivity of N;. If N; isthe number of particlesthen it is a natural assumption but
we can use other extensive variables instead, for example, we included energy in the list of variables to
describe the non-isothermal processes [53]. In this case, the coefficient o, for the energy component
Ay In an exothermic reaction is negative.

So, for variables that are positive (bounded from below) by their physical sense, we will use the
inequalitiesv,; > 0, 3,; > 0, when necessary, but in general, for arbitrary extensive variables, we do not
assume positivity of stoichiometric coefficients. Asit is usualy, the stoichiometric vector of reaction is
Y, = B, — a, (the “gain minusloss’ vector).

For each reaction, a nonnegative quantity, reaction rate r, is defined. We assume that this quantity
has the following structure:

T, = 0, exp(ay, fi) (74)
where (a,, 1) = >, ovpifii-

In the standard formalism of chemical kinetics the reaction rates are intensive variables and in kinetic
equations for NV an additional factor—the volume—appears. For heterogeneous systems, there may be
severa “volumes’ (including interphase surfaces).

Each reaction hasit own “volume”, an extensive variable V,, (some of them usually coincide), and we
can write

AN )
Fr > Voo explay, ji) (75)
P

In these notations, both the kinetic and the Boltzmann factors are intensive (and local) characteristics
of the system.
Let us, for simplicity of notations, consider a system with one volume, V' and write
dN _
u 4 Z Vop €XP(p, 1) (76)
P

Below we use the form (76). All our results will hold aso for the multi-volume systems (75) under
one important assumption: The elementary reaction

Z OépiAi - Z ﬁpz‘Ai
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goes in the same volume as the reverse reaction
Z 5piAi - Z OlpiAi

or symbolicaly
Vi =V (77)
If this condition (77) holds then the detailed balance conditions and the complex balance conditions will

hold separately in all volumes V.
Animportant particular case of (76) givesusthe MassAction Law. Let ustake the perfect free entropy

C.
S =- N, {In{=)—-1 78
() -) 7
wherec; = N;/V > 0 are concentrationsand ¢; > 0 are the standard equilibrium concentrations. Under

isochoric conditions, V' = const, thereis no difference between the choice of the main variables, N or c.
For the perfect function (78)

ci i\

vi - 1 — 9 ) 1) = — 79
fi = In (Cf) exp(a, fi) H <C) (79)
and for the reaction rate function (74) we get

n=all(2)” (&0

The standard assumption for the Mass Action Law in physics and chemistry isthat  and ¢* are functions

of temperature: ¢, = ¢,(7") and ¢; = ¢;(T"). To return to the kinetic constants notation (20) we

should write:
Pp

*Qpj
.C.Pr
Cz

= Rp

Equation (76) isthe general form of the kinetic equation we would like to study. In many senses, this
form istoo general before we impose restrictions on the values of the kinetic factors. For physical and
chemical systems, thermodynamicsis a source of restrictions:

1. The energy of the Universeis constant.
2. The entropy of the Universe tends to a maximum.
(R. Clausius, 1865 [54].)

Thefirst sentence should be extended: The kinetic equations should respect several conservation laws:
Energy, amount of atoms of each kind (if there isno nuclear reactionsin the system) conservation of total
probability and, sometimes, some other conservation laws. All of them have the form of conservation
of values of some linear functionals: [(N) = const. If the input and output flows are added to the
system then

dI(N)

n — VUinlin _ Uoutl(N)
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where v'™°u are the input and output fluxes per unit volume, /™ are the input densities (concentration).
The standard requirement is that every reaction respects al these conservation laws. The formal
expression of thisrequirement is:

[(y,) =0foradlp (81)

There is a specia term for this conservation laws: The stoichiometric conservation laws. All the main
conservation laws are assumed to be the stoichiometric ones.

Analysis of the stoichiometric conservation laws is a simple linear algebra task: We have to find
the linear functionals that annulate all the stoichiometric vectors y,. In contrast, entropy is not a linear
function of N and analysis of entropy production is not so simple.

In the next subsection we discuss various conditions which guarantee the positivity of entropy
production in kinetic equations (76).

6.2. Accordance Between Kinetics and Thermodynamics
6.2.1. General Entropy Production Formula

Let us calculate d.S/dt due to equations (76):

dS = 05 dN,
== VY v, explay, i) (82)
; p

=-V Z(’Yp, [1)pp exp(ay, fi)

p

An auxiliary function () of one variable A € |0, 1] is convenient for analysis of dS/dt (it was
studied by Rozonoer and Orlov [55], see dso [25]:

B(N) = ppexpl(it, (Ao, + (1= X)6,)] (83)
P
With this function, the entropy production (82) has a very simple form:
ds do(N)
Vi . (84)

The auxiliary function 6(\) alows the following interpretation. Let us introduce the deformed
stoichiometric mechanism with the stoichiometric vectors,

Ozp()\) = )‘ap + (1 - )‘)6,07 50(/\) = /\ﬁp + (1 - )\)Ozp

, which istheinitial mechanism when A = 1, the inverted mechanism with interchange of o and 3 when
A = 0, the trivial mechanism (the left and right hand sides of the stoichiometric equations coincide)
when \ = 1/2.
For the deformed mechanism, let us take the same kinetic factors and cal culate the Boltzmann factors
with a,(\):
ro(A) = @pexplay(A), 1)
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In this notation, the auxiliary function 6()\) is a sum of reaction rates for the deformed
reaction mechanism:
6(N) =D rp(N)
p
Inparticular, 6(1) = > r,, thisisjust the sum of reaction rates.
Function 6(\) is convex. Indeed

d)\2 Z%Op Vs [ > exp|(f1 (A, +(1=X0)3,))] >0

This convexity gives the following necessary and sufficient condition for positivity of

entropy production:

% > 0if and only if (\) < 6(1) for some X < 1

In several next subsections we study various important particular sufficient conditions for positivity
of entropy production.

6.2.2. Detailed Balance

The most celebrated condition which gives the positivity of entropy production is the principle of
detailed balance. Boltzmann used this principle to prove hisfamous H -theorem [27].
Let usjoin elementary reactionsin pairs.

