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Abstract: We study chemical reactions with complex mechanisms undeassumptions:
(i) intermediates are present in small amounts (this is thesigsteady-state hypothesis or
QSS) and (ii) they are in equilibrium relations with subtsa(this is the quasiequilibrium
hypothesis or QE). Under these assumptions, we prove thergleaed mass action law
together with the basic relations between kinetic factavhjch are sufficient for the
positivity of the entropy production but hold even withoutcroreversibility, when the
detailed balance is not applicable. Even though QE and Q&&ipe useful approximations
by themselves, only the combination of these assumptiamseraler the possibility beyond
the “rarefied gas” limit or the “molecular chaos” hypothed#® do not use any a priori form
of the kinetic law for the chemical reactions and descrilegr thquilibria by thermodynamic
relations. The transformations of the intermediate comgsucan be described by the
Markov kinetics because of their low densitpwW density of elementary eveptsThis
combination of assumptions was introduced by Michaelis lsliethiten in 1913. In 1952,
Stueckelberg used the same assumptions for the gas kiaeticsroduced the remarkable
semi-detailed balance relations between collision rateghé Boltzmann equation that
are weaker than the detailed balance conditions but atessfflcient for the Boltzmann
H-theorem to be valid. Our results are obtained within thehdadis-Menten-Stueckelbeg
conceptual framework.
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1. Introduction
1.1. Main Asymptotic Ideas in Chemical Kinetics

There are several essentially different approaches to@syimand scale separation in kinetics, and
each of them has its own area of applicability.

In chemical kinetics various fundamental ideas about asgtigal analysis were developed]{
Quasieqiulibrium asymptotic (QE), quasi steady-statergugtic (QSS), lumping, and the idea of
limiting step.

Most of the works on nonequilibrium thermodynamics dealhwihe QE approximations and
corrections to them, or with applications of these apprations (with or without corrections). There
are two basic formulation of the QE approximation: The thadgmamic approach, based on entropy
maximum, or the kinetic formulation, based on selectionadt freversible reactions. The very first
use of the entropy maximization dates back to the classicak wof Gibbs P], but it was first
claimed for a principle of informational statistical thesdynamics by Jaynes3]l A very general
discussion of the maximum entropy principle with applioat to dissipative kinetics is given in the
review [4]. Corrections of QE approximation with applications to pleal and chemical kinetics were
developed,6].

QSS was proposed by Bodenstein in 19IB and the important Michaelis and Menten woj |
was published simultaneously. It appears that no kinegor of catalysis is possible without QSS.
This method was elaborated into an important tool for thdyaisof chemical reaction mechanism
and kinetics §-11]. The classical QSS is based on teative smallness of concentrationg some
of the “active” reagents (radicals, substrate-enzyme dexeg or active components on the catalyst
surface) 12-14].

Lumping analysis aims to combine reagents into “quasicomapts” for dimension
reduction [L517-19]. Wei and Prater I6] demonstrated that for (pseudo)monomolecular
systems there exist linear combinations of concentrationshich evolve in
time independently. These linear combinations (quasiasmapts) correspond
to the left eigenvectors of the Kkinetic matrix: If LK = Al then
d(l,c)/dt = (I, c)\, where the standard inner prodyétc) is the concentration of a quasicomponent.
They also demonstrated how to find these quasicomponenizroparly organized experiment.

This observation gave rise to a question: How to lump comptnmto proper quasicomponents
to guarantee the autonomous dynamics of the quasicompométit appropriate accuracy? Wei
and Kuo studied conditions for exactq and approximate J[7] lumping in monomolecular and
pseudomonomolecular systems. They demonstrated that cerdi@n conditions a large monomolecular
system could be well-modelled by a lower-order system.

More recently, sensitivity analysis and Lie group approaehe applied to lumping analysi$§,19],
and more general nonlinear forms of lumped concentraticere wsed (for example, concentration of
quasicomponents could be a rational functiom)of

Lumping analysis was placed in the linear systems theorytlamdelationships between lumpability
and the concepts of observability, controllability and mmal realization were demonstratedd].
The lumping procedures were considered also as efficiehhigees leading to nonstiff systems and
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demonstrated the efficiency of the developed algorithm owtic models of atmospheric chemistry
[21]. An optimal lumping problem can be formulated in the franoekvof a mixed integer nonlinear
programming (MINLP) and can be efficiently solved with a $tastic optimization metho@p)].

The concept of limiting step gives the limit simplificatiomhe whole network behaves as a single
step. This is the most popular approach for model simpliboain chemical kinetics and in many areas
beyond kinetics. In the form of bottleneckapproach this approximation is very popular from traffic
management to computer programming and communicationonkesw Recently, the concept of the
limiting step has been extended to the asymptotology ofisualte reaction network28,24].

In this paper, we focus on the combination of the QE approtionavith the QSS approach.

1.2. The Structure of the Paper

Almost thirty years ago one of us published a bo2§] [with Chapter 3 entitled “Quasiequilibrium
and Entropy Maximum”. A research program was formulatedethand now we are in the position to
analyze the achievements of these three decades and foentlidamain results, both theoretical and
applied, and the unsolved problems. In this paper, we diatwork and combine a presentation of
theory and application of the QE approximation in physicad @hemical kinetics with exposition of
some new results.

We start from the formal description of the general idea of &fé its possible extensions. In
Section2, we briefly introduce main notations and some general foasfdr exclusion of fast variables
by the QE approximation.

In Section 3, we present the history of the QE and the classical confubietween the QE
and the quasi steady state (QSS) approximation. Anothgrisimg confusion is that the famous
Michaelis-Menten kinetics was not proposed by Michaelid afenten in 1913 §] but by Briggs
and Haldane 12| in 1925. It is more important that Michaelis and Menten megd another
approximation that is very useful in general theoreticalstouctions. We described this approximation
for general kinetic systems. Roughly speaking, this appraion states that any reaction goes through
transformation of fast intermediate complexes (compoymdsich (i) are in equilibrium with the input
reagents and (ii) exist in a very small amount.

One of the most important benefits from this approach is tleusion of nonlinear kinetic laws and
reaction rate constants for nonlinear reactions. The nealireactions transform into the reactions of the
compounds production. They are in a fast equilibrium andetiglibrium is ruled by thermodynamics.
For example, when Michaelis and Menten discuss the pranlucti the enzyme-substrate complex ES
from enzyme E and substrate S, they do not discuss reacties reBhese rates may be unknown. They
just assume that the reactiéh+ S = ES is in equilibrium. Briggs and Haldane involved this reantio
into the kinetic model. Their approach is more general tih@nMichaelis—Menten approximation but
for the Briggs and Haldane model we need more informatiohpnty the equilibrium of the reaction
E + S = ES but also its rates and constants.

When compounds undergo transformations in a linear firsrdkhetics, there is no need to include
interactions between them because they are present inwadamounts in the same volume, and their
concentrations are also small. (By the way, this argumenttigpplicable to the heterogeneous catalytic
reactions. Although the intermediates are in both smallart®and in a small volume.e., in the
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surface layer, the concentration of the intermediates ismall, and their interaction does not vanish
when their amount decreas&3]. Therefore, kinetics of intermediates in heterogene@ialgsis may
be nonlinear and demonstrate bifurcations, oscillatiovsather complex behavior.)

In 1952, Stueckelberdp] used similar approach in his seminal papéf-theorem and unitarity of
the S-matrix”. He studied elastic collisions of particles as thmsi-chemical reactions

v+w—vV +w

(v,w,Vv’',w’ are velocities of particles) and demonstrated that for tbzBhann equation the linear
Markov kinetics of the intermediate compounds results@sgpecial relations for the kinetic coefficients.
These relations are sufficient for tii&-theorem, which was originally proved by Boltzmann under th
stronger assumption of reversibility of collisiors7].

First, the idea of such relations was proposed by Boltzmarsnaanswer to the Lorentz objections
against Boltzmann’s proof of thH-theorem. Lorentz stated the nonexistence of inversescatis for
polyatomic molecules. Boltzmann did not object to this angut but proposed the “cyclic balance”
condition, which means balancing in cycles of transitioetMeen states; — S, — ... — S, —

S1. Almost 100 years later, Cercignani and Lam@s8][demonstrated that the Lorenz arguments
are wrong and the new Boltzmann relations are not needechépaslyatomic molecules under the
microreversibility conditions. The detailed balance dands should hold.

Nevertheless, Boltzmann’sidea is very seminal. It wasistufiirther by Heitler29] and Coester30|
and the results are sometimes cited as the “Heitler-Cog¢hlerem of semi-detailed balance”. In 1952,
Stueckelbergg6] proved these conditions for the Boltzmann equation. Ferrtiicro-description he
used theS-matrix representation, which is in this case equivalenttfie Markov microkinetics (see
also B1)).

Later, these relations for the chemical mass action kisstire rediscovered and called tmmplex
balance condition$51,63]. We generalize the Michaelis-Menten-Stueckelberg aggitaand study in
Section5 the general kinetics with fast intermediates present inlssmzount. In SubsectioB.7 the big
Michaelis-Menten-Stueckelberg theorem is formulatedhasoverall result of the previous analysis.

Before this general theory, we introduce the formalism ef@E approximation with all the necessary
notations and examples for chemical kinetics in Secfion

The result of the general kinetics of systems with intermedcompounds can be used wider than
this specific model of an elementary reaction: The interatedcomplexes with fast equilibria and the
Markov kinetics can be considered as the “constructionimsggdor general kinetics. In Sectiof, we
delete the construction staging and start from the genemald of the obtained kinetic equations as from
the basic laws. We study the relations between the genemwatikilaw and the thermodynamic condition
of the positivity of the entropy production.

Sometimes the kinetics equations may not respect thernamaigs from the beginning. To repair this
discrepancy, deformation of the entropy may help. In Sactiove show when is it possible to deform
the entropy by adding a linear function to provide agreenbetiveen given kinetic equations and the
deformed thermodynamics. As a particular case, we got teécidncy zero theorem”.

The classical formulation of the principle of detailed e deals not with the thermodynamic and
global forms we use but just with equilibria: In equilibriueach process must be equilibrated with



Entropy2011, 13 970

its reverse process. In Sectidgnwe demonstrate also that for the general kinetic law thsterce of a
point of detailed balance is equivalent to the existencedfs linear deformation of the entropy that the
global detailed balance conditions (Equati8)(below) hold. Analogously, the existence of a point of
complex balance is equivalent to the global condition of plax balance after some linear deformation
of the entropy.

1.3. Main Results: One Asymptotic and Two Theorems

Let us follow the ideas of Michaelis-Menten and Stueckejt@erd introduce the asymptotic theory of
reaction rates. Let the list of the componedtsbe given. The mechanism of reaction is the list of the
elementary reactions represented by their stoichiometuations:

Z Oépz'Az' - Z 5,)@'14@' (1)
The linear combination$ . o, A; and ), 5,;A; are thecomplexes For each comple} . y;;A; from

the reaction mechanism we introduce an intermediate anxifitate, aompound5;. Each elementary
reaction is represented in the form of the*“tail scheme” (Figurd) with two intermediate compounds:

ZamAi =B, - Bf = Z B (2)

Figure 1. A 2n-tail scheme of an extended elementary reaction.

ap1A1 BplAl

apzAzs 4 IBPZAZ
BT

Apnln BonAn

There are two main assumptions in the Michaelis-Mentee&teiberg asymptotic:

e The compounds are in fast equilibrium with the correspogdaput reagents (QE);
e They exist in very small concentrations compared to othergmnents (QSS).

The smallness of the concentration of the compounds imghed they (i) have the perfect
thermodynamic functions (entropy, internal energy ané &aergy) and (ii) the rates of the reactions
B; — B; are linear functions of their concentrations.

One of the most important benefits from this approach is tledusion of the nonlinear reaction
Kinetics: They are in fast equilibrium and equilibrium ised by thermodynamics.

Under the given smallness assumptions, the reaction rgté® the elementary reactions have a
special form of thegeneralized mass action lai@ee Equation74) below):

Tp = $p exp(ap, [L)



Entropy2011, 13 971

whereyp, > 0 is thekinetic factorandexp(c,, ft) is the Boltzmann factor. Here and further in the text
(ap, 1) = >, ayift; is the standard inner produetp( , ) is the exponential of the value of the inner
product angi; are chemical potentiajs divided onRT.

For the prefect chemical systems,= In(c;/c}), whereg; is the concentration off; and¢; > 0 are
the positive equilibrium concentrations. For differenlings of the conservation laws there are different
positive equilibria. The positive equilibriuaj is one of them and it is not important which one is it. At
this point,;; = 0, hence, the kinetic factor for the perfect systems is justetjuilibrium value of the
rate of the elementary reaction at the equilibrium pefntp, = r,(c*).

The linear kinetics of the compound reactioBs — B; implies the remarkable identity for the
reaction rates, the complex balance condition (EquaBdni{elow)

> woexplii,a,) = > ¢ explji, B,)
p p
for all admissible values qf and giveny which may vary independently. For other and more convenient
forms of this condition see Equatiof) in Section6. The complex balance condition is sufficient
for the positivity of the entropy production (for decreaseh® free energy under isothermal isochoric
conditions). The general formula for the reaction rate tiogewith the complex balance conditions and
the positivity of the entropy production form the Michaelenten-Stueckelberg theorem (Secttoi).
The detailed balance conditions (Equati8id)(below),

o =,

for all p, are more restrictive than the complex balance conditibosthe perfect systems, the detailed
balance condition takes the standard fortc*) = r(c*).
We study also some other, less restrictive sufficient combt for accordance between

thermodynamics and kinetics. For example, we demonstratetieGG-inequality (Equation92) below)
Z Pp exp(/l, ap) > Z Pp exp(/l, 6p)
p p

is sufficient for the entropy growth and, at the same time k@ethan the condition of complex balance.

If the reaction rates have the form of the generalized massndaw but do not satisfy the sufficient
condition of the positivity of the entropy production, thiuation may be improved by the deformation of
the entropy via addition of a linear function. Such a defdrorais always possible for theero deficiency
systemsLet ¢ be the number of different complexes in the reaction medmayi be the number of the
connected components in the digraph of the transitionsdetwompounds (vertices are compounds and
edges are reactions). To exclude some degenerated casesthdsys ofveak reversibilityis accepted:
For any two vertices3; and B;, the existence of an oriented path frdfpto B; implies the existence of
an oriented path fronf3; to B;.

Deficiency of the system i$[]

q—d —rankl’ > 0

wherel' = (v,;) = (6;; — «u;) is the stoichiometric matrix If the system has zero deficiency then
the entropy production becomes positive after the defaomaif the entropy via addition of a linear
function. Thedeficiency zero theorem this form is proved in Sectioi.3.
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Interrelations between the Michaelis-Menten-Stueckelbsymptotic and the transition state theory
(which is also referred to as the “activated-complex th&ofgbsolute-rate theory”, and “theory of
absolute reaction rates”) are very intriguing. This theags developed in 1935 by Eyrin@3] and
by Evans and PolanyBp).

Basic ideas behind the transition state theory a [

e The activated complexes are in a quasi-equilibrium withré@etant molecules;
e Rates of the reactions are studied by studying the activatetplexes at the saddle point of a
potential energy surface.

The similarity is obvious but in the Michaelis-Menten-Stkelberg asymptotic an elementary
reaction is represented by a couple of compounds with thé&dadinetics of transitions between them
versus one transition state, which moves along the “reactimrdinate”, in the transition state theory.
This is not exactly the same approach (for example, the yftf@bsolute reaction rates uses the detailed
balance conditions and does not produce anything simildret@omplex balance).

