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Why 13 Moment Equations?

Balance equations for mass, momentum, and energy (5)

Equation for the traceless symmetric pressure tensor (5)

Equation for the heat flux (3)



Polymer 
Physics

The Trick for Getting an Entropy

π p p –( ) p p –( ) =

Q p p –( ) p p –( ) p p –( ) =

How to form a third-moment vector?

usually:

better:

λ Q:1=
q Q:π 1–=

Scalar: ϕ q π 1– q⋅ ⋅=
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Shock Tube Problem
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Help from Entropy

Consider the redundant balance equation for the entropy,
s s u1 u2 u3 u4 u5, , , ,( )=

∂
∂t
----s ∂

∂x
-----v1s+ σ u( ) c''J–=

σ u( ) ... Π11 2Π22+( ) 1
Π11
--------- 2

Π22
---------+ 

  9– ... 
q1

2

Π11
---------+=
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Help from Entropy

Consider the redundant balance equation for the entropy,
s s u1 u2 u3 u4 u5, , , ,( )=

∂
∂t
----s ∂

∂x
-----v1s+ σ u( ) c''J–=

Treat J as additional unknown

Equation for J (for implicit Euler scheme), j: discrete space

s uj
n 1+( ) s uj

n( )–
Δt

---------------------------------------
v1s u( )[ ]j 1+

n v1s u( )[ ]j
n–

Δx
-----------------------------------------------------------+ σ uj

n 1+( ) c''Jj
n 1+–=

n: discrete time

simplified
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Fig. 7.2: Comparison of the naive and entropic schemes for density and momentum.
Simulation results for N = 600, λ = 0.025 and ε = 1. The dashed line shows the
initial conditions, the dots represent the grid point values.
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Fig. 7.3: Comparison of the naive and entropic schemes for the second moment tensor
and third moment vector. Simulation results for N = 600, λ = 0.025 and ε = 1.
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Fig. 7.3: Comparison of the naive and entropic schemes for the second moment tensor
and third moment vector. Simulation results for N = 600, λ = 0.025 and ε = 1.
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Conclusions

• Equations with an entropy are better even 
for numerical solutions.

• Make proper use of entropy in developing 
numerical schemes!
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