Z Ay = Z BpiAi (85)

After thisjoining, the total amount of stoichiometric equations decreases. If there isno reverse reaction
then we can add it formally, with zero kinetic factor. We will distinguish the reaction rates and kinetic
factors for direct and inverse reactions by the upper plus or minus:

dN
E =V ; VoTp (86)

In this notation, the principle of detailed balance is very simple: The thermodynamic equilibrium
in the direction ,, given by the standard condition (v,, /z) = 0, is equilibrium for the corresponding
pair of mutually reverse reactions from (85). For kinetic factors this transforms into the simple and
beautiful condition:

@ exp(ay, ft) = @, exp(B,, it) < (7, i) =0
therefore
o =, (87)

For the systems with detailed balance we can take ¢, = ¢ , =, andwritefor the reaction rate:

Tp = (pp(eXp(Oép, fi) — eXp(ﬁpa 1))
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M. Feinberg called this kinetic law the “Marselin-De Donder” kinetics [46]. This representation of the
reaction rates gives for the auxiliary function 6(\):

Zgop exp[(f1, (A, + (1= X)B,))] + expl(ji, (AG, + (1 = Nay))]) (88)

Each term in this sum is symmetric with respect to change A — (1 — \). Therefore, #(1) = 6(0) and,
because of convexity of #(\), #’(1) > 0. This means positivity of entropy production.

The principle of detailed balance is a sufficient but not a necessary condition of the positivity of
entropy production. This was clearly explained, for example, by L. Onsager [56,57]. Interrelations
between positivity of entropy production, Onsager reciprocal relations and detailed balance were
analyzed in detail by N.G. van Kampen [58].

6.2.3. Complex Balance

The principle of detailed balance givesusf(1) = 6(0) and thisequality holdsfor each pair of mutually
reverse reactions.

Let us start now from the equality (1) = 6(0). We return to theinitial stoichiometric equations (17)
without joining the direct and reverse reactions. The equality reads

Z Pp exp(ft, O‘p) = Z Pp exp(ft, 5{2) (89)
P P
Exponential functions exp(/,y) form linearly independent family in the space of functions of /i for
any finite set of pairwise different vectors y. Therefore, the following approach is natural: Let us
equalize in (89) the terms with the same Boltzmann-type factor exp(/i,y). Here we have to return to
the compl ex-based representation of reactions (see Section 5.1).

Let us consider the family of vectors {«,,3,} (p = 1,...,m). Usually, some of these vectors
coincide. Assume that there are ¢ different vectors among them. Let v, ..., y, be these vectors. For
eachj =1,..., ¢gwetake

Rf ={pla,=y;}, R; ={p|B, = y;}

We can rewrite the equality (89) in the form

q

D exp(ny) | D wo— > @] =0 (90)

J=1 pERT pER;

The Boltzmann factors exp(jz, y;) form the linearly independent set. Therefore the natural way to meet
these conditionis. Forany j =1,....q

D= D 9p=0 (91)

+ —
pGR]. peRj

Thisisthe general complex balance condition. This condition is sufficient for entropy growth, because
it providesthe equality 6(1) = 6(0).
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If we assume that ¢, are constants or, for chemical kinetics, depend only on temperature, then the
conditions (91) give the general solution to equation (90).

The complex balance condition is more genera than the detailed balance. Indeed, this is obvious:
For the master equation (56) the complex balance conditionistrivialy valid for all admissible constants.
The first order kinetics always satisfies the complex balance conditions. On the contrary, the class of
the master equations with detailed balance is rather special. The dimension of the class of all master
equations has dimension n? — n (constants for all transitions A; — A; are independent). For the
time-reversible Markov chains (the master equations with detailed balance) thereisonly n(n+1)/2 — 1
independent constants: n — 1 for equilibrium state and n(n — 1)/2 for transitions A, — A; (i > j),
because for reverse transitions the constant can be calculated through the detailed balance.

In general, for nonlinear reaction systems, the complex balance condition is not necessary for entropy
growth. In the next section we will give amore general condition and demonstrate that there are systems
that violate the complex balance condition but satisfy this more general inequality.

6.2.4. G-Inequality

Gorban [25] proposed the following inequality for analysis of accordance between thermodynamics
and kinetics: 0(1) > 6(0). Thismeans that for any values of [

Z ©pexp(fl, ap) > Z ©pexp(fi, 3,) (92)

In the form of sum over complexes (similarly to (90)) it has the form

D_exp(inys) | X vo— D %l 20 (93)

+ —
pGR]. peR].

Let us call theseinequalities, (92), (93), the G-inequalities.

Here, two remarks are needed. First, functions exp(jz, y;) are linearly independent but this does not
allow us to transform inequalities (93) similarly to (91) even for constant kinetic factors: Inequality
between linear combinations of independent functions may exist and the “ simplified system”

Y vo— D wp=0foral
pERT pER;

is not equivalent to the G-inequality.
Second, this ssimplified inequality is equivalent to the complex balance condition (with equality
instead of >). Indeed, for any p = 1,..., m there exist exactly one j; and one j, # j; with properties:

pE Rj*l, p € R;,. Therefore, for any reaction mechanism with reaction rates (74) the identity holds:

D2 v 2w =0

+ —
P pER; pER;

If al termsin this sum are non-negative then all of them are zeros.



Entropy 2011, 13 999

Nevertheless, if at |east one of the vectors y; is a convex combination of others,

D Ny =y forsomed, >0, Y A =1

k,k#j k,k#j
then the GG inequality has more solutions than the condition of complex balance. Let us take a very
simple example with two components, A; and A,, three reactions and three complexes:

2A1 = A1 + AQ, 2142 = A1 + AQ, 2141 - 2A2

Y1 = (270)7 Yo = (072)7 Ys = (17 1)7
R1+ = {173}7 R;r = {27 _3}7 R;’)r = {_17 _2}

The complex balance condition for this systemis

—©Y_1)+ —p_3)=0
(o1 — 1)+ (03 —p_3) (o)
(2 —p—2) — (p3—_3) =0
The G-inequality for thissystemis
+ 3 — 1 —p_3)a’+ (P2 + P_3 — p_a — P3)b?
(901 Y3 — P-1 %03)61 (<P2 Y3 — P_2 @3) (95)

+ (91 + p_g — @1 — y)ab > 0foral a,b> 0

(here, a, b stand for exp(ji1), exp(jiz)). Let us use for the coefficients at a* and b* notations 1), and
1. Coefficient at ab in (95) is — (1, + 1), linear combinations ¢, = ¢1 + ¢3 — -1 — ¢_3 and

b = Yo + @3 — @_o — 3 aelinearly independent functions of variables ¢; (i = +1, £2, +3) and we
get the following task: To find all pairs of numbers (v,, ) € R? which satisfy the inequality

Vaa® + Ppb® > (g + thp)ab foral a,b >0

Asymptoticsa — 0 and b — 0 give,, 1, > 0.