Important technical tools for the analysis of the Michadlisnten-Stueckelberg asymptotic are the
theorem about preservation of the entropy production iftEeapproximation (Sectiohand Appendix
1) and the Morimotdd -theorem for the Markov chains (Appendix 2).

2. QE and Preservation of Entropy Production

In this section we introduce informally the QE approximatend the important theorem about the
preservation of entropy production in this approximatidm.Appendix 1, this approximation and the
theorem are presented with more formal details.

Let us consider a system in a domairof a real vector spacg' given by differential equations

dz

—=F 3

= F@ ©
The QE approximation for3) uses two basic entities: Entropy and slow variables.

Entropy S is an increasing concave Lyapunov function f&@) (vith non-degenerated Hessian

0*S/0x;0x;:
ds
n >
In this approach, the increase of entropy in time is exptbitee Second Law in the fornd)).

Theslow variables)M are defined as some differentiable functions of variable¥/ = m(z). Here
we assume that these functions are linear. More generaheanltheory was developed i88,39] with
applications to the Boltzmann equation and polymer physsedection of the slow variables implies a
hypothesis about separation of fast and slow motion. The géwiables (almost) do not change during
the fast motion. After some initial time, the fast variablggh high accuracy are functions of the slow
variables: We can write ~ z},.

The QE approximation defines the functions, as solutions to the followingMaxEnt
optimization problem:

0 (4)

S(r) — max subjecttom(z) =M (5)
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The reasoning behind this approximation is simple: Durregfast initial layer motion, entropy increases
and M almost does not change. Therefore, it is natural to assuatethis close to the solution to the
MaxEnt optimization problems). Furtherz?}, denotes a solution to the MaxEnt problem.

A solution to 6), =3, is theQE state the set of the QE states,, parameterized by the values of the
slow variables\V/ is theQE manifold the corresponding value of entropy

S (M) = S(zy) (6)
is theQE entropyand the equation for the slow variables

dM »

T m(F(z})) (7)

represents th@E dynamics
The crucial property of the QE dynamics is fhieservation of entropy production.

Theorem about preservation of entropy production. Let us calculatedS*(M)/dt at point M
according to the QE dynamic§)(and finddS(z)/dt at pointz = 27, due to the initial system3}].

The results always coincide:
ds*(M)  dS(x)
e dt

(8)

The left hand side in§) is computed due to the QE approximatiof) @nd the right hand side
corresponds to the initial syster8)( The sketch of the proof is given in Appendix 1.

The preservation of the entropy production leads toptteservation of the type of dynamids for
the initial system§) entropy production is non-negativ&$/d¢ > 0, then for the QE approximatiof)
the production of the QE entropy is also non-negative,/dt > 0.

In addition, if for the initial systenidS/dt)|,, = 0 if and only if F'(z) = 0 then the same property
holds in the QE approximation.

3. The Classics and the Classical Confusion
3.1. The Asymptotic of Fast Reactions

It is difficult to find who introduced the QE approximation.was impossible before the works of
Boltzmann and Gibbs, and it became very well known after theke/of Jaynesd].

Chemical kinetics has been a source for model reductiorsiftgadecades. The ideas of QE appear
there very naturally: Fast reactions go to their equilibriand, after that, remain almost equilibrium all
the time. The general formalization of this idea looks akfes. The kinetic equation has the form

dN
dt
Here IV is the vector of composition with componemts > 0, K, corresponds to the slow reactions,
K, corresponds to fast reaction and- 0 is a small number. The system of fast reactions has the linear
conservation laws;(N) = . b N;: bi(Kys(N)) = 0.
The fast subsystem

= Ku(N) + K (V) ©)

dN
E - Kfs(N)
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tends to a stable positive equilibriuni* for any positive initial stateV(0) and this equilibrium is a
function of the values of the linear conservation lasV(0)). In the planeb,(N) = b, (N(0)) the
equilibrium is asymptotically stable and exponentiallyaattive.

Vectorb(N) = (b(N)) is the vector of slow variables and the QE approximation is

db
i

In chemical kinetics, equilibria can be described by caaddl entropy maximum (or conditional
extremum of other thermodynamic potentials). Therefarettiese cases we can apply the formalism of
the quasiequilibrium approximation. The thermodynamiapynov functions serve as tools for stability
analysis and for model reductiodq).

The QE approximation, the asymptotic of fast reactions,aB known in chemical kinetics. Another
very important approximation was invented in chemical &o®eas well. It is the Quasi Steady State
(QSS) approximation. QSS was proposedihgnd was elaborated into an important tool for analysis
of chemical reaction mechanisms and kineti8slfl]. The classical QSS is based on tteative
smallness of concentration§some of “active” reagents (radicals, substrate-enzyongptexes or active
components on the catalyst surfacéB,L4]. In the enzyme kinetics, its invention was traditionally
connected to the so-called Michaelis-Menten kinetics.

b(Ka(N*(b)) (10)

3.2. QSS and the Briggs-Haldane Asymptotic

Perhaps the first very clear explanation of the QSS was giyeBriggs and Haldane in 1923 2).
Briggs and Haldane consider the simplest enzyme reaétienf = SE — P + E and mention that
the total concentration of enzymg + [SE]) is “negligibly small” compared with the concentration
of substratés]. After that they conclude that [SE] is “negligible” compared with [S] and < [P] and
produce the now famous ‘Michaelis-Menten’ formula, whicasaunknown to Michaelis and Menten:
ki [E][S] = (k-1 + ko) [ES] oOr

_ _LB]IS] dom_ _ k[ ENIS]
[ES] = Kor + 13 and i [P] = ko|ES]| = Kor + [ (11)
where the “Michaelis-Menten constant” is
kot Ey
B ==

There is plenty of misleading comments in later publicati@bout QSS. Two most important
confusions are:

e Enzymes (or catalysts, or radicals) participatefast reactionsand, hence, relax faster than
substrates or stable components. This is obviously wronghemy QSS systems: For example,
in the Michaelis-Menten systeall reactions include enzyme together with substrate or ptoduc
There are no separate fast reactions for enzyme withoutratgsr product.

e Concentrations of intermediates are constéetause in QSS we equate their time derivatives
to zero. In general case, this is also wrong: We equate theti€iexpressions for some time
derivatives to zero, indeed, but this just exploits the taat the time derivatives of intermediates
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concentrations are small together with their values, btibbbgatory zero. If we accept QSS then
these derivatives are not zero as well: To prove this we cstrdjtferentiate the Michaelis-Menten
formula (L1) and find that [ES] in QSS is almost constant wh&h>> K, this is an additional
condition, different from the Briggs-Haldane conditiph] + [AE] < [S] (for more details
see [L,14,33] and a simple detailed case studp]).

After a simple transformation of variables the QSS sma#ingfsconcentration transforms into a
separation of time scales in a standard singular pertunbdétirm (see, for example3g,34]). Let us
demonstrate this on the traditional Michaelis-Mentenesyst

O ke + hlsm
B _ Ksl[B] - (k1 + k)l (12

[E] + [SE] = e = const, [S| + [P] = s = const

This is a homogeneous system with the isochoric (fixed vojucoaditions for which we write the
equations. The Briggs-Haldane conditioreis< s. Let us use dimensionless variables= [S]/s,
¢ =|[SE]/e:

sdx

—— = —skix(1 —&) + k_1&
e dt
G (13)
E = Skll’(l — 5) - (]C_l + /{32>§
To obtain the standard singularly perturbed system wittsthall parameter at the derivative, we need
to change the time scale. This means that when 0 the reaction goes proportionally slower and to

study this limit properly we have to adjust the time scale:= <dt:

j_x — skia(l— &)+ k_if

67(-15 .
- = Sk’lx(]_ - 5) - (k—l + k2)€

sdr

For smalle/s, the second equation is a fast subsystem. According to alsisefquation, for a given

constantr, the variable relaxes to
ST

KM + sx
exponentially, asxp(—(skix + k_1 + ko)t). Therefore, the classical singular perturbation theory
based on the Tikhonov theoremZ43] can be applied to the system in the ford¥) and the QSS
approximation is applicable even on an infinite time intéfdd]. This transformation of variables and
introduction of slow time is a standard procedure for rigr@roof of QSS validity in catalysiS§],
enzyme kinetics45] and other areas of kinetics and chemical engineed3j |

It is worth to mention that the smallness of parametér can be easily controlled in experiments,
whereas the time derivatives, transformation rates andyratirer quantities just appear as a result of
kinetics and cannot be controlled directly.

Eqss =
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3.3. The Michaelis and Menten Asymptotic

QSS is not QE but the classical work of Michaelis and Men&mwjas done on the intersection of
QSS and QE. After the brilliantly clear work of Briggs and Hiahe, the name “Michaelis-Menten”
was attached to the Briggs and Haldane equation and thenakigiork of Michaelis and Menten was
considered as an important particular case of this appraachpproximation with additional and not
necessary assumptions of QE. From our point of view, the dtih-Menten work includes more and
may give rise to an important general class of kinetic madels

Michaelis and Menten studied the “fermentative splittinfy cane sugar”. They introduced
three “compounds” The sucrose-ferment combination, tuetdse-ferment combination and the
glucose-ferment combination. The fundamental assumptiotheir work was “that the rate of
breakdown at any moment is proportional to the concentraifdhe sucrose-invertase compound”.

They started from the assumption that at any moment acaptdithe mass action law

[Si] [E] = K; [SZE] (15)

where[S;] is the concentration of thih sugar (here, = 0 for sucrose, 1 for fructose and 2 for glucose),
[E] is the concentration of the free invertase dnds theith equilibrium constant.

For simplification, they use the assumption that the comagah of any sugar in question free state
is practically equal to that of the total sugar in question.

Finally, they obtain 5
€90
0B = T [P+ o (o)
wheree = [E] + Y2,[S;E], [P] = [S1] = [S2] andg = 7= + 7.
Of course, this formula may be considered as a particula chthe Briggs-Haldane formuld 1)
if we takek_; > k5 in (12) (i.e, the equilibrationS + £ = SFE is much faster than the reaction
SE — P + F) and assume that= 0 in (16) (i.e., fructose-ferment combination and glucose-ferment
combination are practically absent).
This is the truth but may be not the complete truth. The Mitkadenten approach with many
compounds which are present in small amounts and satisfRE@ssumption1’) is a seed of the

general kinetic theory for perfect and non-perfect mixsure

4. Chemical Kinetics and QE Approximation
4.1. Stoichiometric Algebra and Kinetic Equations

In this section, we introduce the basic notations of the ¢baikinetics formalism. For more details
see, for example 33].

The list of components is a finite set of symbdls .. ., A,,.

A reaction mechanism is a finite set of tht®ichiometric equationsf elementary reactions:

Z Oépz'Az' - Z 5,)@'14@' (17)

where p = 1,...,m is the reaction number and thstoichiometric coefficientsy,, 3, are
nonnegative integers.
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A stoichiometric vectoty, of the reaction17) is an-dimensional vector with coordinates

Vpi = ﬁpi — Qpi (18)

that is, “gain minus loss” in thgth elementary reaction.

A nonnegative extensive variablé, the amount of4;, corresponds to each component. We call the
vector N with coordinatesV; “the composition vector”. The concentration4f is an intensive variable
¢; = N;/V, whereV > 0 is the volume. The vectar = N/V with coordinates; is the vector of
concentrations.

A non-negative intensive quantity,, the reaction rate, corresponds to each reacfi@h [The kinetic
equations in the absence of external fluxes are

dN
E =V Zp: ToYp (19)

If the volume is not constant then equations for concemmatincludel” and have different form (this is
typical for the combustion reactions, for example).

For perfect systems and not so fast reactions, the reaates are functions of concentrations and
temperature given by thmass action lavor the dependance on concentrations and by the generalized
Arrhenius equation for the dependance on temper&ture

The mass action law states:

ro(e,T) = ky(T) [ [ & (20)

wherek,(T') is the reaction rate constant.
The generalized Arrhenius equation is:

Sa Ea
k,(T) = A, exp (?p) exp <—R7€) (22)
whereR = 8.314472 ﬁ is the universal, or ideal gas constaht,, is the activation energys,, is

the activation entropyi.e., ., — 1'S,, is the activation free energy),, is the constant pre-exponential
factor. Some authors neglect thg, term because it may be less important than the activatiorggne
but it is necessary to stress that without this term it maynig@oissible to reconcile the kinetic equations
with the classical thermodynamics.

In general, the constants for different reactions are ni¢pendent. They are connected by various
conditions that follow from thermodynamics (the second léme entropy growth for isolated systems) or
microreversibility assumption (the detailed balance &ed@nsager reciprocal relations). In Sectton
we discuss these conditions in more general settings.

For nonideal systems, more general kinetic law is neede&ebtion5 we produce such a general
law following the ideas of the original Michaelis and Mentgemper (this is not the same as the famous
“Michaelis-Menten kinetics”). For this work we need a gealdormalism of QE approximation for
chemical kinetics.
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4.2. Formalism of QE Approximation for Chemical Kinetics
4.2.1. QE Manifold

In this section, we describe the general formalism of the QEfiemical kinetics following34].

The general construction of the quasi-equilibrium mauxlifples the following procedure. First, let us
consider the chemical reactions in a constant volume umgeisbthermal conditions. The free energy
F(N,T) = Vf(e,T) should decrease due to reactions. In the space of congengrabne defines a
subspace of fast motioris It should be spanned by the stoichiometric vectorasf reactions

Slow coordinates are linear functions that annulaté hese functions form a subspace in the space
of linear functions on the concentration space. Dimensidhis space i$ = n — dim L. It is necessary
to choose any basis in this subspace. We can use for this grgdasi$; in L+, an orthogonal
complement ta_ and define the basic functionalsigéN) = (b;, N).

The description of the QE manifold is very simple in the Ledyertransform. The chemical potentials

are partial derivatives
_OF(N,T) 0f(c,T)

MEZ79N, T o
Let us useu; as new coordinates. In these new coordinates (the “comgdgadordinates”), the QE
manifold is just an orthogonal complementto This subspacd,*, is defined by equations

(22)

Z wiy; =0 forany v €L (23)

It is sufficient to take in23) not all v € L but only elements from a basis in In this case, we get the
system ofn. — dim L linear equations of the forn28) and their solution does not cause any difficulty.
For the actual computations, one requires the inversian frdo c.

It is worth to mention that the problems of the selection &f sfow variables and of the description
of the QE manifold in the conjugated variables can be constas the same problem of description of
the orthogonal complement;*.

To finalize the construction of the QE approximation, we d$tidund for any given values of slow
variables (and of conservation lawsthe corresponding point on the QE manifold. This means tleat w
have to solve the system of equationsdor

b(N) =b; (u(c,T),7,) =0 (24)

whereb is the vector of slow variableg,is the vector of chemical potentials and vectgygéorm a basis
in L. After that, we have the QE dependengg; (b) and for any admissible value éfwe can find all
the reaction rates and calculdte

Unfortunately, the systen24) can be solved analytically only in some special cases. heige case,
we have to solve it numerically. For this purpose, it may bevenient to keep the optimization statement
of the problem:F" — min subject to givery. There exists plenty of methods of convex optimization for
solution of this problem.

The standard toy example gives us a fast dissociation cgactiLet a homogeneous reaction
mechanism include a fast reaction of the fadm- B = AB. We can easily find the QE approximation
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for this fast reaction. The slow variables are the quastitte= N4 — Nz andby; = Ny + Ng + N¢
which do not change in this reaction. Let the chemical padénbesa/RT = Incy + pao, up/RT =
Incp+pipo, prap/RT = Incap+papo- This corresponds to the free enetgy= VRT . c;(In ¢;+ o),
the correspondent free entropy (the Massieu-Planck pateigt —F'/7. The stoichiometric vector is
v = (—1,—1,1) and the equation24) take the form

by  caB

1
CA —CB = — CA+CB—|—CAB:—

GAB
Vv’ V' cacp

whereK is the equilibrium constamt” = exp (a0 + 110 — faBo)-
From these equations we get the expressions for the QE cinatens:

b 1 1by  1\? b +b
CA(bl’bQ)_iv_E+\/(§V_?> TRy

b by +0b
03(51752) = CA(b1>b2) - Vl s CAB<b17 bz) = E

The QE free entropy is the value of the free entropy at thiatpo(b,, b,).

