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Plan of the talk

Long wave asymptotic expansion:
I Issues in hgher order terms.
I On the inconsistency of the Camassa-Holm model with the shallow water

theory.



Theory of shallow water waves

For potential incompressible flow u′ = ∇φ′, with zero surface tension and
viscosity:

φ′x′x′ + φ′z′z′ = 0

φ′z′ = 0 at z ′ = 0

φ′z′ = η′x′φ
′
x′ + η′t′ at z ′ = h0 + η′(x ′, t′)

φ′t′ +
1

2

(
φ′2x′ + φ′2z′

)
+ gη′ = 0 at z ′ = h0 + η′(x ′, t′)

Shallow water waves asymptotic: We assume that

ε =
h2

0

L2
� 1, µ =

a

h0
� 1,

µ ≥ ε > µ2 ≥ µε ≥ ε2 > µ3 ≥ µ2ε ≥ µε2 ≥ ε3...



Theory of shallow water waves

In dimensionless variables x , z , t, η, φ

x ′ = Lx =
h0√
ε
x , z ′ = h0z , t′ =

L

c0
t =

h0√
εc0

t,

η′ = aη = µh0η, φ′ =
µh0c0√

ε
φ, c0 =

√
gh0

we assume that η, φ, ηt , ηx , φx , . . . = O(1).

εφxx + φzz = 0 and φz = 0 at z = 0,
1
ε
φz = µηxφx + ηt at z = 1 + µη(x , t),
φt + 1

2

(
µφ2

x + µ
ε
φ2
z

)
+ η = 0 at z = 1 + µη(x , t).

φ = cos(
√
εz

d

dx
)F (x , t) = F − ε

2
z2Fxx +

ε2

24
z4Fxxxx −

ε3

720
z6Fxxxxxx +O(ε4)



Theory of shallow water waves

We denote w(x , t) = Fx , then

0 = ηt + wx + (ηxw + ηwx)µ− ε

6
wx,x,x

−µε
2

(ηxwx,x + wx,x,xη) +
ε2

120
wx,x,x,x,x

−µ
2ε

2

(
2ηxwx,xη + wx,x,xη

2
)

+
µε2

24
(wx,x,x,x,xη + ηxwx,x,x,x)− ε3

5040
wx,x,x,x,x,x,x + · · ·

0 = wt + ηx + µwwx −
ε

2
(wt,x,x + 2σ ηx,x,x)

−µε
2

(2wt,xηx + 2wt,x,xη + wwx,x,x − wxwx,x) +
ε2

24
wt,x,x,x,x

+µ2ε
(
wx

2ηx − 1/2wt,x,xη
2 + wxwx,xη − wwx,x,xη − wwx,xηx − wt,xη ηx

)
+
µε2

24
(4wt,x,x,x,xη + 2wx,xwx,x,x − 3wxwx,x,x,x + wx,x,x,x,xw + 4wt,x,x,xηx)

− ε3

720
wt,x,x,x,x,x,x + · · ·



Theory of shallow water waves

Reduction to unidirectional waves (Whitham, 1974)

w = η + µ a η2 + ε b ηx,x +

µ2 c η3 + µ ε
(
d1 η

2
x + d2 ηηx,x

)
+ ε2 e ηx,x,x,x

+µ3 f η4 + µ2ε
(
g1 η

2ηx,x + g2 ηη
2
x + g3D

−1
x (η3

x)
)

+µε2
(
h1 ηηx,x,x,x + h2ηxηx,x,x + h3 η

2
x,x

)
+

ε3 k ηx,x,x,x,x,x +O(µ4, µ3ε, µ2ε2, µε3, ε4)

{ a, b, c, d1 , d2, e, f , g1, g2, g3, h1, h2, h3, k } =
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Theory of shallow water waves

0 = ηx + ηt +
3

2
µ ηxη +

ε

6
ηx,x,x

−3

8
η2ηxµ

2 +

(
5

12
η ηx,x,x +

23

24
ηxηx,x

)
ε µ+ ε2 19

360
ηx,x,x,x,x

+

(
23

16
η ηxηx,x +

5

16
η2ηx,x,x +

19

32
ηx

3

)
ε µ2

+

(
1079

1440
ηx,x,x,xηx +

317

288
ηx,xηx,x,x +

19

80
ηx,x,x,x,xη

)
ε2µ

+

(
55

3024
ηx,x,x,x,x,x,x

)
ε3 +

3

16
η3ηxµ

3 +O(µ4, µ3ε, µ2ε2, µε3, ε4)