Let us use homogeneity of functions in (95), exclude one normalization factor from a, b and one
factor from ), v, and reduce the number of variables: b = 1 — a, v, = 1 — 1,: We haveto find all such
Yy € [0,1] that for al a €]0, 1]

a?(1 — ) + (1 — a)*hy —a(l —a) >0

The minimizer of this quadratic function of a iS amin = § + 3¥p, amn €]0,1[ for dl ¢, € [0,1].
The minimal value is —2(31, — 1)?. It is nonnegative if and only if ¢, = 1. When we return to the
non-normalized variables v, 1, then we get the general solution of the G-inequality for this example:

1, = 1, > 0. For the kinetic factors this means:

(1 — 1) +2(p3 — p-3) — (2 — p—2) =0
(1 —p-1) + (3 —-3) 20 (96)
(P2 —p2) — (w3 —¢_3) >0
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These conditions are wider (weaker) than the complex balance conditions for this example (94).

In the Stueckelberg language [26], the microscopic reasons for the G-inequality instead of the
complex balance (68) can be explained as follows. Some channels of the scattering are unknown
(hidden), hence, instead of unitarity of S-matrix (conservation of the microscopic probability) we have
an inequality (the microscopic probability does not increase).

We can use other values of \, € [0, 1] ininequality 6(1) > 6()\,) and produce constructive sufficient
conditions of accordance between thermodynamics and kinetics. For example, condition §(1) > 6(1/2)
isweaker than 6(1) > 6(0) because of convexity 0(\).

One can ask a reasonable question: Why we do not use directly positivity of entropy production
(@'(1) > 0) instead of this variety of sufficient conditions. Of course, thisis possible, but inequalities
like 6(1) > 6(0) or equations like (1) = 6(0) include linear combinations of exponents of linear
functions and often can be transformed in algebraic equations or inequalities like in the example above.
Inequality 6'(1) > 0 includes transcendent functions like f exp f (where f isalinear function) which
makes its study more difficult.

7. Linear Deformation of Entropy
7.1. If Kinetics Does not Respect Thermodynamics then Defor mation of Entropy May Help

Kinetic equations in the general form (76) are very general, indeed. They can be used for the
approximation of any continuous time dynamical system on compact U [59]. In previous sections we
demonstrated how to construct the system in the form (76) with positivity of the entropy production
when the entropy function is given.

Let us consider a reverse problem. Assume that a system in the form (76) is given but the entropy
production is not always positive. How to find a new entropy function for this system to guarantee the
positivity of entropy production?

Existence of such an entropy isvery useful for analysis of stability of the system. For example, let us
take an arbitrary Mass Action Law system (80). Thisisarather general system with the polynomial right
hand side. Its stability or instability is not obviousapriori. It is necessary to check whether bifurcations
of steady states, oscillations and other interesting effects of dynamics are possible for this system.

With the positivity of entropy productions these questions are much simpler (for application of
thermodynamic potentials to stability analysis see, for example, [33,59-61]). If dS/dt > 0 and it
is zero only in steady states, then any motion in compact U converges to a steady state and al the
non-wandering points are steady states. (A non-wandering point is such a point x € U that for any
T > 0ande > 0 there exists such amotion ¢(t) € U that (i) ||c(0) — x| < ¢ and (ii) ||c(T") — z|| < €
for some 7" > T: A motion returns in an arbitrarily small vicinity of x after an arbitrarily long time.)
Moreover, the global maximizer of S'in U isan asymptotically stable steady state (at least, locally). Itis
aglobally asymptotically stable point if there is no other steady statein U.

For the global analysisof an arbitrary system of differential equations, it isdesirable either to construct
agenera Lyapunov function or to prove that it does not exist. For the Lyapunov functions of the general
form this task may be quite difficult. Therefore, various finite-dimensional spaces of trial functions are
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often in use. For example, quadratic polynomials of several variables provide a very popular class of
trial Lyapunov function.

In this section, we discuss the n-parametric families of Lyapunov functions which are produced by
the addition of linear function to the entropy:

S(N) = Sap(N) = S(N) = > | AjuN; (97)

The change in potentials /i is simply the addition of Aji: fi; — f1; + Afi;.

Let ustake ageneral kinetic equation (76). We are looking for a transformation that does not change
the reaction rates. The Boltzmann factor 2, = exp(/i, a,) transforms due to the change of the entropy:
Q, — Q,exp(Afi, a,). Therefore, to preserve the reaction rate, the transformation of the kinetic factors
should be ¢, — ¢, exp(Af, a,) in order to keep the product r, = €,¢, constant.

For the new entropy, S = Sa,, with the new potential and kinetic factors, the entropy production is
given by (98):

ds ) ]
- = 2 s exp(ap, 1)
p

~old ~\, ~old ~old
2—2(%,# + Aft)p,  exp(ay, i) (98)

dSOld 1d 1d
T Z(Vﬂa Af) el exp(ap, i)
p

where the superscript “old” corresponds to the non-deformed quantities.
7.2. Entropy Deformation for Restoration of Detailed Balance

It may be very useful to find such a vector Aji that in new variables ¢ = . For the analysis of
the detailed balance condition, we group reactions in pairs of mutually inverse reactions (85). Let us
consider an equation of the general form (86) withr, = ri —r_, gpf > 0.

The problemis: To find such avector A/ that

¢, exp (AfL, a)) = ¢, exp (AL, B,) (99)

or, in the equivalent form of the linear equation

S0+
(@) =t (22 (100
“p
The necessary and sufficient conditions for the existence of such A/ are known from linear algebra:
For every set of numbersa, (p = 1,...,m)

+
S am,=0=Y a,h (ﬁ) —0 (101)
p

p o
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To check these conditions, it is sufficient to find a basis of solutions of the uniform systems of
linear equations
Z@p%i =0 (i=1,...,m)
p
(that is, to find a basis of the left kernel of the matrix I', coimI’, where I" = (~,,)) and then check for
these basisvectorsthe condition > ,pln (%) = ( to proveor disprovethat the vector with coordinates

In (%) belongsto theimage of I, imI".

For some of the reaction mechanismsiit is possible to restore the detailed balance condition for the
genera kinetic equation unconditionally. For these reactions, for any set of positive kinetic factors,
there exists such avector A that the detailed balance condition (100) is valid for the deformed entropy.
According to (101) this means that there is no nonzero solution a,, for the equation 3 a,7y, = 0. In

other words, vectors v, are independent.
7.3. Entropy Deformation for Restoration of Complex Balance

The complex balance conditions (91) are, in general, weaker than the detailed balance but they are
still sufficient for the entropy growth.

Let us consider an equation of the general form (86). We need to find such a vector Aj
that in new variables with the new entropy and kinetic factors the complex balance conditions
ZpeRj A ZpeR; ™ = 0hold.