— 20A(b1, bg)

4.2.2. QE in Traditional MM System

Let us return to the simplest homogeneous enzyme reagtionS = ES — P + S, the traditional
Michaelis-Menten Systeml) (it is simpler than the system studied by Michaelis and Mer8)).

Let us assume that the reactiéh+ S = ES is fast. This means that both andk_; include large
parametersk; = %le, ko, = %n_l. For smalle, we will apply the QE approximation. Only three
components participate in the fast reaction, = S, A, = E, A3 = ES. For analysis of the QE
manifold we do not need to involve other components.

The stoichiometric vector of the fast reactiomis= (—1, —1,1). The spacd. is one-dimensional
and its basis is this vectoy. The spacel.* is two-dimensional and one of the convenient bases is
by = (1,0,1),bs = (0,1, 1). The corresponding slow variables &€N) = N, + Ns, bo(N) = Ny+ Ns.

The first slow variable is the sum of the free substrate andubstrate captured in the enzyme-substrate
complex. The second of them is the conserved quantity, tabamount of enzyme.

The equation for the QE manifold i4%): kicico = k_1c3 0or & 22 = % becausé;cic; = k_ic3,

2

where ¢ = ¢f(T) > 0 are the so-called standard equmbrlum values and for perégstems

= RT In(¢;/c}), F = RTV ), c;(In(c;/c}) — 1).
Let us fix the slow variables and fingl, ;. Equations24) turn into

Cc1+c3 = bl , Co +c3 = bg y /{310102 = /{3_103

Here we change dynamic variables from to ¢ because this is a homogeneous system with
constant volume.
If we usec; = b; — ¢3 andcy = by — ¢3 then we obtain a quadratic equation fgr

klcg — (k1by + k1bo + k_1)cs + kibibe = 0 (25)
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Therefore,

1 ke 1 ko)
Cg(bl,bg) = 5 <b1+b2+/{3—1) _5\/<b1+b2+/{3—1) —4b1b2
1 1

The sign " is selected to provide positivity of atl;. This choice provides also the proper asymptotic:
c3 — 0 ifany of b; — 0. For otherc; » we should use; = b; — ¢3 andey = by — cs.
The time derivatives of concentrations are:
él = —/{310102 -+ ]C_1€3 + ’UinCiln — VUoutC1
0:2 — —]{510162 + (]{3_1 + ]{32)03 -+ ’Uir’lcizn — UoutC2 (26)
C3 = ]{?10162 — (k‘_l + ]{32)03 -+ vincgn — VoutC3
¢4 = ka3 + VinC} — VoutCa
here we added external flux with input and output velocitpes (nite volume);, andv,,; and input
concentrationg™. This is done to stress that the QE approximation holds alsa ystem with fluxes
if the fast equilibrium subsystem is fast enough. The input autput velocities are the same for all
components because the system is homogeneous.
The slow system is

bl = él + ég = —]{5203 + Uinbiln — Uoutbl
by = ¢2 + €3 = Vinby' — Voutba (27)
¢4 = kaCz + UinC}" — VourCa
whereb™ = ¢! + ¢, bir = ¢t 4+ ln,
Now, we should use the expression fgtb,, b, ):

b= — hgs | (by byt 2t ) L b+b+k_12 Abiby | + v b
1= 22 1 2 iy B 1 2 oy 102 Vin 01 Vout 01

1 ke 1 ko2 | (28)
é4 :]{325 <bl + bg -+ —1> — —\/(bl + bg -+ —1> — 4blbg -+ ’UinCZn — VoutC4

ky 2

52 :Uinbizn — Uoutb2

It is obvious here that in the reduced syst&28) there exists one reaction from the lumped component
with concentratiorb; (the total amount of substrate in free state and in the satlesemzyme complex)
into the component (product) with concentration The rate of this reaction i&;c(b1b;). The
lumped component with concentratién (the total amount of the enzyme in free state and in the
substrate-enzyme complex) affects the reaction rate k=g dot change in the reaction.

Let us use for simplification of this system the assumptiahefsubstrate excess (we follow the logic
of the original Michaelis and Menten pap&})

[S] > [SE], i.e., bl > c3 (29)

Under this assumption, the quadratic equat@®B) ransforms into

bg kf_l C3
14 24 =1 — -
( +bl+k1b1)63 bg+0<bl) (30)
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and in this approximation
baby

(compare to16) and (L1): This equation includes an additional tebmin denominator because we did
not assume formally anything about the smallneds af (29)).
After this simplification, the QE slow equation2g] take the form
kababy
62 = Uinbizn — VUoutha (32)

Faboby in
= A + VUinCy — UoutC4
b1 + by + k;ll

C3 (3 1)

in
1= + Uinbl - Uoutbl

Cq

This is the typical form in the reduced equations for catalggactions: Nominator in the reaction rate
corresponds to the “brutto reaction”™+ £ — P + E [3349].

4.2.3. Heterogeneous Catalytic Reaction

For the second example, let us assume equilibrium with otgpethe adsorption in the CO on Pt
oxidation:
CO+Pt=PtCO; Q+2Pt=2PtO

(for detailed discussion of the modeling of CO on Pt oxidatibis “Mona Liza” of catalysis, we address
readers to33]). The list of components involved in these 2 reactionsds:= CO, A, = O,, A3 = Pt,
A, = PtO, A; = PtCO (CQ does not participate in adsorption and may be excludedsptint).
Subspacd. is two-dimensional. It is spanned by the stoichiometricdoe; v, = (—1,0,—1,0, 1),
72 = (0, —1,-2,2,0).
The orthogonal complement tbis a three-dimensional subspace spanned by ve@io?s0, 1, 0),
(1,0,0,0,1),(0,0,1,1,1). This basis is not orthonormal but convenient because efjgrtcoordinates.
The corresponding slow variables are

by = 2Ny + Ny = 2No, + Npio
by = Ny + N5 = Nco + Npico (33)
b3 = N3 + Ny + N5 = Npy + Npio + Npwco

For heterogeneous systems, caution is needed in transgiwreenV andc variables because there are
two “volumes” and we cannot put i88) ¢; instead ofN;: Ngas = ViasCaas DUt Nouet = VursCours, Where
whereV,, is the volume of gasy;,, is the area of surface.

There is a law of conservation of the catalyat;; + Npio + Npico = b3 = const. Therefore, we
have two non-trivial dynamical slow variabldg,andb,. They have a very clear sengg:is the amount
of atoms of oxygen accumulated in, @nd PtO and, is the amount of atoms of carbon accumulated in
CO and PtCO.

The free energy for the perfect heterogeneous system hésrthe

F=VuRT Y ¢ (m (2—) - 1) + Vet RT Y ¢ (m (2—) - 1) (34)

A; gas v A; surf g
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wherec; are the corresponding concentrations ane- ¢ (7") > 0 are the so-called standard equilibrium
values. (The QE free energy is the value of the free enerdyeaE point.)
From the expressior88) we get the chemical potentials of the perfect mixture

— RTIn (C—) (35)
G
The QE manifold in the conjugated variables is given by equat

—p1 — p3+ ps =05 —pio — 23 + 2414 = 0
It is trivial to resolve these equations with respectiq, for example:

1

,u4:§,u2+,u3; s = p1 + 3

or with the standard equilibria:

C4 C3 [C2 Cj C1 C3

q - aVa @ aa
or in the kinetic form (we assume that the kinetic constargsraaccordance with thermodynamics and
all these forms are equivalent):

]{710103 = /{3_105 y ]{ZQCQCg = ]{Z_QCZ (36)
The next task is to solve the system of equations:

kicics = k_ics, k2czC§ = k—zci s 2VigasCo + Viurrca = by, (37)
‘/éascl + ‘/surfc5 = b2 5 ‘/surf<c3 + cq + 05) = b3
This is a system of five equations with respect to five unknoawtablesc, - ;5 4 5. We have to solve them
and use the solution for calculation of reaction rates inQikeequations for the slow variables. Let us
construct these equations first, and then retur@ (
We assume the adsorption (the Langmuir-Hinshelwood) nrestmeof CO oxidation (the numbers in
parentheses are used below for the numeration of the reaetie constants):

(£1) CO+Pt=PtCO
(£2) 0,+2Pt=2PtO (38)
(3) PtO+PtCO-CO,+2Pt

The kinetic equations for this system (including the fluxtie gas phase) is

Co = Vaurt(—kr1c16s + k-165) + Vias (0 — vow 1)
09 = Vit (k20263 + k_9C3) + Vias(Vin€h' — VousC2)
Pt = Viwt(—kicics + k_1cs — 2kocach + 2k_och + 2kscycs) (39)
PtO = Vit (2kacacs — 2k_oct — kscycs)
PtCO N5 = Viwt(k1c103 — k_105 — k3cycs)

\ in
CO2 NG - ‘/surfk3c4c5 + Vgas(vinc()‘ - Uoutc6)
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Herew;, andu,,; are the flux rates (per unit volume).
For the slow variables this equation gives:

Z')1 - 2N2 + N4 - _‘/surfk304c5 + 2Vgas(vinci2n - 'UoutCZ)
Z‘)2 - Nl + NS - _‘/;urfk3c405 + Vgas(vinciln - 'Uoutcl)

S (40)
63:N3+N4—|—N5:O
Nﬁ - ‘/surfk3c4c5 + ‘/gas ('Uinciﬁn - Uoutcﬁ)
This system looks quite simple. Only one reaction,
PtO+PtCO-CO,+2Pt (41)

is visible. If we know expressions faf 5(b) then this reaction rate is also known. In addition, to work
with the rates of fluxes, the expressionsdps(b) are needed.

The system of equation87) is explicitly solvable but the result is quite cumbersombkerefore, let
us consider its simplification without explicit analyticgtion. We assume the following smallness:

b1 > N4, bg > N5 (42)

Together with this smallness assumptions equatidsgive:

bs
e k1 b 1 ko b
2 1
‘/surf (1 + k_llvgi,s -+ 55‘@,%)
1 ky by b3 43)
Cy = | =7
2k_o Viyas ki b 1 ks b
2Vg ‘/surf (1 + ﬁvgis -+ iﬁvg;)
]{31 bg bS
“= k. V. ki b 1 ks b
— as r1 92 L k2 01
b e Vot (1 + Veow T\ 272 Vgas)
In this approximation, we have for the reactiari) rate
ki |1 ky /biby b2

T = ]{530405 = ]{73— e
2
ki \| 2k ‘/'g?;/sz V2 1+ k1 _bo 4+ . /1 ky b1
surf k—_1 Vgas 2 k_2 Vgas

This expression gives the closure for the slow QE equatidd)s (
4.2.3. Discussion of the QE procedure for Chemical Kinetics

We finalize here the illustration of the general QE procedoirehemical kinetics. As we can see, the
simple analytic description of the QE approximation is klde when the fast reactions have no joint
reagents. In general case, we need either a numerical $oh{@d) or some additional hypotheses about
smallness. Michaelis and Menten used, in addition to the [@iEcach, the hypothesis about smallness of
the amount of intermediate complexes. This is the typicab Q@$pothesis. The QE approximation was
modified and further developed by many authors. In partical@omputational optimization approach
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for the numerical approximation of slow attracting mard®based on entropy-related and geometric
extremum principles for reaction trajectories was devetbg 7].

Of course, validity of all the simplification hypotheses isracial question. For example, for the
CO oxidation, if we accept the hypothesis about the quagibgqum adsorption then we get a simple
dynamics which monotonically tends to the steady state. sfae of the surface is unambiguously
presented as a continuous function of the gas compositidre plire QSS hypothesis results for the
Langmuir-Hinshelwood reaction mechanisB88) without quasiequilibrium adsorption in bifurcations
and the multiplicity of steady state83. The problem of validity of simplifications cannot be
solved as a purely theoretical question without the knogaedf kinetic constants or some additional
experimental data.

5. General Kinetics with Fast Intermediates Present in SmalAmount
5.1. Stoichiometry of Complexes

In this Section, we return to the very general reaction ngtwo

Let us call all the formal sums that participate in the stmofetric equationsl(7), thecomplexesThe
set of complexes for a given reaction mechanidi) {s ©4, ..., ©,. The number of complexes< 2m
(two complexes per elementary reaction, as the maximumjtangossible that < 2m because some
complexes may coincide for different reactions.

A complex©; is a formal sunB; = E;;l vijA; = (v;, A), wherey; is a vector with coordinates;.
Each elementary reactiori) may be represented in the for® — ©F, where @?f are the
complexes which correspond to the right and the left sid&s (The whole mechanism is naturally
represented as a digraph of transformation of complexesicee are complexes and edges are reactions.

This graph gives a convenient tool for the reaction reprasem and is often called the “reaction graph”.
Let us consider a simple example: 18 elementary reactiopaif@ of mutually reverse reactions)
from the hydrogen combustion mechanism (see, for exany8p, [

H+ O, = O+ OH; O + Hy, = H + OH;
OH + Hy = H + H,0; O + H,0 = 20H;
HO5; + H = Hs + Oq; HO, + H = 20H; (44)

H+OH+M = HyO+M: H+Oy+M = HO, + M:
H202+H\:‘H2+H02

There are 16 different complexes here:

©;=H+ 0y, ©,=0+O0H, 63 =0+ H,, O, =H + OH,
05 = OH+ H,, 06 = H+ H,0, ©7 = O + H,0, Og = 20H,
Oy = HOy + H,019 = Hy + O9, ©1; = H+ OH + M,

O =HO0+M, ©15=H+ 02+ M, O, =HOy + M,

©15 = H,Oo + H, ©16 = Hy + HO,
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The reaction set4d) can be represented as

@1 — @2, @3 — @4, @5 — @67 @7 — @8 — @9 = @10,
O11 = O12, O13 = Oy, O15 = Oy

We can see that this digraph of transformation of complerssahvery simple structure: There are five
isolated pairs of complexes and one connected group of fauaptexes.

5.2. Stoichiometry of Compounds

For each complew; we introduce an additional componeBif, an intermediate compound arﬁi;t
are those compounds; (1 < j < g), which correspond to the right and left sides of reactibr).(

We call these components “compounds” following the Englisanslation of the original
Michaelis-Menten pape8] and keep “complexes” for the formal linear combinatiéns

An extended reaction mechanism includes two types of @a&tiEquilibration between a complex
and its compoundy(reactions, one for each complex)

0, = B; (45)

and transformation of compoundss” — B} (m reactions, one for each elementary reaction fra).(
So, instead of the reactio]) we can write

Of course, if the input or output complexes coincide for twaaations then the corresponding
equilibration reactions also coincide.

It is useful to visualize the reaction scheme. In Figlireve represent thén-tail scheme of an
elementary reaction sequend®) which is an extension of the elementary reactidbn)(

The reactions between compounds may have several chaRigelss2): One complex may transform
to several other complexes.

The reaction mechanism is a set of multichannel transfoomaiFigure2) for all input complexes.
In Figure2 we grouped together the reactions with the same input compleother representation of
the reaction mechanism is based on the grouping of reactidthghe same output complex. Below, in
the description of the complex balance condition, we usk bejiresentations.