Ω =
√

gk tanh(kh0)→

√
k
√
ε

tanh(
√
εk) ' k −

εk3

6
+

19ε2k5

360
−

55ε3k5

3024



Theory of shallow water waves

1. Merkant’s paradox:

Assuming η, ηx , . . .→ 0 as x → ±∞ we get:

d

dt

∫ ∞
−∞

η dx =
3εµ2

16

∫ ∞
−∞

η3
x dx 6= 0 in general!

2. The coefficients found in orders ε3, ε2µ, εµ2, µ3 do not satsfy the criteria of
asymptotic integrability (Kodama) and thus the problem of gravity water waves
is not integrable (does not have higher conservation laws and/or symmetries).



Camassa-Holm “model”
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Camassa-Holm “model”

Yahoo! - 63.100 results; Google - 36.900 results.

[ R.Bhatt and AVM ]

Camassa–Holm equation:

VT − VTXX + 2ωVX + 3VVX − 2VXVXX − VVXXX = 0

It has one-soliton solution (ω > 0, c > 2ω):

V =
c(c − 2ω)

c + 2ω sinh2 θ

X − cT − X0 = 2

√
1(

1− 2 ω
c

)θ + ln

(
cosh

(
θ − arctanh

(√
1− 2 ω

c

))
cosh

(
θ + arctanh

(√
1− 2 ω

c

))) .

As ω → 0 it approaches to a peakon solution (Johnson):

V → c exp(−|X − cT − X0|).



Camassa-Holm “model”

Reduction to the CH equation (Dullin-Gotwald-Holm)
Galilean transformation: X = x − δt, T = t.
Kodama Transformation

η (X ,T ) = u + µ (α1u
2 + α2uXD

−1
X u) + ε β uXX

and applying the Helmholtz operator

H = 1− ν εD2
X

to achieve the following:

I to vanish coefficients at the terms uXXX , uXu
2, uXXXXX ;

I the coefficients at the terms uT , uTXX , uuX , uXXuX , uXXXu satisfy conditions

C(uXXuX ) : C(uXXXu) = 2 : 1, C(uTXX )C(uuX ) : C(uuXXX )C(uT ) = 3 : 1.

Then

δ =
9

19
, α1 =

7

20
, α2 = −1

5
, β =

1

30
, ν =

19

60
.

Thus we get

uT +
10

19
uX + µ

3

2
uuX − ε

19

60
uTXX − µε

19

120
(2uXuXX + uuXXX ) = O(µ3, µ2ε, µε2, ε3)



Camassa-Holm “model”

Ignoring terms in orders ε3, ε2µ, εµ2, µ3 and after the re-scaling

V = u, y =
2
√

15√
19ε

X , τ =
µ
√

15√
19ε

T

this equation takes the “standard Camassa-Holm” form:

Vτ − Vτyy + 2ωVy + 3VVy − 2VyVyy − VVyyy = 0

Where ω = 10
19µ

. In the special case ω = 0 this equation is called “the peakon
equation”.



The next neglected term in the Camassa-Holm “model”

The correction to the equation due to the terms of orders ε3, ε2µ, εµ2, µ3 is:
(here Wy = V )
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VyyVyW
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+
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ω
+
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ω
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+
1806
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361

WVyyyyV

ω
+

24

361

WV 2
yy

ω
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361

W VyyV
2

ω2

+
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361
VyyVyyy +
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361
VyyyyyV +

340

361

VyyyV
2

ω

I The neglected terms do not have any small parameter (a power of ε, µ).

I Solutions of the C-H equation with size and amplitude of order 1 violate
the long wave asymptotic assumption.

I The parameter ω, which should be zero for pickon solutions, appears in
the denominator in the higher asymptotic terms.



The next neglected term in the Camassa-Holm “model”

Let we choose ω = 0.1 and fix c = 1 in the solution.
Terms in the Camassa-Holm equation:

VVyyy Vτ



The next neglected term in the Camassa-Holm “model”

Neglected “correction” terms 446
2527

ω Vy,y,y,y,y,y,y and 632
361

VVy,y,y,y,y :