For our purpose, it is convenient to return to the presentation of reactions as transitions between
complexes. The complexes, ©;, ..., 0, arethelinear combinations, ©; = (y;, A).

Each elementary reaction (17) with the reaction number p may be represented in the form ©; — ©;,
where©; = > y;A;, p € R;F (o, = y;)and p € R; (B, = y1). For thisreaction, let us use the notation
v, = ;. We used this notation in the analysis of kinetics of compounds (Section 5.6). The complex
balance conditions are

> (=9 =0 (102)
7, 37
To obtain these conditions after the entropy deformation, we haveto find such A that

> (1 exp (Af,y;) — pjexp (A, i) = 0 (103)
4,37
This is exactly the equation for equilibrium of a Markov chain with transition coefficients ¢,;.
Vector (Afi,y;) should be an equilibrium state for this chain (without normalization to the unit sum
of coordinates).

For this finite Markov chain a graph representation is useful: Vertices are complexes and oriented
edges are reactions. To provide the existence of a positive equilibrium we assume weak reversibility of
the chain: If there exists an oriented path from ©; to ©, then there exists an oriented path from ©, to © .

Let us demonstrate how to transform this problem of entropy deformation into a linear algebra
problem. First of all, let usfind any positive equilibrium of the chain, ¢; > 0:

> (puys; —wis) =0 (104)

J,J#l
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This is a system of linear equations. If we have already an arbitrary equilibrium of the chain then
other equilibria allow a very simple description. We already found this description for kinetics of
compounds (54)

L et us consider the master equation for the Markov chain with coefficients ¢,;; and apply theformalism

from Appendix 2:
d¢
T Z (155 — pqst) =0 (105)

At &
J,J#l

Let the graph of complex transformations ©; — ©; have d connected components C'; and let V; be
the set of indexes of those ©,; which belongto C: ©, € C; if and only if j € V. For each C; there
exists a conservation law j; (<) for the master equation (53), fs(s) = >y, ;-

For any set of positive values of 3, (s = 1,...,q) there exists a unique equilibrium vector ¢4
for (105) with thisvalues 3, (54), (132). Theset of equilibriaisalinear space with the natural coordinates
Gs (s = 1,...,d). We are interested in the positive orthant of this space, 5, > 0. For positive (,,
logarithms of ¢°¢ form a d-dimensional linear manifold in R? (133). The natural coordinates on this
manifold are In (.

Let us notice that the vector ¢° with coordinates

o ( i (c,T)
! ZZeVS g (c,T)

is also an equilibrium for (105). This equilibrium is normalized to unit values of all 5,(<°). In the
coordinates In (3, thisisthe origin. The equationsfor A/ are

>forjeVs

(Aft,y;) —In B = Ing; for j € V; (106)

This is a system of linear equations with respect to n + d variables Aj; (¢ = 1,...,n) and
Ing, (s =1,...,d). Let the coefficient matrix of this system be denoted by M.

Analysis of solutions and solvability of such equations is one of the standard linear algebra tasks. If
this system has a solution then the complex balance in the original system can be restored by the linear
deformation of the entropy. If this system is solvable for any right hand side, then for this reaction
mechanism we aways can find the entropy, which provides the complex balance condition.

Unconditional solvability of (106) means that the left hand side matrix of this system hasrank ¢. Let
us express this rank through two important characteristics: It is rank{~1,...,v,} + d, where d is the
number of connected components in the graph of transformation of complexes.

To prove this formula, let us write down the matrix M of the system (106). First, we change the
enumeration of complexes. We group the complexes from the same connected component together and
arrange these groupsin the order of the connected component number. After this change of enumeration,
(L. il = Vi AVl + 1, AL+ Val} = Vay e (VAL VRl o Vet + 1 VAL Vel +
Vel = Ve
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Let y; be here the row vector. The matrix is

Y1 10 ... 0
y‘V1|+1 0 1 ... 0
L yvilrtvy 00 oo 1

M consists of d blocks M, which correspond to connected components C'; of the graph of
transformation of complexes:

YVil4otVorsj+1 O oo 1
M, | : P (108)

YVil+..+| Vel 0 ... 1

The first n columns in this matrix are filled by the vectors y; of complexes, which belong to the
component C',, then follow s — 1 columns of zeros, after that, there is one column of units, and then
again zeros. Here, in (107), (108) we multiplied the last d columns by —1. This operation does not
change the rank of the matrix.

Other elementary operations that do not change the rank are: We can add to any row (column) alinear
combination of other rows (columns).

We will use these operations to simplify blocks (108) but first we have to recall several properties of
spanning trees [62]. Let us consider a connected, undirected graph G with the set of vertices V and the
set of edges& C V x V. A spanning tree of GG isaselection of edges of G that form atree spanning every
vertex. For a connected graph with V' vertices, any spanning tree has V' — 1 edges. Let for each vertex
©, of G an-dimensional vector y; is given. Then for every edge (©,,0;) € £ avector v;; = y; — y;
is defined. We identify vectors v and —~ and the order of j,[ is not important. Let ususe I' for this
set of v

Te={y; —ul(0;,6) € &}

For any spanning tree T' of graph G we have the following property:
spanl’g = spanl'y (109)

in particular, rankl' = rankI'r.

For the digraphs of reactions between complexes, we create undirected graphs just by neglecting the
directions of edges. We keep for them the same notations as for original digraphs. Let us select any
spanning tree T for the connected component C', in the graph of transformation of complexes. In 7', we
select arbitrarily aroot complex. After that, any other complex ©; in C; hasaunique parent. Thisis the
vertex connected to it on the path to the root. For the root complex of C'; we use special notation ©¢.
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Now, we transform the block (108) without change of rank: For each non-root complex we subtract
from the corresponding row the row which correspond to its unique parent. After these transformations
(and, may be, some permutations of rows), the block M ; get the following form:

[ s 0 ... 0
Y5 0 ... 0
: : : (110)
'Y|SV1\—1 0 ... 0

L Ys 0 1

Here, {77,73, ...,y -1} is 'z, for the spanning tree 7, and y; is the coefficient vector for the root
complex ©2.

From the obtained structure of blocks we immediately find that the rank of the rows with ~ is
rank{~,...,vm} + d due to (109). Additional d rows with y¢ are independent due to their last
coordinates and add d to rank. Finaly

rankM = rank{vy,..., v} +d (111)

Obvioudly, rankM < q.

In particular, from the formula (111) immediately follows the description of the reaction mechanisms,
for which it is always possible to restore the thermodynamic properties by the linear deformation of the
entropy.