The extended list of components includes- ¢ componentsn initial species4; andg compounds
B;. The corresponding composition vect®f is a direct sum of two vectors, the composition vector
for initial species/V, with coordinatesV; (: = 1, ..., n) and the composition vector for compounds,
with coordinatesl'; (j =1,...,¢): N* =N T.

The space of composition vectofsis a direct sum ofi-dimensionalE 4, and g-dimensionalEz:
E=F & FEp.

For concentrations ofl; we use the notationy and for concentrations d¥; we use;.

The stoichiometric vectors for reactiofs = B; (45) are direct sumsy’ = —v; & e;, wheree; is
the jth standard basis vector of the spdte= Lz, the coordinates of; aree;; = §;;:

gj = (—I/jl, —I/jg, ey —I/jn,o, .. .,0, 1, O, .. ,0) (47)
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The stoichiometric vectors of equilibration reactiodS)(are linearly independent because there exists
exactly one vector for eadh

The stoichiometric vectorg’’ of reactionsB; — B, belong entirely ta~z. They havejth coordinate
—1, Ith coordinatet+1 and other coordinates are zeros.

To exclude some degenerated cases a hypothesigaif reversibilityis accepted. Let us consider
a digraph with vertice®, and edges, which correspond to reactions fra7).( The system is weakly
reversible if for any two vertice®; and©;, the existence of an oriented path frénto ©; implies the
existence of an oriented path frafy to ©,.

Of course, this weak reversibility property is equivalentteak reversibility of the reaction network
between compounds;.

Figure 2. A multichannel view on the complex transformation. The iddeactions
between compounds are included in an @&al
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5.3. Energy, Entropy and Equilibria of Compounds

In this section, we define the free energy of the system. Thi Igpothesis is that the compounds
are the small admixtures to the system, that is, the amounbwipoundsB; is much smaller than
amount of initial components;. Following this hypothesis, we neglect the energy of inteoa between
compounds, which is quadratic in their concentrations beean the low density limit we can neglect
the correlations between particles if the potential of tiveieractions decay sufficiently fast when the
distance between particles goessto[50]. We take the energy of their interaction with in the linear
approximation, and use the perfect entropy Br These standard assumptions for a small admixtures
give for the free energy:

F=Vf(eT)+VRTY (“jg’TT) +Ing — 1) (48)
j=1
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Let us introduce thetandard equilibriuntoncentrations fo3;. Due to the Boltzmann distribution
(exp(—u/RT)) and formula 48)

glet) =g ew (<250 (9)
wherel/Z is the normalization factor. Let us select here the norratibn Z = 1 and write:
q G
F:Vj@JU+VRT%;g<m<§EE6)—1) (50)

We assume that the standard equilibrium concentratigiis, 7') are much smaller than the
concentrations ofl;. It is always possible because functianysare defined up to an additive constant.
The formula for free energy is necessary to define the faslilega (45). Such an equilibrium is the
minimizer of the free energy on the straight line parameeetibya: ¢; = ¢ — avy;, ; = a.
If we neglect the productgos; (c, T') /Oc; as the second order small quantities then the minimizers
have the very simple form:

:ui(cv T)
;= Z l/jiT (51)
or T
s =¢;(c,T)exp (%) (52)
where
_0f(e,T)
Hi = e,

is the chemical potential of; and

g.
O =1n [ 2L
’ n(ﬁ)

(RTY; = %g—fj is the chemical potential dB;).

The thermodynamic equilibrium of the system of reactidfis — B; that corresponds to the
reactions 46) is the free energy minimizer under given values of the coation laws.

For the systems with fixed volume, te®ichiometric conservation laved the monomolecular system
of reaction are sums of the concentrationsifwhich belong to the connected components of the
reaction graph. Under the hypothesis of weak reversiltitigre is no other conservation law. Let the
graph of reaction$3; — B; haved connected components, and letV; be the set of indexes of those
B; which belong toCy: B; € Cs if and only if ;7 € V. For eachC there exists a stoichiometric
conservation law

B = Z g = const (53)
JEVs

For any set of positive values of (s = 1,...,d) and givenc, T' there exists a unique conditional

maximizerc;* of the free energy50): For the compound; from thesth connected component € V;)

this equilibrium concentration is

S Al 54
= ST &4)
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The positive values of concentratiogjsare the equilibrium concentratiorts4) for some values of,
ifand only if foranys = 1,... dand allj,l € V;

9 =0, (55)

(¥; = In(g;/<;)). This means that compounds are in equilibrium in every eoted componer; the
chemical potentials of compounds coincide in each comptarierT he system of equationS%) together
with the equilibrium conditions52) constitute the equilibrium of the systems. All the equiidform a
linear subspace in the space with coordinatgT (: = 1,...,n)and?d; (j = 1,...,q).

In the expression for the free energy0f we do not assume anything special about free energy of
the mixture ofA;. The density of this free energy(c, T'), may be an arbitrary smooth function (later,
we will add the standard assumption about convexity (@f 7') as a function of:). For the compounds
B;, we assume that they form a very small addition to the mixtdirg;, neglect all quadratic terms in
concentrations oB; and use the entropy of the perfect systemis,p, for this small admixture.

This approach results in the explicit expressions for trst émuilibria 62) and expression of the
equilibrium compound concentrations through the valugb®fttoichiometric conservation lansj.

5.4. Markov Kinetics of Compounds

For the kinetics of compounds transformatidiis — B5;, the same hypothesis of the smallness of
concentrations leads to the only reasonable assumptioalifidar (monomolecular) kinetics with the
rate constant;; > 0. This “constant” is a function of, T": x,;;(c, T"). The order of indexes atis inverse
to the order of them in reactiony; = ;. ;.

The master equation for the concentration®fgives:

dg;

= > (ks — ris;) (56)
L,1#j

Itis necessary to find when this kinetics respect thermoalyosi.e., when the free energy decreases due

to the systemd6). The necessary and sufficient condition for matching thetkts and thermodynamics

is: The standard equilibriurt (49) should be an equilibrium foi5g), that is, for everyj =1, ... ¢

Z Kjis = Z Ki5S; (57)
Li#j LI#]
This condition is necessary because the standard equitibs the free energy minimizer for givenT’
and)_;¢; = >_;<;. The sum)_.¢; conserves due t6). Therefore, if we assume that decreases
monotonically due tog6) then the point of conditional minimum aof on the planezj §j = const
(under givenc, T') should be an equilibrium point for this kinetic system. §bondition is sufficient due
to the MorimotoH -theorem (see Appendix 2).
For a weakly reversible system, the set of the conditionalmmiers of the free energ¥4) coincides
with with the set of positive equilibria for the master eqaas 66) (see Equationl32) in Appendix 2).
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5.5. Thermodynamics and Kinetics of the Extended System

In this section, we consider the complete extended systémsjveonsists of species; (i = 1,...,n)
and compounds®3; (j = 1,...,¢) and includes reaction of equilibratiodq) and transformations of
compounds3; — B; which correspond to the reactionsy.

Thermodynamic properties of the system are summarize@ifiel energy functiorb(). For kinetics
of compounds we accept the Markov modsh)(with the equilibrium conditiong7), which guarantees
matching between thermodynamics and kinetics.

For the equilibration reactions1f) we select a very general form of the kinetic law. The only
requirement is: This reaction should go to its equilibriuwhich is described as the conditional
minimizer of free energyF’ (52). For each reactio®; = B, (where the complex is a formal
combination:®©; = ) . v;;A;) we introduce the reaction rate;. This rate should be positive if

:ui(cv T)
ﬁj < i Vjj BT (58)
and negative if
:ui(cv T)
19]' > EZ Vj; R (59)

The general way to satisfy these requirement is to selechtinuous function of real variable;(z),
which are negative it > 0 and positive ifr < 0. For the equilibration rates we take

i\C, T
wj = wj <19] — Vji%) (60)

If several dynamical systems defined by equatiéns J;, ... £ = .J, on the same space have the
same Lyapunov functiod’, then for any conic combinatioh = >, arJi (. > 0, >, ai > 0) the
dynamical systeni = J also has the Lyapunov functian.

The free energyq0) decreases monotonically due to any reacéign= B; with reaction ratev; (60)
and also due to the Markov kineticsg) with the equilibrium conditiong7). Therefore, the free energy
decreases monotonically due to the following kinetic syste

dCi 1
@~ 2
j=1

dg;
d_tj =w; + Z (Kj15 — K15S5)
LA
where the coefficients;; satisfy the matching conditio7).
This general systen6() describes kinetics of extended system and satisfies alidbie conditions
(thermodynamics and smallness of compound concentratiobnthe next sections we will study the QE

approximations to this system and exclude the unknown fongty; from it.

(61)

5.6. QE Elimination of Compounds and the Complex Balancal(fion

In this section, we use the QE formalism developed for chalmkinetics in Section4 for
simplification of the compound kinetics.
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First of all, let us describé&*, where the spaceé is the subspace in the extended concentration space
spanned by the stoichiometric vectors of fast equilibrateactions45). The stoichiometric vector for
the equilibration reactions have a very special structdire (Dimension of the spacg is equal to the
number of complexesiim L = ¢. Therefore, dimension af* is equal to the number of components
A;: dim L+ = n. For eachA,; we will find a vectorb; € L* that has the following first. coordinates:
bir = i for k = 1,...,n. The condition(b;, g;) = 0 gives immediatelybd, ,,; = v;;. Finally,

n
-
N

bi:(67...,071707'--7077/12'7’/22'7"'7ti) (62)
—

i

The corresponding slow variables are

bie,) = ci+ Y sy (63)
j
In the QE approximation atb; = 0 and the kinetic equation§1) give in this approximation
db;
ar = Z (KjSt = FiSi)Vii (64)

Lj, 1#7

In these equations, we have to use the dependgihte Here we use the QSS Michaelis and Menten
assumption: The compounds are present in small amounts

C; >>§j

In this case, we can takig instead ofc; (i.e., take u(b, 7)) instead ofu(c,T)) in the formulas for
equilibria 62):
« i Viilb; b, T
G =<5 (b, T)exp (%) (65)
In the final form of the QE kinetic equation there remain twdéfgants” of the compound kinetics:
Two sets of functions; (b, ') > 0 andx;;(b, T') > 0. These functions are connected by the iden&)(
The final form of the equations is

dbi an ib7 % 'Vji Z‘b,
d_t _ Z (Hjlgl*(b7 T) exp <W) — "'fljgj (b, T) exp <W>) Vji (66)

Ly, 1#£]

The identity 67), >, ,.; ki = >, k1;5;, provides a sufficient condition for decreasing of free
energy due to the kinetic equatior). This is a direct consequence of two theorem: The theorem
about the preservation of entropy production in the QE apprations (see Sectiohand Appendix 1)
and the Morimotai -theorem (see Appendix 2). Indeed, in the QE state the egaiéd reactions4d)

©; = B; do not produce entropy and all changes in the total free gremg caused by the Markov
kinetics B, — B,;. Due to the Morimoto/-theorem this change is negative: The Markov kinetics
decrease the perfect free energy of compounds and do net #ite free energy ofd;. In the QE
approximation, the concentrations df are changing together with concentrationsi®f because of
the equilibrium conditions for reactiort3; = B;. Due to the theorem of preservation of the entropy
production, the time derivative of the total free energyhis tQE dynamics coincides with the time
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derivative of the free energy d?; due to Markov kinetics. In addition to this proof, in Secti®below
we give the explicit formula for entropy production i66) and direct proof of its positivity.

Let us stress that the functiog§b, 7') andx (b, T') participate in equation$6) and in identity b7)
in the form of the product. Below we use for this product a gdewtation:

ijl(bv T) = ’ijl<b7 T)gl* (b7 T) (] 7£ l) (67)

We call this functionp;;(b, ') thekinetic factor The identity 67) for the kinetic factor is

D oad, T) = ¢;(b,T) forall j (68)

L 1#j L 1#j

We call thethermodynamic factqor the Boltzmann factor) the second multiplier in the reactates

(b, T) = exp (W) (69)

In this notation, the kinetic equation8g) have a simple form

b _

dt Z (onl(b> T)Ql<b> T) - Qplj(b7 T)Qj(b7 T))Vji (70)

L, 1#j

The general equation3(@) have the form of “sum over complexes”. Let us return to theencual
“sum over reactions” form. An elementary reaction corregfsoto the pair of complexes;, ©; (46).
It has the formo; — ©; and the reaction rate is= ¢;{2;. In the right hand side in7Q) this reaction
appears twice: first time with sign” and the vector coefficient; and the second time with sign-*
and the vector coefficienj. The stoichiometric vector of this reactiomjs= v; — v;. Let us enumerate
the elementary reactions by indexwhich corresponds to the paif, 7). Finally, we transform46) into
the sum over reactions form

db;
- = > 0ilb, T)U(b, T) (vsi — viz)

= Z (pp<b7 T>Qp(b7 T)Vpi
p

In the vector form it looks as follows:

= a0, 72

5.7. The Big Michaelis-Menten-Stueckelberg Theorem

Let us summarize the results of our analysis in one statement
Let us consider the reaction mechanism illustrated by Eig46):

under the following asymptotic assumptions:
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1. Concentrations of the compoungs are close to their quasiequilibrium valu&s)

Ei Vjilbi (b7 T)

g =(1+ 5)gJQE = (1406)s; (b, T) exp ( BT

) se

(this may be due to the fast reversible reactiongi))(

2. Concentrations of the compoungég are much smaller than the concentrations of the components
A;: There is a small positive parametex< 1, ¢7 = ¢ and¢; do not depend o

3. Kinetics of transitions between compounds— B; is linear (Markov) kinetics with reaction rate
constants:;; = 1r;.

Under these assumptions, in the asymptotic — 0, §, > 0 kinetics of componentsl; may be
described by the reaction mechanism

Z OépiAz' - Z ﬁpiAi

with the reaction rates

a,,
T, = ©,exp <<éT>)

where the kinetic factorg, satisfy the conditiong8):

2. =D e

Py Qp=V p, Bp=Vv

for any vectow from the set of all vector$a,,, 3,}. This statement includes the generalized mass action
law for , and the balance identity for kinetic factors that is suffititor the entropy growth as it is
shown in the next Sectiof

6. General Kinetics and Thermodynamics
6.1. General Formalism

To produce the general kinetic law and the complex balaneditions, we use “construction staging”:
The intermediate complexes with fast equilibria, the Markimetics and other important and interesting
physical and chemical hypothesis.

In this section, we delete these construction staging aartl fsbm the forms §9), (72) as the basic
laws. We use also the complex balance conditi®@® as a hint for the general conditions which
guarantee accordance between kinetics and thermodynamics

Let us consider a domaiki in n-dimensional real vector spaé¢ewith coordinatesVy, ..., N,. For
each N; a symbol (component); is given. A dimensionless entropy (free entropy for example,
Massieu, Planck, or Massieu-Planck potential which cped to the selected conditions]) S(N)
is defined inU. “Dimensionless” means that we us¢R instead of physicab. This choice of units
corresponds to the informational entropyi p instead ofkgp In p).

The dual variables, potentials, are defined as the partislades of S:

05
i = ON,

(73)
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Warning: This definition differs from the chemical potentia®2j by the factorl/RT": For constant
volume the Massieu-Planck potentiaHg’/7T" and we, in addition, divide it of®. On the other hand, we
keep the same sign as for the chemical potentials, and ffessdirom the standard Legendre transform
for S. (Itis the Legendre transform for functiens).

The reaction mechanism is defined by the stoichiometrictezpusa(l7)

Z OépiAz' - Z ﬁpiAi

(p = 1,...,m). In general, there is no need to assume that the stoichimnuetefficientsa,,;, 3,
are integers.