The deficiency zero theorem. If rankM = ¢ then it is always possible to restore the positivity of the
entropy production by the linear deformation of the entropy.

Feinberg [63] called the difference ¢ — rankIM the deficiency of the reaction network. For example,
for the “MichaelisMenten” reaction mechanism £ + S = ES = P + S rank{y;,»} = 2,d = 1,
q = 3, rankM = 3 and deficiency isO.

For the adsorption (the Langmuir-Hinshelwood) mechanism of CO oxidation (38)
rank{v,72,73} = 3, d = 3, ¢ = 6, rankM = 6 and deficiency is 0. To apply the results
about the entropy deformation to this reaction mechanism, it is necessary to introduce an inverse
reaction to the third elementary reaction in (38), PtO+PtCO—CO,+2Pt with an arbitrarily small but
positive constant in order to make the mechanism weakly reversible.

L et us consider the Langmuir-Hinshelwood mechanism for reduced list of components. L et usassume
that the gas concentrations are constant because of control or time separation or just as a model “fast”
system and just include them in the reaction rate constants for intermediates. Then the mechanism
is 2Pt=2PtO, Pt=PtCO, PtO+PtCO—2Pt. For this system, rank{~y;,72,73} = 2, d = 2, ¢ = 5,
rankM = 4 and deficiency is 1. Bifurcationsin this system are known [33].

For the fragment of the reaction mechanism of the hydrogen combustion (44), rank{~1,...,vm} = 6,
d=7,q=16,rankM = 6 + 7 = 13 and deficiency is 3.
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7.4. Existence of Points of Detailed and Complex Balance

Our formulation of the conditions of detailed and complex balance is not standard: We formulate
them as the identities (87) and (89). These identities have a global nature and describe the properties of
reaction rates for al states.

The usual approach to the principle of detailed balance is based on equilibria.  The standard
formulation is: In all equilibria every process is balanced with its reverse process. Without special
forms of kinetic law this principle cannot have any consequences for globa dynamics. Thisisatrivial
but not widely known fact. Indeed, let asystem ¢ = F'(c) begiveninadomainU C R™ and vy, ..., v, IS
an arbitrary basisin R™. In this basis, we can always write: F'(c) = Z;‘Zl r,(c)7,. For any equilibrium
c*, r,(c*) = 0. All the “reaction rates’ r,(c) vanish smultaneously. This “detailed balance” means
nothing for dynamics because £ is an arbitrary vector field. Of course, if the system of vectors {~,} is
not a basis but any complete system of vectors then such “detailed balance” conditions, r,(c*) = 0, dso
do not imply any specific features of dynamics without special hypotheses about functionsr ,(c).

Nevertheless, if we fix the kinetic law then the consequences may be very important. For example, if
kinetics of elementary reactions follow the Mass Action law then the existence of a positive equilibrium
with detailed balance implies existence of the Lyapunov function in the form of the perfect free entropy:

Ci
Y = —;ci (ln (g) — 1)
where ¢} isthat positive equilibrium with detailed balance (see, for example, [33]).

In this section we demonstrate that for the general kinetic law (74), which gives the expression
of reaction rates through the entropy gradient, if the kinetic factors are constant (or a function of
temperature) then the existence of the points of detailed (or complex) balance means that the linear
deformation of the entropy exists which restoresthe global detailed (or complex) balance conditions (87)
(or (89)).

The condition that the kinetic factors are constant means that for a given set of values {¢,} a state
with any admissible values of /i is physically possible (admissible). This condition allows usto vary the
potentials /« independently of {¢,}.

Let us assume that for the general kinetic system with the elementary reaction rates given by (74) a
point of detailed balance exists. This means that for some value of ;i = i* (the detailed balance point in
the Legendre transform) and for all p r = r

p, exp(a,, i) = @, exp(ay, i)

Thisformulais exactly the condition (99) of existence of A which allow us to deform the entropy for
restoring the detailed balance in the global form (87).

If we assume that the point of complex balance exists then there exists such avalue of ;i = * (apoint
of complex balance in the Legendre transform) that

> (piexp (i, y;) — piexp (%, 91)) = 0
oA

Thisis exactly the deformation condition (103) with A = i*.
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To prove these statements we used an additional condition about possibility to vary /i under
given {i,}.

So, we demonstrated that for the general kinetic law (74) the existence of a point of detailed balance
is equivalent to the existence of such linear deformation of the entropy that the global condition (87)
holds. Analogously, the existence of a point of complex balance is equivalent to the global condition of
complex balance after some linear deformation of the entropy.

7.5. The Detailed Balance is Needed More Often than the Complex Balance

The complex balance conditions are mathematically nice and more general than the principle of
the detailed balance. They are linked by Stueckelberg to the Markov models (*.S-matrix models’) of
microscopic kinetics. Many systems satisfy these conditions (after linear deformation of the entropy)
just because of the algebraic structure of the reaction mechanism (see Section 7.3). Nevertheless, it is
used much less than the classical detailed balance.

The reason for the rare use of complex balance is simple: It is less popular because the stronger
condition, the principle of detailed balance, isvalid for most of physical and chemical systems. Onsager
revealed the physical reason for detailed balance [56,57]. Thisis microreversibility: The microscopic
laws of motion are invertible in time: If we observe the microscopic dynamics of particles in the
backward movie then we cannot find the difference from the real world. This difference occurs in the
macroscopic world.

In microphysicsand the S-matrix theory thismicroreversibility property hasthe name* T-invariance’.

L et us demonstrate how T-invariance in micro-world implies detailed balance in macro-world.

Following Gibbs, we accept the ensemble-based point of view on the macroscopic states. They are
probability distributionsin the space of detailed microscopic states.

First of al, we assume that under given values of conservation laws equilibrium state exists and
isunique.

Second assumptionisthat the rates of elementary processes are microscopically observable quantities.
Thismeansthat somebody (a“demon”), who observesall the eventsin the microscopical world can count
the rates of elementary reactions.

Because of T-invariance and unigueness of equilibrium, the equilibrium is T-invariant: If we change
all the microscopic time derivatives (velocities) v to —v then nothing will change.

T-transformation changes all reactions to the reverse reactions, just by reversion of arrows, but the
number of the events remains the same: Any reaction transforms into its reverse reaction but does not
change the reaction rate. This can be formulated also as follows: T-transformation mapsal rf into the
corresponding r, .

Hence, because of the T-invariance, the equilibrium rate of each reaction is equal to the equilibrium
rate of the reverse reaction.