The assumption that they are nonnegativg,> 0, 3,; > 0, may be needed to prove that the kinetic
equations preserve positivity &f;. If N; is the number of particles then it is a natural assumption but
we can use other extensive variables instead, for exampl&aluded energy in the list of variables to
describe the non-isothermal process&d.[ In this case, the coefficient;; for the energy component
Ay in an exothermic reaction is negative.

So, for variables that are positive (bounded from below) lmirtphysical sense, we will use the
inequalities,; > 0, 3,; > 0, when necessary, but in general, for arbitrary extensiviabkes, we do not
assume positivity of stoichiometric coefficients. As it sually, the stoichiometric vector of reaction is
v, = B, — a, (the “gain minus loss” vector).

For each reaction, aonnegativequantity, reaction rate, is defined. We assume that this quantity
has the following structure:

Ty = ppexplay, fi) (74)
where(c,, 1) = >, ovpifli-

In the standard formalism of chemical kinetics the reactaias are intensive variables and in kinetic
equations forV an additional factor—the volume—appears. For heterogenegstems, there may be
several “volumes” (including interphase surfaces).

Each reaction has it own “volume”, an extensive varidbl¢gsome of them usually coincide), and we
can write

dN y
E = Z vp’VpSOp eXP(am N) (75)
P
In these notations, both the kinetic and the Boltzmann faaee intensive (and local) characteristics
of the system.

Let us, for simplicity of notations, consider a system witteovolume,l” and write

dN

d—t =V Z VoPp exp(ap, ,[L) (76)
p

Below we use the form7g). All our results will hold also for the multi-volume systen5) under
one important assumption: The elementary reaction

Z Oépz'Az' - Z 5;)@'14@'
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goes in the same volume as the reverse reaction
Z ﬁpiAi - Z apiAi
% %

or symbolically
Vi=V,- (77)

If this condition (77) holds then the detailed balance conditions and the confyaknce conditions will
hold separately in all volumég,.
An important particular case of §) gives us the Mass Action Law. Let us take the perfect freeopgt

C.
S =— N, (In[=] -1 78
S (n(3) 1) 79
wherec; = N;/V > 0 are concentrations angl > 0 are the standard equilibrium concentrations. Under
isochoric conditionsl/ = const, there is no difference between the choice of the main viasaly or c.

For the perfect function/@)

it = In (%) , exp(ay, fi) = H (%) o (79)

v i

and for the reaction rate functioi@4) we get

Ty = SOpH (z_i) : (80)

2

2

The standard assumption for the Mass Action Law in physidscaemistry is thap andc* are functions
of temperature:p, = ¢,(T") andc; = ¢;(T"). To return to the kinetic constants notatid20f we

should write:
$o
o
Equation 76) is the general form of the kinetic equation we would like tiody. In many senses, this
form is too general before we impose restrictions on theesbf the kinetic factors. For physical and

chemical systems, thermodynamics is a source of resttio

1. The energy of the Universe is constant.
2. The entropy of the Universe tends to a maximum.
(R. Clausius, 1865594].)

The first sentence should be extended: The kinetic equagiondd respect several conservation laws:
Energy, amount of atoms of each kind (if there is no nucleaetrens in the system) conservation of total
probability and, sometimes, some other conservation laMisof them have the form of conservation
of values of some linear functional${N) = const. If the input and output flows are added to the
system then

dl(N) _ VUinlin o Uoutl(N)
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wherev™°" are the input and output fluxes per unit volurtie are the input densities (concentration).
The standard requirement is that every reaction respecthede conservation laws. The formal
expression of this requirement is:

l(y,) = 0forall p (81)

There is a special term for this conservation laws: $taechiometric conservation law®\ll the main
conservation laws are assumed to be the stoichiometric ones

Analysis of the stoichiometric conservation laws is a senlophear algebra task: We have to find
the linear functionals that annulate all the stoichioneetgctorsy,. In contrast, entropy is not a linear
function of N and analysis of entropy production is not so simple.

In the next subsection we discuss various conditions whicarantee the positivity of entropy
production in kinetic equationg' ).

6.2. Accordance Between Kinetics and Thermodynamics
6.2.1. General Entropy Production Formula

Let us calculatelS/d¢ due to equations/@):

dS < 05 dN,
==Y VY yuepexpla,, i) (82)
i p

==V (v, ) g, explay, 1)
p
An auxiliary functionf(\) of one variable\ € [0, 1] is convenient for analysis afS/d¢ (it was
studied by Rozonoer and Orlo§Y), see also25):

0N = gpexpl(ji, (A, + (1= N)B,))] (83)

p

With this function, the entropy productioB82) has a very simple form:

ds _ o)

dt dA (84)

A=1

The auxiliary functiond(\) allows the following interpretation. Let us introduce thefarmed
stoichiometric mechanism with the stoichiometric vectors

a,(A) =X, + (1= N)B,, By(A) = A6, + (1 =N,

, Which is the initial mechanism when= 1, the inverted mechanism with interchangexcdnd 5 when
A = 0, the trivial mechanism (the left and right hand sides of tteéckiometric equations coincide)
when\ = 1/2.
For the deformed mechanism, let us take the same kinetimrfaahd calculate the Boltzmann factors
with o, (\):
ro(A) = @pexp(a,(A), /1)
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In this notation, the auxiliary functiord(\) is a sum of reaction rates for the deformed
reaction mechanism:
0N = rp(N)
p
In particular,d(1) = > r,, thisis just the sum of reaction rates.
Functiond()\) is convex. Indeed

dfff? ) =S gy 1 expl(is (M + (1= N)3,))] > 0

This convexity gives the followingnecessary and sufficient condition for positivity of
entropy production

% > (O ifand only if 6(\) < 6(1) for somel\ < 1

In several next subsections we study various importantqodat sufficient conditions for positivity
of entropy production.

6.2.2. Detailed Balance

The most celebrated condition which gives the positivityenfropy production is the principle of
detailed balance. Boltzmann used this principle to progddmousH -theorem £7].
Let us join elementary reactions in pairs:

Z A = Z Bpi A (85)

After this joining, the total amount of stoichiometric edqjoas decreases. If there is no reverse reaction
then we can add it formally, with zero kinetic factor. We wdlktinguish the reaction rates and kinetic
factors for direct and inverse reactions by the upper plusious:

EXpl&p, ﬂ) ) T; = SO; eXp(/Gp7/:L) y Tp = 7’;_ - 7’;

dN
E = v;’}/p’f’p (86)

In this notation, the principle of detailed balance is vem@e: The thermodynamic equilibrium
in the directiony,, given by the standard conditian,, ;1) = 0, is equilibrium for the corresponding
pair of mutually reverse reactions fror85). For kinetic factors this transforms into the simple and
beautiful condition:

@i exp(ay, ft) = p, exp(B,, i) < (7, 1) =0
therefore
©F =, (87)

For the systems with detailed balance we can tgke- »| = », and write for the reaction rate:

Tp = cpp(exp(ap, fi) — eXp(ﬁpv fi))
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M. Feinberg called this kinetic law the “Marselin-De Dontkinetics [46]. This representation of the
reaction rates gives for the auxiliary functiéo\):

0N =D wolexpl(iz, (A, + (1= X)B,))] + exp[(f, (A, + (1 = A)a,))]) (88)
p
Each term in this sum is symmetric with respect to chakge (1 — \). Thereforeg(1) = 6(0) and,
because of convexity @f(\), ¢'(1) > 0. This means positivity of entropy production.

The principle of detailed balance is a sufficient but not aeseary condition of the positivity of
entropy production. This was clearly explained, for examly L. Onsagerd6,57]. Interrelations
between positivity of entropy production, Onsager reapiorelations and detailed balance were
analyzed in detail by N.G. van Kampebg.

6.2.3. Complex Balance

The principle of detailed balance givesi{$) = 6(0) and this equality holds for each pair of mutually
reverse reactions.

Let us start now from the equalit(1) = 6(0). We return to the initial stoichiometric equatioris
without joining the direct and reverse reactions. The atuadads

> wpexplii,a,) = > explfi, B,) (89)
p p
Exponential functionsxp(,y) form linearly independent family in the space of functiorisjofor
any finite set of pairwise different vectots Therefore, the following approach is natural: Let us
equalize in 89) the terms with the same Boltzmann-type factep(/,y). Here we have to return to
the complex-based representation of reactions (see 8écfip

Let us consider the family of vectorsy,, 3,} (p = 1,...,m). Usually, some of these vectors
coincide. Assume that there ayalifferent vectors among them. Let, ..., y, be these vectors. For
eachj = 1,...,q we take

R ={plo, = y;}, By ={plB, = y;}

We can rewrite the equality) in the form

D exp(ny) | > wo— > | =0 (90)
j=1

+ —
pERj pERj

The Boltzmann factorsxp(/z, y;) form the linearly independent set. Therefore the naturgl tvaneet
these conditionis: Forany=1,...,q

D= D @=0 (91)

+ —
pERj peRj

This is the generatomplex balance conditiorThis condition is sufficient for entropy growth, because
it provides the equality(1) = 6(0).



Entropy2011, 13 998

If we assume thap, are constants or, for chemical kinetics, depend only on éatpre, then the
conditions 1) give the general solution to equatidd0y.

The complex balance condition is more general than thelddthalance. Indeed, this is obvious:
For the master equatiob) the complex balance condition is trivially valid for all@gssible constants.
The first order kinetics always satisfies the complex balaocelitions. On the contrary, the class of
the master equations with detailed balance is rather dpetiee dimension of the class of all master
equations has dimensioif — n (constants for all transitiond, — A; are independent). For the
time-reversible Markov chains (the master equations wétlited balance) there is ontyn +1)/2 — 1
independent constants: — 1 for equilibrium state and(n — 1)/2 for transitions4; — A; (¢ > j),
because for reverse transitions the constant can be daldutaough the detailed balance.

In general, for nonlinear reaction systems, the complexriza condition is not necessary for entropy
growth. In the next section we will give a more general candiand demonstrate that there are systems
that violate the complex balance condition but satisfy these general inequality.

6.2.4.G-Inequality

Gorban R5] proposed the following inequality for analysis of accarde between thermodynamics
and kinetics#(1) > 0(0). This means that for any values jof

Y pexpla,) > Y ppexplii, 5,) (92)

In the form of sum over complexes (similarly Q) it has the form

ZeXp(ﬂ,yj) Y we= > p,| =0 (93)

+ —
pPER; pER;

Let us call these inequalitie93), (93), theG-inequalities.

Here, two remarks are needed. First, functiers(i, y;) are linearly independent but this does not
allow us to transform inequalitie®8) similarly to (91) even for constant kinetic factors: Inequality
between linear combinations of independent functions mést and the “simplified system”

Z ©p — Z ¢, > 0forall j
pERT pER;

Is not equivalent to thé&-inequality.
Second, this simplified inequality is equivalent to the ctarpbalance condition (with equality
instead of>). Indeed, for any = 1, ..., m there exist exactly ong and onej, # j; with properties:

n _ . . ) . . . .
p € R}, p € R;,. Therefore, for any reaction mechanism with reaction rgtdsthe identity holds:

2|2 wem 2| =0

+ —
14 pER; pER;

If all terms in this sum are non-negative then all of them a®s.
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Nevertheless, if at least one of the vectgyss a convex combination of others,

Z ey = v, for some),, > 0, Z A =1

k, k#j k,k#j
then theG inequality has more solutions than the condition of complalance. Let us take a very
simple example with two components$; and A,, three reactions and three complexes:

2A1 — Al + AQ, 2A2 — Al + AQ, 2A1 — 2A2

= (270)7 Y2 = (072)7 Ys = (17 1)7
Ri‘r = {173}7 R; = {27 _3}7 Ri—’,’- = {_17 _2}
Rl_ = {_17 _3}7 RZ_ = {_273}7 Rf‘: = {172}

The complex balance condition for this system is

(1= 9-1) + (w3 —p_3)

’ (04)
(P2 —@_2) — (p3—p_3) =0

The G-inequality for this system is

(14 3 — -1 — p_3)a’ + (2 + p_3 — p_s — p3)b?

(95)
+ (p_1+p_o2—¢1 —po)ab>0foralla,b >0

(here,a, b stand forexp(ji;), exp(jiz)). Let us use for the coefficients at and»? notationsy, and
1,. Coefficient atab in (95) is — (1, + 1), linear combinations), = ¢1 + ¢3 — ¢_1 — ¢_3 and
Uy, = o + p_3 — w_s — p3 are linearly independent functions of variableqi = +1, +2, +3) and we
get the following task: To find all pairs of numbdrg,, ¢,) € R? which satisfy the inequality

aa® + Upb* > (b + y)ab foralla,b > 0

Asymptoticsa — 0 andb — 0 give,, v, > 0.

Let us use homogeneity of functions i85, exclude one normalization factor fromb and one
factor fromv,, ¢, and reduce the number of variablés= 1 — a, v, = 1 — v,: We have to find all such
Yy € [0, 1] that for alla €]0, 1]

a’(1 =) + (1 —a)*y —a(l —a) >0

The minimizer of this quadratic function af iS awim = 3 + 3¢, amin €]0,1] for all v, € [0, 1].
The minimal value is-2(31, — ). It is nonnegative if and only ifs, = 1. When we return to the
non-normalized variables,, v, then we get the general solution of tGeinequality for this example:

1, = 1P > 0. For the kinetic factors this means:

(o1 —9-1) +2(ps —p3) = (2 —p—2) =0
(1 —p-1) + (p3 —p-3) 20 (96)
(2 — p—2) — (3 — p-3) > 0
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These conditions are wider (weaker) than the complex balaanditions for this exampl®©4).

In the Stueckelberg languag@q], the microscopic reasons for th&-inequality instead of the
complex balance68) can be explained as follows: Some channels of the scajtenia unknown
(hidden), hence, instead of unitarity Sfmatrix (conservation of the microscopic probability) wavk
an inequality (the microscopic probability does not insea

We can use other values &f € [0, 1] in inequalityf(1) > 6(\,) and produce constructive sufficient
conditions of accordance between thermodynamics andiésndior example, conditiof(1) > 6(1/2)
is weaker thar(1) > 6(0) because of convexit§(\).

One can ask a reasonable question: Why we do not use direxsitivity of entropy production
(0'(1) > 0) instead of this variety of sufficient conditions. Of cour#@s is possible, but inequalities
like 6(1) > 6(0) or equations liked(1) = #(0) include linear combinations of exponents of linear
functions and often can be transformed in algebraic egustio inequalities like in the example above.
Inequality#’(1) > 0 includes transcendent functions likexp f (wheref is a linear function) which
makes its study more difficult.

7. Linear Deformation of Entropy
7.1. If Kinetics Does not Respect Thermodynamics then Beftbon of Entropy May Help

Kinetic equations in the general forn7@) are very general, indeed. They can be used for the
approximation of any continuous time dynamical system anmactlU [59]. In previous sections we
demonstrated how to construct the system in the for6) fith positivity of the entropy production
when the entropy function is given.

Let us consider a reverse problem. Assume that a system ifiotime(76) is given but the entropy
production is not always positive. How to find a new entropyction for this system to guarantee the
positivity of entropy production?

Existence of such an entropy is very useful for analysisatbitity of the system. For example, let us
take an arbitrary Mass Action Law syste80). This is a rather general system with the polynomial right
hand side. Its stability or instability is not obvious a pridt is necessary to check whether bifurcations
of steady states, oscillations and other interesting tffeicdynamics are possible for this system.

With the positivity of entropy productions these questi@me much simpler (for application of
thermodynamic potentials to stability analysis see, fanegle, B359-61]). If dS/d¢t > 0 and it
is zero only in steady states, then any motion in compaconverges to a steady state and all the
non-wandering points are steady states. (A non-wandeing 5 such a point: € U that for any
T > 0 ande > 0 there exists such a motiaiit) € U that (i) ||c(0) — z|| < e and (ii) [[c(T") — z|| < ¢
for someT” > T: A motion returns in an arbitrarily small vicinity of after an arbitrarily long time.)
Moreover, the global maximizer ¢f in U is an asymptotically stable steady state (at least, locdtlys
a globally asymptotically stable point if there is no othierasly state i/.

For the global analysis of an arbitrary system of differ@rgquations, it is desirable either to construct
a general Lyapunov function or to prove that it does not efist the Lyapunov functions of the general
form this task may be quite difficult. Therefore, varioustBrdimensional spaces of trial functions are
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often in use. For example, quadratic polynomials of sewaehbbles provide a very popular class of
trial Lyapunov function.

In this section, we discuss theparametric families of Lyapunov functions which are proeld by
the addition of linear function to the entropy:

S(N) = San(N) = S(N) = > AjiiN; (97)

The change in potentiaJsis simply the addition of\ji: fi; — ji; + Afi;.

Let us take a general kinetic equatiat6). We are looking for a transformation that does not change
the reaction rates. The Boltzmann factdy = exp(fi, «,) transforms due to the change of the entropy:
Q, — Q,exp(Afi, a,). Therefore, to preserve the reaction rate, the transfeomaf the kinetic factors
should bep, — ¢, exp(Afi, a,) in order to keep the produc} = €2,¢, constant.

For the new entropy; = Sa,, wWith the new potential and kinetic factors, the entropydoiciion is
given by ©8):

ds y .
T > (s )pp exp(a, i)
P
_ ~old ~ old ~old
== Zp:(%, A7 + Afi), exp(ay, i) (98)
dSOld

a Z('Vpa Aﬂ)ﬂpzld exp(a,, )
p

where the superscript “old” corresponds to the non-defdrqeantities.
7.2. Entropy Deformation for Restoration of Detailed Balan

It may be very useful to find such a vectar: that in new variables; = ¢ . For the analysis of
the detailed balance condition, we group reactions in pHirautually inverse reaction89). Let us
consider an equation of the general fo®6)(with r, = r;~ —r_, <pff > 0.

The problem is: To find such a vectdy: that

oy exp (Afi, o) = @ exp (Afi, 5,) (99)
or, in the equivalent form of the linear equation
90+
@) =i (2) (100)
Pp

The necessary and sufficient conditions for the existenseiciA /i are known from linear algebra:
For every set of numbets, (p = 1,...,m)

Z a,v, = 0= Z a,In (@_;:) =0 (101)
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To check these conditions, it is sufficient to find a basis diitsans of the uniform systems of
linear equations

Za,ﬁpizo (t=1,...,m)
p

(that is, to find a basis of the left kernel of the matfixcoimI', whereI' = (v,,)) and then check for
these basis vectors the condit@p a,1n (ii) = ( to prove or disprove that the vector with coordinates

In <%> belongs to the image af, imI".
For some of the reaction mechanisms it is possible to reshereletailed balance condition for the
general kinetic equation unconditionally. For these rieast for any set of positive kinetic factors,
there exists such a vectdy; that the detailed balance conditiak0Q) is valid for the deformed entropy.
According to (0J) this means that there is no nonzero solutigrfor the equatior)_  a,7y, = 0. In

other words, vectors, are independent.
7.3. Entropy Deformation for Restoration of Complex Bakanc

The complex balance condition81) are, in general, weaker than the detailed balance but tleey a
still sufficient for the entropy growth.

Let us consider an equation of the general for@%)( We need to find such a vectak/:
that in new variables with the new entropy and kinetic fasttlie complex balance conditions
EpeRj O — EpeR; @3 =0 hold.

For our purpose, it is convenient to return to the presesriadif reactions as transitions between
complexes. The complexes;, . . ., ©, are the linear combination®,; = (y;, A).

Each elementary reactiott’q) with the reaction number may be represented in the folgy — ©,,
where©; = > y,;A;, p € Rj (o, = y;) andp € R; (3, = y1). For this reaction, let us use the notation
v, = ;- We used this notation in the analysis of kinetics of compuisu{Sectiorb.6). The complex
balance conditions are

D (e =) =0 (102)
J,3#
To obtain these conditions after the entropy deformatianhave to find such /i that

> (i exp (Afi, ;) — pexp (Aji,y) = 0 (103)
4, j7#1
This is exactly the equation for equilibrium of a Markov amawith transition coefficientsy,;.
Vector (Afi, y;) should be an equilibrium state for this chain (without noiim@ion to the unit sum
of coordinates).

For this finite Markov chain a graph representation is use¥eltices are complexes and oriented
edges are reactions. To provide the existence of a posijiwdilrium we assumeveak reversibilityof
the chain: If there exists an oriented path frémto ©; then there exists an oriented path frémto ©,.

Let us demonstrate how to transform this problem of entropfprination into a linear algebra
problem. First of all, let us find any positive equilibriumtbe chaing; > 0:

> (s —pust) =0 (104)
Jr gl
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This is a system of linear equations. If we have already aitrary equilibrium of the chain then
other equilibria allow a very simple description. We alrgddund this description for kinetics of
compounds34)

Let us consider the master equation for the Markov chain ea#fficientsy;; and apply the formalism
from Appendix 2:

= > s — o) =0 (105)
4, i

Let the graph of complex transformatiofs — ©; haved connected components; and letV; be
the set of indexes of thoge; which belong toCy: ©, € C; if and only if j € V,. For eachC; there
exists a conservation lag () for the master equatio®®), 5;(s) = >~y ;-

For any set of positive values ¢f;, (s = 1,...,q) there exists a unique equilibrium vectg¥
for (105 with this valuesi, (54), (132). The set of equilibria is a linear space with the naturakrdowates
Bs (s = 1,...,d). We are interested in the positive orthant of this spate;> 0. For positives,,
logarithms of¢®? form a d-dimensional linear manifold irR? (133). The natural coordinates on this
manifold areln j,.

Let us notice that the vectg?f with coordinates

. ( i (e, T)
! EZGVS s (e, T)

is also an equilibrium forX05). This equilibrium is normalized to unit values of all(<°). In the
coordinatesn 3, this is the origin. The equations fdx;: are

)forjeVs

(Aft,y;) — In B, = Ing; for j € V; (106)

This is a system of linear equations with respectnte+ d variablesAj; (¢ = 1,...,n) and
Ings (s =1,...,d). Let the coefficient matrix of this system be denoted\iy

Analysis of solutions and solvability of such equationsne @f the standard linear algebra tasks. If
this system has a solution then the complex balance in tiggnatisystem can be restored by the linear
deformation of the entropy. If this system is solvable foy aight hand side, then for this reaction
mechanism we always can find the entropy, which providesdhgtex balance condition.

Unconditional solvability of 106) means that the left hand side matrix of this system has gahlkt
us express this rank through two important characteristtds rank{~i, ..., 7.} + d, whered is the
number of connected components in the graph of transfoomaficomplexes.

To prove this formula, let us write down the matt of the system106). First, we change the
enumeration of complexes. We group the complexes from time smnnected component together and
arrange these groups in the order of the connected compoueiter. After this change of enumeration,
{0 VALY = Vi (VAL L, (VAL VLY = Voo s (VA Vil o Vit 1, [V (V] +
|Vl =V
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Lety, be here the row vector. The matrix is

[y 10 ...0]
1
y‘V1|+1 O 1 . O
L Yvalbetyy 00 o0 T

M consists ofd blocks M,, which correspond to connected components of the graph of
transformation of complexes:

YVil+otVea|+1 O oo 1
M. | S (108)

Y|Vi |+...+| V| 0o ... 1

The firstn columns in this matrix are filled by the vectogs of complexes, which belong to the
component’;, then follows — 1 columns of zeros, after that, there is one column of unitd, then
again zeros. Here, inlQ7), (108 we multiplied the lasti columns by—1. This operation does not
change the rank of the matrix.

Other elementary operations that do not change the rank\gean add to any row (column) a linear
combination of other rows (columns).

We will use these operations to simplify block@) but first we have to recall several properties of
spanning trees6p]. Let us consider a connected, undirected graphith the set of verticey’ and the
setof edgeg C V x V. A spanning tree of7 is a selection of edges 6f that form a tree spanning every
vertex. For a connected graph withvertices, any spanning tree hés— 1 edges. Let for each vertex
©, of G an-dimensional vectoy; is given. Then for every edg®,,0;) € £ a vectory;; = y; — y
is defined. We identify vectorg and —~ and the order of, [ is not important. Let us uskgg for this
set ofy;;:

e ={y; —ul(6;,6)) € &}

For any spanning treg of graphG we have the following property:
spanl'g = spanl'p (109)

in particular,rankl’ = rank['7.

For the digraphs of reactions between complexes, we credgiesgted graphs just by neglecting the
directions of edges. We keep for them the same notationsrawifpnal digraphs. Let us select any
spanning tred’ for the connected componefi in the graph of transformation of complexes.linwe
select arbitrarily a root complex. After that, any other @dex ©; in C has a unique parent. This is the
vertex connected to it on the path to the root. For the rootgterof C; we use special notatiod?.
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Now, we transform the blockL08) without change of rank: For each non-root complex we sgbtra
from the corresponding row the row which correspond to iisju@ parent. After these transformations
(and, may be, some permutations of rows), the blvtkget the following form:

[ 3 0 ... 0
3 0 ... 0
: : : (110)
7|SV1\—1 0O ... 0
L s 0 ]
Here, {7:,75, . .. 7va1\—1} is 'y, for the spanning tre&; andy? is the coefficient vector for the root

complex©s.

From the obtained structure of blocks we immediately find tha rank of the rows withy is
rank{y,...,7m} + d due to (09. Additional d rows with ¢ are independent due to their last
coordinates and addto rank. Finally

rankM = rank{~q,...,vn} +d (111)

Obviously,rankM < gq.

In particular, from the formulal(l1) immediately follows the description of the reaction medbms,
for which it is always possible to restore the thermodynapnaperties by the linear deformation of the
entropy.

The deficiency zero theorem.If rankM = ¢ then it is always possible to restore the positivity of the
entropy production by the linear deformation of the entropy

Feinberg §3] called the difference — rankM the deficiencyof the reaction network. For example,
for the “Michaelis-Menten” reaction mechanist+ S = ES = P + S rank{v, 2} = 2,d = 1,

q = 3, rankM = 3 and deficiency is 0.

For the adsorption (the Langmuir-Hinshelwood) mechanisth ©O oxidation @8)
rank{y;,72,73} = 3, d = 3, ¢ = 6, rankM = 6 and deficiency is 0. To apply the results
about the entropy deformation to this reaction mechanig¢ns hecessary to introduce an inverse
reaction to the third elementary reaction B8, PtO+PtCG-CO,+2Pt with an arbitrarily small but
positive constant in order to make the mechanism weaklysée.

Let us consider the Langmuir-Hinshelwood mechanism fanced list of components. Let us assume
that the gas concentrations are constant because of conttiole separation or just as a model “fast”
system and just include them in the reaction rate constamtsifermediates. Then the mechanism
is 2P&=2PtO, P&PtCO, PtO+PtCO»2Pt. For this systemsank{~y;, 72,73} = 2, d = 2, ¢ = 5,
rankM = 4 and deficiency is 1. Bifurcations in this system are kno@8j.|

For the fragment of the reaction mechanism of the hydrogerbestion 44), rank{~y,...,v.} = 6,
d=17,q=16,rankM = 6 + 7 = 13 and deficiency is 3.
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7.4. Existence of Points of Detailed and Complex Balance

Our formulation of the conditions of detailed and complelahae is not standard: We formulate
them as the identitie87) and 89). These identities have a global nature and describe thgepres of
reaction rates for all states.

The usual approach to the principle of detailed balance sedbaon equilibria. The standard
formulation is: In all equilibria every process is balanced with its revemmecess Without special
forms of kinetic law this principle cannot have any consexpas for global dynamics. This is a trivial
but not widely known fact. Indeed, let a systém F'(c) be givenin adomaity C R™ and~,, ..., 7, is
an arbitrary basis iflR". In this basis, we can always writé}(c) = ZZZI r,(c)v,. For any equilibrium
c*, rp(c*) = 0. All the “reaction rates’,(c) vanish simultaneously. This “detailed balance” means
nothing for dynamics becaugeis an arbitrary vector field. Of course, if the system of ves{oy, } is
not a basis but any complete system of vectors then suchifetbtzalance” conditions;,(c*) = 0, also
do not imply any specific features of dynamics without sgdgrpotheses about functioms(c).

Nevertheless, if we fix the kinetic law then the consequent@gbe very important. For example, if
kinetics of elementary reactions follow the Mass Action lénen the existence of a positive equilibrium
with detailed balance implies existence of the Lyapunoxfiom in the form of the perfect free entropy:

Ci
- -Ee(e(3)-)
wherec; is that positive equilibrium with detailed balance (see ggample, 83)).

In this section we demonstrate that for the general kinetve (74), which gives the expression
of reaction rates through the entropy gradient, if the kin&ctors are constant (or a function of
temperature) then the existence of the points of detailedcdmplex) balance means that the linear
deformation of the entropy exists which restores the gldbtdiled (or complex) balance conditio®3)
(or (89)).

The condition that the kinetic factors are constant meaatftr a given set of value§p,} a state
with any admissible values gfis physically possible (admissible). This condition alius to vary the
potentialsi independently ofy, }.

Let us assume that for the general kinetic system with themehary reaction rates given by4) a
point of detailed balance exists. This means that for sorlue\at ;i = /i* (the detailed balance point in

the Legendre transform) and for all-> = r

@, exp(ap, i) = ¢, exp(a,, i)

This formula is exactly the conditio®9) of existence ofA; which allow us to deform the entropy for
restoring the detailed balance in the global fo8%)(

If we assume that the point of complex balance exists thewr #ivasts such a value gf= ;i* (a point
of complex balance in the Legendre transform) that

D (piiexp (717, y3) — puexp (17, 9)) = 0
j A

This is exactly the deformation conditiohQ3) with Ag = fi*.
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To prove these statements we used an additional conditiontabossibility to vary;: under
given{yp,}.

So, we demonstrated that for the general kinetic [ad) the existence of a point of detailed balance
is equivalent to the existence of such linear deformatiothefentropy that the global conditioB87)
holds. Analogously, the existence of a point of complex begais equivalent to the global condition of
complex balance after some linear deformation of the egtrop

7.5. The Detailed Balance is Needed More Often than the Gonlgalance

The complex balance conditions are mathematically nice rante general than the principle of
the detailed balance. They are linked by Stueckelberg tdvihkkov models (5-matrix models”) of
microscopic kinetics. Many systems satisfy these conddti@fter linear deformation of the entropy)
just because of the algebraic structure of the reaction aresim (see Section.3). Nevertheless, it is
used much less than the classical detailed balance.

The reason for the rare use of complex balance is simple: l&ss popular because the stronger
condition, the principle of detailed balance, is valid fanshof physical and chemical systems. Onsager
revealed the physical reason for detailed bala®&b[]. This is microreversibility The microscopic
laws of motion are invertible in time: If we observe the msropic dynamics of particles in the
backward movie then we cannot find the difference from théeweald. This difference occurs in the
macroscopic world.

In microphysics and thg-matrix theory this microreversibility property has thewa"“I"-invariance”.

Let us demonstrate hoW-invariance in micro-world implies detailed balance in moaworld.

Following Gibbs, we accept the ensemble-based point of wiewhe macroscopic states: They are
probability distributions in the space of detailed miciggic states.

First of all, we assume that under given values of consawdaws equilibrium state exists and
is unique.