The violation of uniqueness of equilibrium for given values of conservation laws seems improbable.
Existence of several equilibria in thermodynamics is quite unexpected for homogeneous systems
but requires more attention for the systems with phase separation. Nevertheless, if we assume
that a multi-phase system consists of several homogeneous phases, and each of these phases is



Entropy 2011, 13 1008

in uniform equilibrium, then we return to the previous assumption (with some white spots for
non-uniform interfaces).

T-invariance may be violated if the microscopic description is not reversible in time. Magnetic
field and the Coriolis force are the classical examples for violation of the microscopic reversibility.
In a linear approximation near equilibrium the corresponding modification of the Onsager relations
give the Onsager-Casimir relations [64]. There are severa attempts for nonlinear formulation of the
Onsager-Casimir relations (see [65]).

The principle of detailed balance seemsto be still the best nonlinear version of the Onsager relations
for T-invariant systems, and the conditions of the complex balance seem to give the proper relations
between kinetic coefficients in the absence of the microscopic reversibility for nonlinear systems. It is
important to mention here that all these relations are used together with the general kinetic law (74).

Observability of the rates of elementary reactions deserves a specia study. Two approaches to the
reaction rate are possible. If we accept that the general kinetic law (74) is valid then we can find the
kinetic factors by observation of dc/dt in several points because the Boltzmann factors are linearly
independent. In this sense, they are observable but one can claim the approximation point of view and
state that the genera kinetic law (74) without additional conditions on kinetic factors is very generd
and allows to approximate any dynamical system. From this point of view, kinetic coefficients are
just some numbers in the approximation algorithm and are not observable. This means that there is
no such a microscopic thing as the rate of elementary reaction, and the set of reactions serves just for
the approximation of the right hand side of the kinetic equation. We cannot fully disprove this point
of view but can just say that in some cases the collision-based approach with physically distinguished
elementary reactions is based on the solid experimental and theoretical background. If the elementary
reactions physically exist then the detailed balance for T-invariant systemsis proved.

8. Conclusions

We present the general formalism of the Quasiequilibrium approximation (QE) with the proof of the
persistence of entropy production in the QE approximation (Section 2).

We demonstrate how to apply this formalism to chemical kinetics and give several examples for
the Mass Action law kinetic equation. We discuss the difference between QE and Quasi-Steady-State
(QSS) approximations and analyze the classical Michaelis-Menten and Briggs-Haldane model reduction
approaches (Section 3). After that, we use ideas of Michaelis, Menten and Stueckelberg to create a
genera approach to kinetics.

Let us summarize the main results of our discussion. First of al, we believe that this is the finish
of the Michaelis-Menten-Stueckelberg program. The approach to modeling of the reaction kinetics
proposed by Michaelis and Menten in 1913 [8] for enzyme reactions was independently in 1952 applied
by Stueckelberg [26] to the Boltzmann equation.

The idea of the complex balance (cyclic balance) relations was proposed by Boltzmann as an answer
to the L orentz objections against Boltzmann’s proof of the H-theorem. Lorentz stated that the collisions
of the polyatomic molecules may have no inverse collisions. Cercignani and Lampis [28] demonstrated
that the Boltzmann H-theorem based on the detailed balance conditions is valid for the polyatomic
molecules under the microreversibility conditions and this new Boltzmann's idea was not needed.
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Nevertheless, this seminal idea was studied further by many authors [29-31] mostly for linear systems.
Stueckel berg [26] proved these conditionsfor the Boltzmann equation. He used in his proof the S-matrix
representation of the micro-kinetics.

Some consequences of the Stueckel berg approach were rediscovered for the Mass Action law kinetics
by Horn and Jackson in 1972 [51] and supplemented by the “zero deficiency theorem” [63]. Thisis
the history.

In our work, we develop the Michaelis-Menten-Stueckelberg approach to general kinetics. This
is a combination of the QE (fast equilibria) and the QSS (small amounts) approaches to the real or
hypothetical intermediate states. These intermediate states (compounds) are included in all elementary
reactions (46) as it is illustrated in Figure 1. Because of the small amount, the free energy for these
compounds B; is perfect (48), the kinetics of compoundsis the first order Markov kinetics and satisfies
the master equation.

After that, we use the combination of QE and QSS approximations and exclude the concentrations
of compounds. For the general kinetics the main result of this approach is the general kinetic law (74).
Earlier, we just postul ated this law because of its convenient and natural form [25,53], now we have the
physical framework where thislaw can be proved.

We do not assume anything about reaction rates of the main reactions (17). We use only
thermodynamic equilibrium, the hypothesis about fast equilibrium with compounds and the smallness
of concentration of compounds. This smallness implies the perfect entropy and the first order kinetics
for compounds. After that, we get the reaction rate functions from the qualitative assumptions about
compounds and the equilibrium thermodynamic data.

For example, if we relax the assumption about fast equilibrium and use just smallness of compound
concentrations (the Briggs-Haldane QSS approach [12—14]) then we immediately need the formulas for
reaction rates of compound production. Equilibrium data become insufficient. If werelax the assumption
about smallness of concentrations then we lose the perfect entropy and the first order Markov kinetics.
So, only the combination of QE and QSS gives the desired resullt.

For the kinetics of rarefied gases the mass action law for elastic collisions (the Boltzmann equation)
or for inelastic processes like chemical reactions follows from the “molecular chaos’ hypothesis and
the low density limits. The Michaelis-Menten-Stueckelberg approach substitutes low density of all
components by low density of the elementary events (or of the correspondent compounds) together with
the QE assumption.

The general kinetic law has a ssimple form: For an elementary reaction

Z a; Ay — Z BiA;

the reaction rate isr = <2, where Q2 > 0 isthe Boltzmann factor, Q@ = exp (>, i), fti = —0S/ON;
is the chemical potentia . divided by RT', and ¢ > 0 isthe kinetic factor. Kinetic factors for different
reactions should satisfy some conditions. Two of them are connected to the basic physics:

e Thedetailed balance: The kinetic factors for mutually reverse reaction should coincide, o™ = .
Thisidentity is proven for systems with microreversibility (Section 7.5).
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e The complex balance: The sum of the kinetic factors for al elementary reactions of the
form > . a;A; — ... is equal to the sum of the kinetic factors for al elementary reactions
of the foom ... — > . «;A; (91). This identity is proven for all systems under the
Michaelis-Menten-Stueckel berg assumptions about existence of intermediate compounds which
arein fast equilibriawith other components and are present in small amounts.

For the general kinetic law we studied several sufficient conditions of accordance between
thermodynamics and kinetics: Detailed balance, complex balance and G-inequality.

In the practice of modeling, a kinetic model may, initially, do not respect thermodynamic conditions.
For these cases, we solved the problem of whether it is possible to add a linear function to entropy in
order to provide agreement with the given kinetic model and deformed thermodynamics. The answer
is constructive (Section 7) and allows us to prove the general algebraic conditions for the detailed and
complex balance.