Second assumption is that the rates of elementary procassescroscopically observable quantities.
This means that somebody (a “demon”), who observes all thietevn the microscopical world can count
the rates of elementary reactions.

Because of -invariance and uniqueness of equilibrium, the equilibris 7-invariant: If we change
all the microscopic time derivatives (velocitiasjo —v then nothing will change.

T-transformation changes all reactions to the reverseicgastjust by reversion of arrows, but the
number of the events remains the same: Any reaction transfarto its reverse reaction but does not
change the reaction rate. This can be formulated also asv®lll'-transformation maps ali}" into the
corresponding .

Hence, because of téinvariance, the equilibrium rate of each reaction is eqodhe equilibrium
rate of the reverse reaction.

The violation of uniqueness of equilibrium for given valuwonservation laws seems improbable.
Existence of several equilibria in thermodynamics is quiteexpected for homogeneous systems
but requires more attention for the systems with phase aBpar Nevertheless, if we assume
that a multi-phase system consists of several homogeneloasep, and each of these phases is
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in uniform equilibrium, then we return to the previous asption (with some white spots for
non-uniform interfaces).

T-invariance may be violated if the microscopic descriptismot reversible in time. Magnetic
field and the Coriolis force are the classical examples fotation of the microscopic reversibility.
In a linear approximation near equilibrium the correspagdmnodification of the Onsager relations
give the Onsager-Casimir relation®4]. There are several attempts for nonlinear formulationhef t
Onsager-Casimir relations (seg5]).

The principle of detailed balance seems to be still the baslimear version of the Onsager relations
for T-invariant systems, and the conditions of the complex lzaaseem to give the proper relations
between kinetic coefficients in the absence of the micrasagpersibility for nonlinear systems. It is
important to mention here that all these relations are usgether with the general kinetic law4).

Observability of the rates of elementary reactions deseavepecial study. Two approaches to the
reaction rate are possible. If we accept that the generatikitaw (74) is valid then we can find the
kinetic factors by observation afc/d¢ in several points because the Boltzmann factors are lyearl
independent. In this sense, they are observable but ondaiamtbe approximation point of view and
state that the general kinetic law4) without additional conditions on kinetic factors is vergrgral
and allows to approximate any dynamical system. From thistpaf view, kinetic coefficients are
just some numbers in the approximation algorithm and areoheérvable. This means that there is
no such a microscopic thing as the rate of elementary regaiod the set of reactions serves just for
the approximation of the right hand side of the kinetic eopumat We cannot fully disprove this point
of view but can just say that in some cases the collisiondagproach with physically distinguished
elementary reactions is based on the solid experimentatrewdetical background. If the elementary
reactions physically exist then the detailed balancé&famvariant systems is proved.

8. Conclusions

We present the general formalism of the Quasiequilibriupraxmation (QE) with the proof of the
persistence of entropy production in the QE approximatiec{ion?2).

We demonstrate how to apply this formalism to chemical koseand give several examples for
the Mass Action law kinetic equation. We discuss the difieeebetween QE and Quasi-Steady-State
(QSS) approximations and analyze the classical Mich&ééisten and Briggs-Haldane model reduction
approaches (SectioB). After that, we use ideas of Michaelis, Menten and Studxkgl to create a
general approach to kinetics.

Let us summarize the main results of our discussion. Firstllpfve believe that this is the finish
of the Michaelis-Menten-Stueckelberg program. The apgrda modeling of the reaction kinetics
proposed by Michaelis and Menten in 19BBfor enzyme reactions was independently in 1952 applied
by Stueckelbergd6] to the Boltzmann equation.

The idea of the complex balance (cyclic balance) relatioas proposed by Boltzmann as an answer
to the Lorentz objections against Boltzmann’s proof of theheorem. Lorentz stated that the collisions
of the polyatomic molecules may have no inverse collisi@ercignani and Lampi2B] demonstrated
that the Boltzmanni-theorem based on the detailed balance conditions is vatidhie polyatomic
molecules under the microreversibility conditions and thew Boltzmann’s idea was not needed.
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Nevertheless, this seminal idea was studied further by raattyors p9-31] mostly for linear systems.
Stueckelbergd6] proved these conditions for the Boltzmann equation. Hel urskis proof theS-matrix
representation of the micro-kinetics.

Some consequences of the Stueckelberg approach wereonestisd for the Mass Action law kinetics
by Horn and Jackson in 19731] and supplemented by the “zero deficiency theoref8].[ This is
the history.

In our work, we develop the Michaelis-Menten-Stueckelbapgroach to general kinetics. This
is a combination of the QE (fast equilibria) and the QSS (b@alounts) approaches to the real or
hypothetical intermediate states. These intermediatesstaompounds) are included in all elementary
reactions 46) as it is illustrated in Figurd. Because of the small amount, the free energy for these
compoundsB; is perfect 48), the kinetics of compounds is the first order Markov kinetand satisfies
the master equation.

After that, we use the combination of QE and QSS approximatand exclude the concentrations
of compounds. For the general kinetics the main result afdpproach is the general kinetic la@4).
Earlier, we just postulated this law because of its converaad natural form5,53], now we have the
physical framework where this law can be proved.

We do not assume anything about reaction rates of the maictiora (L7). We use only
thermodynamic equilibrium, the hypothesis about fast ldgruim with compounds and the smallness
of concentration of compounds. This smallness implies gréept entropy and the first order kinetics
for compounds. After that, we get the reaction rate fun&ifrom the qualitative assumptions about
compounds and the equilibrium thermodynamic data.

For example, if we relax the assumption about fast equilibrand use just smallness of compound
concentrations (the Briggs-Haldane QSS appro&ehl4]) then we immediately need the formulas for
reaction rates of compound production. Equilibrium datzobee insufficient. If we relax the assumption
about smallness of concentrations then we lose the penfieéatpy and the first order Markov kinetics.
So, only the combination of QE and QSS gives the desiredtresul

For the kinetics of rarefied gases the mass action law fotielkeallisions (the Boltzmann equation)
or for inelastic processes like chemical reactions folldmsn the “molecular chaos” hypothesis and
the low density limits. The Michaelis-Menten-Stuecketbapproach substitutes low density of all
components bjow density of the elementary evefas of the correspondent compounds) together with
the QE assumption.

The general kinetic law has a simple form: For an elementsagtion

Z ;A — Z BiA;

the reaction rate i8 = (2, whereQ) > 0 is the Boltzmann factof) = exp (>, aifi;), fi; = —0S/ON;
is the chemical potential divided by RT, andy > 0 is the kinetic factor. Kinetic factors for different
reactions should satisfy some conditions. Two of them anmected to the basic physics:

e The detailed balance: The kinetic factors for mutually regeeaction should coincide;” = .
This identity is proven for systems with microreversilyil{Section7.5).
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e The complex balance: The sum of the kinetic factors for adinedntary reactions of the
form . a;A; — ... is equal to the sum of the kinetic factors for all elementagctions
of the form ... — > . a;A4; (91). This identity is proven for all systems under the
Michaelis-Menten-Stueckelberg assumptions about existef intermediate compounds which
are in fast equilibria with other components and are prasestall amounts.

For the general kinetic law we studied several sufficientddooms of accordance between
thermodynamics and kinetics: Detailed balance, complénica and~-inequality.

In the practice of modeling, a kinetic model may, initialy not respect thermodynamic conditions.
For these cases, we solved the problem of whether it is gdedsitadd a linear function to entropy in
order to provide agreement with the given kinetic model aefbgned thermodynamics. The answer
is constructive (Sectioid) and allows us to prove the general algebraic conditionshferdetailed and
complex balance.

Finally, we have to mention that Michaelis, Menten and Ste#serg did not prove their “big
theorem”. Michaelis and Menten did not recognize that theautiful result of mass action law
produced from the equilibrium relations between subsirated compounds, the assumption about
smallness of compound concentrations and the natural hgpistabout linearity of compound kinetics
is a general theorem. Stueckelberg had much more and falbhgrezed that his approach decouples the
BoltzmannH -theorem and the microreversibility (detailed balancédjisTs important because for every
professional in theoretical physics it is obvious that theroreversibility cannot be important necessary
condition for theH-theorem. Entropy production should be positive without eglation to detailed
balance (the proof of thé/-theorem for systems with detailed balance is much simpléeitloes not
matter: Just the Markov microkinetics is sufficient for iNevertheless, Stueckelberg did not produce
the generalized mass action law and did not analyze the @ekieetic equation. Later, Horn, Jackson
and Feinberg approached the complex balance conditiomns age studied the generalized mass action
law but had no significant interest in the microscopic asdionp behind these properties. Therefore,
this paper is the first publication of the Michaelis-Mentiueckelberg theorem.

References

1. Klonowski, W. Simplifying Principles for chemical and emag reaction kineticsBiophys. Chem.
1983 18, 73-87.

2. Gibbs, G.W.Elementary Principles in Statistical Mechanjd&le University Press: New Haven,
CT, USA, 1902.

3. Jaynes, E.T. Information theory and statistical mechanits Statistical Physics. Brandeis
Lectures Ford, K.W., Ed.; Benjamin: New York, NY, USA, 1963; pp. 16(B5.

4. Balian, R., Alhassid, Y.; Reinhardt, H. Dissipation in mamydy systems: A geometric approach
based on information theori2hys. Rep1986 131, 1-146.

5. Gorban, A.N.; Karlin, I.V.; Ilg, P.; Ottinger, H.C. Corrections and enhancements of
guasi—equilibrium stated. Non-Newtonian Fluid Mect2001, 96, 203—-219.

6. Gorban, A.N.; Karlin, I.V.Invariant Manifolds for Physical and Chemical Kinetics ¢iiere Notes
in Physics) Springer: Berlin, Germary, 2005.



Entropy2011, 13 1011

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.
27.

Bodenstein, M. Eine Theorie der Photochemischen RealgesthwindigkeitenZ. Phys. Chem.
1913 85, 329-397.

Michaelis, L.; Menten, M. Die kinetik der intervintwirkun@iochem. 21913 49, 333—-369.
Semenov, N.N. On the kinetics of complex reactiohsChem. Phys1939 7, 683—-699.
Christiansen, J.A. The elucidation of reaction mechanibynghe method of intermediates in
guasi-stationary concentratiorsdv. Catal.1953 5, 311-353.

Helfferich, F.G. Systematic approach to elucidation oftistép reaction networksl. Phys. Chem.
1989 93, 6676—6681.

Briggs, G.E.; Haldane, J.B.S. A note on the kinetics of ereyaution. Biochem. J1925 19,
338-339.

Aris, R. Introduction to the Analysis of Chemical ReactdPsentice-Hall, Inc.: Englewood ClIiffs,
NJ, USA, 1965.

Segel, L.A.; Slemrod, M. The quasi-steady-state assumpAiacase study in perturbatio®IAM
Rev.1989 31, 446-477.

Wei, J.; Kuo, J.C. A lumping analysis in monomolecular reacsystems: Analysis of the exactly
lumpable systemind. Eng. Chem. Fundl969 8, 114-123.

Wei, J.; Prater, C. The structure and analysis of complesti@masystemsAdv. Catal.1962 13,
203-393.

Kuo, J.C.; Wei, J. A lumping analysis in monomolecular reactsystems. Analysis of the
approximately lumpable systermd. Eng. Chem. Fundl969 8, 124-133.

Li, G.; Rabitz, H. A general analysis of exact lumping in cheshkinetics.Chem. Eng. Scil989
44, 1413-1430.

Toth, J.; Li, G.; Rabitz, H.; Tomlin, A.S. The effect of lunmg and expanding on kinetic differential
equationsSIAM J. Appl. Math1997, 57, 1531-1556.

Coxson, P.G.; Bischoff, K.B. Lumping strategy. 2. Systemottetic approachlnd. Eng. Chem.
Res.1987 26, 2151-2157.

Djouad, R.; Sportisse, B. Partitioning techniques and limgnpomputation for reducing chemical
kinetics. APLA: An automatic partitioning and lumping atgbm. Appl. Numer. Math2002 43,
383-398.

Lin, B.; Leibovici, C.F.; Jorgensen, S.B. Optimal compaonkeimping: Problem formulation and
solution techniquesComput. Chem. En@008 32, 1167-1172.

Gorban, A.N.; Radulescu, O. Dynamic and static limitatiomeaction networks, revisitedddv.
Chem. Eng2008 34, 103-173.

Gorban, A.N.; Radulescu, O.; Zinovyev, A.Y. Asymptotologly chemical reaction networks.
Chem. Eng. Sc01Q 65, 2310-2324.

Gorban, A.N.Equilibrium encircling. Equations of Chemical Kineticscaheir Thermodynamic
Analysis Nauka: Novosibirsk, USSR, 1984.

Stueckelberg, E.C.G. Theoreniget unitarite deS. Helv. Phys. Actd 952 25, 577-580.
Boltzmann, L. Weitere Studien Uber das Warmegleichgetunter GasmolekilenSitzungsber.
keis. Akad. Wissl872 66, 275-370.



Entropy2011, 13 1012

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.

42.

43.

44,

45,

46.
47.

48.

Cercignani, C.; Lampis M. On thé&/-theorem for polyatomic gasesl. Stat. Phys.1981, 26,
795-801.

Heitler, W.Quantum Theory of Radiatiop@xford University Press: London, UK, 1944.

Coester, F. Principle of detailed balan&dys. Rev1951], 84, 1259.

Watanabe, S. Symmetry of physical laws. Part I. Symmetrypats-time and balance theorems.
Rev. Mod. Physl955 27, 26-39.

Gorban, A.N.; Gorban, P.A.; Judge, G. Entropy: The Markadeoing approachEntropy201Q
12, 1145-1193.

Yablonskii, G.S.; Bykov, V.I.; Gorban, A.N.; Elokhin, VKinetic Models of Catalytic Reactions
Elsevier: Amsterdam, The Netherlands, 1991; Volume 32.

Gorban, A.N.; Karlin, I.V. Method of invariant manifold famhemical kinetics.Chem. Eng. Sci.
2003 58, 4751-4768.

Eyring, H. The activated complex in chemical reactiah€Chem. Physl1935 3, 107-115.

Evans, M.G.; Polanyi, M. Some applications of the transitstate method to the calculation of
reaction velocities, especially in solutiofrans. Faraday Socl935 31, 875-894.

Laidler, K.J. Tweedale, A. The current status of Eyringtereheory. InAdvances in Chemical
Physics: Chemical Dynamics: Papers in Honor of Henry EyriAgschfelder, J.O., Henderson,
D., Eds.; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 2007;Wbé 21.

Gorban, A.N.; Karlin, 1.V. Quasi-equilibrium closure hachies for the Boltzmann equation.
Physica A2006 360, 325-364.

Gorban, A.N.; Karlin, I.V. Uniqueness of thermodynamicjpator and kinetic basis of molecular
individualism.Physica A2004 336, 391-432.

Hangos, K.M. Engineering model reduction and entropy-thds@punov functions in chemical
reaction kineticsEntropy201Q 12, 772—797.

Li, B.; Shen, Y.; Li, B. Quasi-steady-state laws in enzymeekics.J. Phys. Chem. 2008 112
2311-2321.

Tikhonov, A.N. Systems of differential equations contagismall parameters multiplying some of
the derivativesMat. Sb.1952 31, 575-586.

Vasil'eva, A.B. Asymptotic behaviour of solutions to cemntgproblems involving nonlinear
differential equations containing a small parameter mlyling the highest derivativeRuss. Math.
Survey.1963 18, 13-84.

Hoppensteadt, F.C. Singular perturbations on the infiniterval. Trans. Am. Math. Socl966
123 521-535.

Battelu, F.; Lazzari, C. Singular perturbation theory fpen enzyme reaction networkBviA J.
Math. Appl. Med. Biol1986 3, 41-51.