Finally, we have to mention that Michaelis, Menten and Stueckelberg did not prove their “big
theorem”. Michaelis and Menten did not recognize that their beautiful result of mass action law
produced from the equilibrium relations between substrates and compounds, the assumption about
smallness of compound concentrations and the natural hypothesis about linearity of compound kinetics
isageneral theorem. Stueckelberg had much more and fully recognized that his approach decouples the
Boltzmann H -theorem and the microreversibility (detailed balance). Thisisimportant because for every
professional in theoretical physicsit is obvious that the microreversibility cannot be important necessary
condition for the H-theorem. Entropy production should be positive without any relation to detailed
balance (the proof of the H-theorem for systems with detailed balance is much ssimpler but it does not
matter: Just the Markov microkinetics is sufficient for it). Nevertheless, Stueckelberg did not produce
the generalized mass action law and did not analyze the general kinetic equation. Later, Horn, Jackson
and Feinberg approached the complex balance conditions again and studied the generalized mass action
law but had no significant interest in the microscopic assumptions behind these properties. Therefore,
this paper isthefirst publication of the Michaelis-M enten-Stueckel berg theorem.
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Appendix
1. Quasiequilibrium Approximation
1.1. Quasiequilibrium Manifold

Let us consider asystem in adomain U of area vector space E given by differential equations

dz
i F(z) (112)

We assume that for any =, € U, solution z(t; z) to theinitial problem x(0) = x, for (112) existsfor all
t > 0 and belongsto U. Shiftsintime, z¢ — xz(t; zo) (¢t > 0), form asemigroupin U.

We do not specify the space E here. In generdl, it may be any Banach or even more general space.
For nonlinear operators we will use the Fréshet differentials: For an operator W(x) the differentia at
point = isalinear operator (DWV),:

dVU(z + ay)

(D\I})ac<y) = dy

a=0
We use also notation (D, V) when it is necessary to stress the choice of independent variable. The choice
of variablesis not obvious.

The QE approximation for (112) uses two basic entities: entropy and slow variables.

Entropy S is a concave Lyapunov function with non-degenerated Hessian for (3) which increases

intime:
ds
>

dt —
In this approach, the increase of the entropy in timeis exploited (the Second Law in the form (4)).

Formally, any Lyapunov function may be used. Nevertheless, most of famous entropies, like the
relative Boltzmann-Gibbs-Shannon entropy, the Rényi entropy, the Burg entropy, the Cressie-Read and
the Tsallis entropies could be defined as universal Lyapunov functions for Markov chains which satisfy
some natural additivity conditions[32].

“Universal” meansthat they do not depend on kinetic coefficients directly but only on the equilibrium
point. The “natural additivity conditions’ require that these entropies can be represented by sums (or
integrals) over states maybe after some monotonic transformation of the entropy scale, and, at the same
time, are additive with respect to the joining of statistically independent systems (maybe, after some
monotonic rescaling as well).

Sow variables M are defined as some differentiable functions of variables z: M = m(z). We
use notation F,; for the space of ow variables, M € FE,,. Selection of the slow variables implies a
hypothesis about separation of fast and slow motion. Initsstrongest form it consists of two assumptions:
The slaving assumption and the assumption of small fast-slow projection.

0 (113)

The daving assumption. For any admissible initial state o € U after some relatively small time
T (initial layer), solution z(t; zo) becomes a function of M (up to a given accuracy ¢) and can be
represented in aslaving form:

z(t) = Ty +0(t) for t> 7, where M(t) =m(x(t)), |6@)| <e (114)
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This means that everything is a function of slow variables, after some initial time and up to a
given accuracy.

The smallness of 7 is essential. If thereis no restriction on 7 then every globally stable system will
satisfy this assumption because after sometime it will arrive into a small vicinity of equilibrium.

The second assumption requires that the slow variables (almost) do not change during the fast motion:
During the initial layer 7, the state = can change significantly because of fast motion, but the change in
M = m(zx) during T are small with 7: The assumption of small fast-slow projection.

The QE approximation defines the functions x3, as solutions to the following MaxEnt
optimization problem:

S(z) — max subjectto m(z) = M (115)

The reasoning behind thisapproximationissimple: During thefast initial layer motion, entropy increases
and M almost does not change. Therefore, it isnatural to assume (and even to prove using smallnessof ~
and ¢ if the entropy gradient in fast directionsis separated from zero) that 7%, in (114) isclose to solution
to the MaxEnt optimization problem (115). Further, 2}, denotes a solution to the MaxEnt problem.

Some additional conditionson m and S are needed for the regularity of the dependence x}, on M. It
is more convenient to discuss these conditions separately for more specific systems. In general settings,
let us just assume that for given S and m the dependencies m(xz) and =, are differentiable. For their
differentials we use the notations (Dm), and (Dx%,) . The differentials are linear operators: (Dm),, :
E — Ey and (Dxyy)y : Ey — E.

A solutionto (115), =3, isthe QE state, the corresponding value of the entropy

S (M) = S(xy) (116)
is the QE entropy and the equation
dM
i (Dm)gs, (F(2hy)) (117)

represents the QE dynamics.

Remark. The strong form of the slaving assumption, “ everything becomes a function of the slow
variables”, is too strong for practical needs. In practice, we need just to have a “ good” dependence
on M for the time derivative d M /dt. Moreover, the short-time fluctuations of d//dt¢ do not affect the
dependence M (t) too much, and only the average values

t+0
e =5 [

for sufficiently small time scale ¢ are important.

1.2. Preservation of Entropy Production

Theorem about preservation of entropy production. Let us calculate dS*(M)/dt at point M
according to the QE dynamics (117) and find d.S(z)/dt at point x = x7%, due to the initial system (3).

The results always coincide:
ds*(M)  dS(z)
dt dt

(118)
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The left hand side in (118) is computed due to the QE approximation (117) and the right hand side
corresponds to the initial system (112). Here, this theorem is formulated in more general setting than
in Section 2: The slow variables M/ = m(z) may be nonlinear functions of z. For more details about
QE approximation with nonlinear dependencies M = m(x) we refer to papers [38,39,66]. The general
theorem about preservation of entropy production and thermodynamic projector is presented in [39].

Proof. To provethisidentity let us mention that

dS*(M) dM

p— D * —_—

dt (DS )ar < dt

where o stands for superposition. On the other hand, just from the definitions of the differential and of
the time derivative of a function due to a system of differential equations, we get

) = (DS*)ar 0 (Dm)gr (F(a3))) (119)

B _ (D). (r () (120
To finalize the proof, we need an identity
(DS")ar © (Dm)ss, = (D), (121)
L et us use the Lagrange multipliers representation of the MaxEnt problem:
(DS)y = Apro(Dm),, m(x)=M (122)

This system of two equations has two unknowns: The vector of state = and the linear functional A ,; on
the space of slow variables (the Lagrange multiplier), which depends on M as on a parameter.
By differentiation of the second equation m(z) = M, we get an identity

(Dm)w}‘w © (D‘/ER[)M = idE'M (123)

where id isthe unit operator.
Lagrange multiplier A, isthe differentia of the QE entropy:

(DS*)m = Aum (124)

Indeed, due to the chain rule, (DS*)y = (DS)a;, o (Dx}y)u, dueto (122), (DS), = Au(Dm),
and, finaly

(DS*)]W :<DS)$7\I 0] (DZL‘R[)M = AM @) (Dm)x 0] (DZL‘R[)M
=Aj o idEM = Ay
Now we can prove the identity (121):

(DS*)pr 0 (Dm)ys = Appo (Dm)ys = (DS)

* *
T T T

(here we use the Lagrange multiplier form (122) again). O

The preservation of the entropy production leads to the preservation of the type of dynamics: If for the
initial system (112) entropy production isnon-negative, dS/d¢ > 0, then for the QE approximation (117)
the production of the QE entropy is also non-negative, d5*/dt > 0.

In addition, if for the initial system (d.S/dt), = 0 if and only if F'(z) = 0 then the same property
holds in the QE approximation.
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2. First Order Kineticsand Markov Chains

First-order kinetics form the ssmplest and well-studied class of kinetic systems. It includes
the continuous-time Markov chains (the master equation [67]), kinetics of monomolecular and
pseudomonomolecular reactions [17], and has many other applications.

We consider a general network of linear reactions. This network is represented as a directed graph
(digraph) ([33,68]): Vertices correspond to components B, (1 < j < ¢), edges correspond to reactions
B; — B,. For each vertex B; apositive real variable ; (concentration) is defined. For each reaction
B; — By arate constant x;; > 0 isgiven. To follow the standard notation of the matrix multiplication,
the order of indexesin «; is always inverse with respect to reaction: Itis x;.;, where the arrow shows
the direction of the reaction. The kinetic equations for concentrations ¢; have the form

dg;
d_tj = Z (Kjist — Ki55) (125)
l1#j

The linear conservation law (for the Markov chainsthisisthe conservation of the total probability) is:

dg; .
d_tj =0 le, Z (ijlgl — Kjljgj) =0. (126)
J gl l#]

Let apositive vector ¢* (¢; > 0) be an equilibrium for the system (125): Forevery j = 1,...,¢q
Z KjiS) = Z K1jS; (227)
LI#] LU#]
An equivalent form of (125) is convenient. Let us use the equilibrium condition (127) and write
I (Z ’flﬁf) 2= Hﬂ% o
I,1#j 1,1#j S I, 1#£j
Therefore, under condition (127) the master equation (125) has the equivalent form:
dsj _ T (128)
de PG o

The following theorem [69] describes the large class of the Lyapunov functions for the first order
kinetics. Let h(x) be a smooth convex function on the positive real axis. A Csiszar—Morimoto function

Hj(s) is(seethereview [32]):
no-T(3)

l

The Morimoto H-theorem. The time derivative of Hj(s) due to (125) under condition (127)

IS nonpositive: dH
h / ) Sl gj
§ h - 21 <0 129
< *> K518 <C* §>§<) — ( )

L,j, j#1 ’ J
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Proof. Let us mention that for any ¢ numbers h;, >, ., ki;<; (hy — hy) = 0. Indeed, for h; = p;/p;
thisis precisely the condition of conservation of the total probability for equations (128). The extension
from a simplex of the h; values (>, pih; = 1, h; > 0) to the positive orthant R is trivial because of
uniformity of theidentity. Finally, if alinear identity holdsin apositive orthant then it holdsin the whole
space RY. Therefore,

() (8= s () 1 (5) (3 G- )0
14l St Sj LG §j §l Sj St S5

The last inequality holds because of the convexity of h(z): h'(z)(y — x) < h(y) — h(z)

(Jensen’s inequality). O

For example, for the convex function h(z) = z(Inz — 1) the Csiszar—Morimoto function is:

Hy(s) = legl (m (%) - 1) (130)

This expression coincides with the perfect component of the free energy (50) (to be more precise,
f = RTHy(<)).

Each positive equilibrium ¢* belongs to the ray of positive equilibria A¢* (A > 0). We can select a
[1-normalized direction vector and write for an equilibrium ¢*4 from this ray:

where § =3, ¢;%.

The kinetic equations (125) allow one and only oneray of positiveequilibriaif and only if the digraph
of reactions is strongly connected: It is possible to reach any vertex starting from any other vertex by
traversing edges in the directions in which they point. Such continuous-time Markov chains are called
ergodic chains [70].

Let us assume that the system is weakly reversible: For any two vertices B; and B;, the existence
of an oriented path from B; to B; implies the existence of an oriented path from 5; to B;. Under this
assumption the graph of reactionsisaunit of strongly connected subgraphs without connections between
them. Let the graph of reactions B, — B; have d strongly connected components C'; and let V be the
set of indexes of those B; which belong to C: B; € C,if andonly if j € V,. Foreachs =1,...,d
there exists a conservation law

S) = Z g = const (131)
JEVs
For any set of positivevaluesof 5, > 0 (s = 1,...,d) there exists a unique equilibrium of (125), ¢*9,
which is positive (gjq > (). Thisequilibrium can be expressed through any positive equilibrium ¢*:

¢;(c,T)
= B (132)
’ ZIGVS §;(C, T)
For positive 3, logarithms of ¢¢? form a d-dimensional linear manifold in R?:
G (. T)
In¢i* =Ing, +In <J—*> (133)
! ZZeVS (e, T)
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The natural coordinates on this manifold are In j;.

Remark. In the construction of the free energy (130) any positive equilibrium state ¢*¢ can be used.
The correspondent functions differs in an additive constant. Let us calculate the difference between two

“free energies’ :
AORBNER
— S p S

=
q eq d
Q. B €q
-Fon(£)-Suon (45)
= S — s(S
The result is constant in time for the solutions of the master equation (125), hence, these functions are

equivalent: They both are the Lyapunov functions for (125) and have the same conditional minimizers
for givenvaluesof 5, > 0 (s =1,...,d).

(© 2011 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/3.0/.)
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