Feinberg, M. On chemical kinetics of a certain clah. Ration. Mech. Anall972 46, 1-41.
Lebiedz, D. Entropy-related extremum principles for moaluction of dissipative dynamical
systemsEntropy201Q 12, 706—719.

O Conaire, M.; Curran, H.J.; Simmie, J.M.; Pitz, W.J.; Westtk, C.K. A comprehensive
modeling study of hydrogen oxidatiomt. J. Chem. Kinet2004 36, 603—-622.



Entropy2011, 13 1013

49.

50.

51.
52.

53.

54.

55.

56.

S7.

58.

59.

60.

61.

62.

63.

64.

65.
66.

67.

68.

69.
70.

Yablonskii, G.S.; Lazman, M.Z. Non-linear steady-stateekics of complex catalytic reactions:
Theory and application$Stud. Surf. Sci. Catall997 109, 371-378.

Balescu, REquilibrium and Nonequilibrium Statistical Mechanjc3ohn Wiley & Sons: New
York, NY, USA, 1975.

Horn, F.; Jackson, R. General mass action kinef\esh. Ration. Mech. Anall972 47, 81-116.
Callen, H.B.Thermodynamics and an Introduction to ThemostatisBiod ed.; John Wiley & Sons:
New York, NY, USA, 1985.

Bykov, V.I.; Gorban, A.N.; Yablonskii, G.S. Description obn-isothermal reactions in terms
of Marcelin-De-Donder Kinetics and its generalizatior®eact. Kinet. Catal. Lett1982 20,
261-265.

Clausius, RUber vershiedene fiir die Anwendungen bequeme Formen destélaichungen der
WarmetheoriePoggendorffs Annalen der Physic und Che865 125 353—-400.

Orlov, N.N.; Rozonoer, L.l. The macrodynamics of open syst@nd the variational principle of
the local potential). Franklin Inst-Eng. Appl. Math1984 318 283-341.

Onsager, L. Reciprocal relations in irreversible procesk&hys. Rev1931 37, 405-426.
Onsager, L. Reciprocal relations in irreversible procesdePhys. Rev1931, 38, 2265-2279.

Van Kampen, N.G. Nonlinear irreversible proces$tisysical973 67, 1-22.

Gorban, A.N.; Bykov, V.1.; Yablonskii, G.SEssays on Chemical Relaxatidwauka: Novosibirsk,
USSR, 1986.

Volpert, A.l.; Khudyaev, S.IAnalysis in Classes of Discontinuous Functions and Equoatiof
Mathematical Physi¢sNijoff: Dordrecht, The Netherlands, 1985.

Hangos, K.M.; Alonso, A.A.; Perkins, J.D.; Ydstie, B.E. Thm®dynamic approach to the
structural stability of process plantalChE J.1999 45, 802—-816.

Wu, B.Y., Chao, K.-M.Spanning Trees and Optimization Proble@tapman & Hall/CRC: Boca
Raton, FL, USA, 2004.

Feinberg, M. Complex balancing in general kinetic systefrsh. Ration. Mech. Anall972 49,
187-194.

Casimir, H.B.G. On Onsager’s principle of microscopic rsuality. Rev. Mod. Phys1945 17,
343-350.

Grmela, M. Thermodynamics of driven systerRélys. Rev. H993 48, 919-930.

Gorban, A.N.; Karlin, 1.V. Scattering rates versus momemtkernative Grad equationsPhys.
Rev. E1996 54, 3109-3112.

Van Kampen, N.GStochastic Processes in Physics and Chemidorth-Holland: Amsterdam,
The Netherlands, 1981.

Temkin, O.N.; Zeigarnik, A.V.; Bonchev, D.&@hemical Reaction Networks: A Graph-Theoretical
Approach CRC Press: Boca Raton, FL, USA, 1996.

Morimoto, T. Markov processes and thetheorem.J Phys. Soc. Jprl963 12, 328—-331.

Meyn, S.R.; Tweedie, R.LMarkov Chains and Stochastic Stabijitgambridge University Press:
Cambridge, UK, 2009.



Entropy2011, 13 1014

Appendix
1. Quasiequilibrium Approximation
1.1. Quasiequilibrium Manifold

Let us consider a system in a domairof a real vector spacg' given by differential equations

dz
i F(z) (112)

We assume that for any, € U, solutionz(t; =) to the initial problemz(0) = z, for (112) exists for all
t > 0 and belongs td/. Shifts in time,zy — x(¢; zo) (¢t > 0), form a semigroup /.

We do not specify the spadé here. In general, it may be any Banach or even more genereg¢ spa
For nonlinear operators we will use the Fréshet diffeedsti For an operato¥ (x) the differential at
pointx is a linear operatofDV),:

dU(z + ay)

(D), (y) = i

a=0
We use also notatiofD, V') when it is necessary to stress the choice of independestbleriThe choice
of variables is not obvious.

The QE approximation forl(12) uses two basic entities: entropy and slow variables.

Entropy S is a concave Lyapunov function with non-degenerated Hedsia(3) which increases
in time: ds

7 20 (113)
In this approach, the increase of the entropy in time is etgalqthe Second Law in the forrd)).

Formally, any Lyapunov function may be used. Neverthelassst of famous entropies, like the
relative Boltzmann-Gibbs-Shannon entropy, the Rényiogyt the Burg entropy, the Cressie-Read and
the Tsallis entropies could be definedussversalLyapunov functions for Markov chains which satisfy
some natural additivity condition8%)].

“Universal” means that they do not depend on kinetic coeffits directly but only on the equilibrium
point. The “natural additivity conditions” require thatetbe entropies can be represented by sums (or
integrals) over states maybe after some monotonic tramsfiton of the entropy scale, and, at the same
time, are additive with respect to the joining of statidticendependent systems (maybe, after some
monotonic rescaling as well).

Slow variables) are defined as some differentiable functions of variabtes\/ = m(xz). We
use notation®,, for the space of slow variabled/ € E,,;. Selection of the slow variables implies a
hypothesis about separation of fast and slow motion. Irtitsgest form it consists of two assumptions:
The slaving assumption and the assumption of small fast4stojection.

The slaving assumption. For any admissible initial state, € U after some relatively small time
7 (initial layer), solutionx(¢; x¢) becomes a function of/ (up to a given accuracy) and can be
represented in a slaving form:

z(t) = x4 +0(t) for t > 7, where M(t) =m(z(t)), [|0(@)]| <e (114)
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This means that everything is a function of slow variableferasome initial time and up to a
given accuracy.

The smallness of is essential. If there is no restriction erthen every globally stable system will
satisfy this assumption because after some time it wilvannto a small vicinity of equilibrium.

The second assumption requires that the slow variable®&djrdo not change during the fast motion:
During the initial layerr, the stater can change significantly because of fast motion, but thegdam
M = m(z) duringT are small withr: The assumption of small fast-slow projection

The QE approximation defines the functions, as solutions to the followingMaxEnt
optimization problem:

S(r) — max subjecttom(z) =M (115)

The reasoning behind this approximation is simple: Durirgfast initial layer motion, entropy increases
and M almost does not change. Therefore, itis natural to assumaesfgen to prove using smallnessrof
ande if the entropy gradient in fast directions is separated feemo) that:}, in (114) is close to solution
to the MaxEnt optimization probleni{5). Further,z}, denotes a solution to the MaxEnt problem.
Some additional conditions on and.S are needed for the regularity of the dependerigeon M. It
is more convenient to discuss these conditions separateipdre specific systems. In general settings,
let us just assume that for giveéhandm the dependencies(z) andx}, are differentiable. For their
differentials we use the notatioi®m), and(Dx%,),,. The differentials are linear operatofd?m),, :
E — Ey and(Dxy, )y Ey — E.
A solution to (115, z7,, is theQE state the corresponding value of the entropy

ST (M) = S(xy) (116)

is theQE entropyand the equation

S~ (D), (Flai) (117)

represents th®E dynamics

Remark. The strong form of the slaving assumption, “everything Ipees a function of the slow
variables”, is too strong for practical needs. In practioge need just to have a “good” dependence
on M for the time derivativelM /dt. Moreover, the short-time fluctuations @#//d¢ do not affect the
dependencé/(t) too much, and only the average values

t+6
o= [ G

for sufficiently small time scakeare important.

1.2. Preservation of Entropy Production

Theorem about preservation of entropy production. Let us calculatedS*(M)/dt at point M
according to the QE dynamicd17) and finddS(z)/dt at pointz = 27, due to the initial systens}].

The results always coincide:
ds*(M)  dS(x)

dt dt (118)
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The left hand side in1(18) is computed due to the QE approximatidri() and the right hand side
corresponds to the initial systerh1?). Here, this theorem is formulated in more general settirant
in Section2: The slow variables\/ = m(xz) may be nonlinear functions af. For more details about
QE approximation with nonlinear dependencids= m(x) we refer to papers3B,39,66]. The general
theorem about preservation of entropy production and thdymamic projector is presented i39.
Proof. To prove this identity let us mention that

ds* (M dM
d(t ) = (DS")um (ﬁ) = (DS")p 0 (Dm)xRI(F(x*M)) (119)

whereo stands for superposition. On the other hand, just from tfi@idlens of the differential and of
the time derivative of a function due to a system of diffel@rgquations, we get

dS(x)

= = (DS),(F(x)) (120)
To finalize the proof, we need an identity
(DS™)ar © (Din)y, = (DS)ay, (121)
Let us use the Lagrange multipliers representation of theBviaproblem:
(DS)s = Ay o (Dm),, m(z) =M (122)

This system of two equations has two unknowns: The vectotadé s and the linear functional ,; on
the space of slow variables (the Lagrange multiplier), Whiepends od/ as on a parameter.
By differentiation of the second equatioen(z) = M, we get an identity

(Dm)ay, © (Dx)y)u = idp,, (123)

whereid is the unit operator.
Lagrange multipliet\ , is the differential of the QE entropy:

(DS*)ar = Aus (124)

Indeed, due to the chain ruleDS*)y = (DS).:, o (Dxy)m, due to (22, (DS), = Ay(Dm),
and, finally

(DS*)M :(DS)IRI e} (Dl’}kw)]\/[ = AJ\/[ @) (Dm):p (e} (Dl’}kw)]\/[
=Ny oidg,, = Am
Now we can prove the identityl21):

(DS*)M 9] (Dm)m}‘u = A]\/[ o (Dm)m}‘u = (DS):B}*%

(here we use the Lagrange multiplier for2@) again). O

The preservation of the entropy production leads tqtieservation of the type of dynamidtfor the
initial system (12 entropy production is non-negativkS/dt > 0, then for the QE approximatiod {7)
the production of the QE entropy is also non-negative,/dt > 0.

In addition, if for the initial systenidS/dt), = 0 if and only if F'(z) = 0 then the same property
holds in the QE approximation.
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2. First Order Kinetics and Markov Chains

First-order kinetics form the simplest and well-studie@ssl of kinetic systems. It includes
the continuous-time Markov chains (the master equati®r]),[ kinetics of monomolecular and
pseudomonomolecular reactiorig], and has many other applications.

We consider a general network of linear reactions. This agtws represented as a directed graph
(digraph) (B3,68]): Vertices correspond to componers (1 < j < ¢), edges correspond to reactions
B; — B,. For each vertexs; a positive real variable; (concentration) is defined. For each reaction
B; — By arate constant;; > 0 is given. To follow the standard notation of the matrix nplitation,
the order of indexes ir;; is always inverse with respect to reaction: Ikis_;, where the arrow shows
the direction of the reaction. The Kinetic equations forantrations; have the form

dg;
=D s = mysy) (125)
LI

The linear conservation law (for the Markov chains this ss¢bnservation of the total probability) is:

dg; .
d—tj =0 ie, Z (kjis — ki;55) =0 (126)
j Gl 1#]
Let a positive vectot™ (7 > 0) be an equilibrium for the systerd29): For everyj = 1,...,q
Z KIS, = Z KijS; (127)
LA L 1#]

An equivalent form of {25) is convenient. Let us use the equilibrium conditi@27) and write

S = (S ) 2= 3 s
1,1#£] 1, 1#5 S 1,1#j S
Therefore, under conditioi7) the master equatiod 25 has the equivalent form:

dg; S
d—tj - Z RSt (7 - —i) (128)

S Sj

The following theorem 9] describes the large class of the Lyapunov functions forfitlsé order
kinetics. Leth(x) be a smooth convex function on the positive real axis. A @Gsiddorimoto function

Hy (<) is (see the reviewd2)):
_ <1 i)
) ; S ( =

The Morimoto H-theorem. The time derivative off/,(¢) due to @25 under condition 127)

IS nonpositive:
dHh : S <-)
E h -2 <o 129
< ) KJ]Z l <§* g* — ( )

L, 5l ! J
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Proof. Let us mention that for any numbersh;, 3, ; . ki;s; (h; — hi) = 0. Indeed, forh; = p;/p;
this is precisely the condition of conservation of the tpiabability for equationsl(28). The extension
from a simplex of they; values § ", pih; = 1, h; > 0) to the positive orthanR? is trivial because of
uniformity of the identity. Finally, if a linear identity Hds in a positive orthant then it holds in the whole
spaceR?. Therefore,

Sj « [ S Sj " Sj S Sj S Sj
Sj S Sj il Sj S Sj St Sj

The last inequality holds because of the convexity /idfc): h'(z)(y — z) < h(y) — h(x)

(Jensen’s inequality). O

For example, for the convex functidriz) = z(In z — 1) the Csiszar—Morimoto function is:

Hio) =Y g (m (%) - 1) (130)

l

This expression coincides with the perfect component offtee energy %0) (to be more precise,
f = RTHh(C))

Each positive equilibriung* belongs to the ray of positive equilibrieg* (A > 0). We can select a
[1-normalized direction vector and write for an equilibrigffi from this ray:

whereg =3 ¢

The kinetic equationsl@5) allow one and only one ray of positive equilibria if and offlthe digraph
of reactions is strongly connected: It is possible to reagh\eertex starting from any other vertex by
traversing edges in the directions in which they point. Scmhtinuous-time Markov chains are called
ergodic chains70].

Let us assume that the systemwisakly reversible For any two vertices3; and B;, the existence
of an oriented path fron®; to B; implies the existence of an oriented path frémto B;. Under this
assumption the graph of reactions is a unit of strongly cotatkesubgraphs without connections between
them. Let the graph of reactiod$;, — B, haved strongly connected componertts and letV; be the
set of indexes of thos8; which belong taC: B; € Cifand only if j € V. Foreachs = 1,...,d
there exists a conservation law

Bs(s) = Z Gj = const (131)

jevs
For any set of positive values of > 0 (s = 1,...,d) there exists a unique equilibrium atZ5), ¢*4,
which is positive {;* > 0). This equilibrium can be expressed through any positiveliggium ¢*:

s;(c,T)
Gl=fi="t—" (132)
’ ZleVs (j (Cv T)
For positives,, logarithms ok form ad-dimensional linear manifold if?:
sj(c,T)
Ing;*=1Ing, +1n (3—*> (133)
! EZGVS (e, T)
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The natural coordinates on this manifold are,.

Remark. In the construction of the free energy30 any positive equilibrium state’® can be used.
The correspondent functions differs in an additive coristhet us calculate the difference between two
“free energies™:

(134)

q eq d
Sj ﬁS(gcq)
= Giln J—*) = Bs(s ln< )
— < S ; ©) Bs(s)
The result is constant in time for the solutions of the mastgration (25), hence, these functions are

equivalent: They both are the Lyapunov functions &5 and have the same conditional minimizers
for given values ofi, > 0 (s =1,...,d).
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