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LElTER TO THE EDITOR 

NONARBITRARY REGULARIZATION OF ACOUSTIC SPECTRA 

Alexander N .  Gorban 
I l i y a  V. K a r l i n  
Computing c e n t e r ,  
Krasnoyarsk,  6 6 0 0 3 6  Russ ia  

May 9, 1 9 9 2  

We i n t r o d u c e  a method f o r  improving t h e  Chapman- 
Enskog expans ion  ( C E )  f r e e  of  r e c i p e  assumpt ions .  
o b s t a c l e s  o f  t h e  CE method a r e  well known, f o r  example, 
a short-wave i n s t a b i l i t y  of t h e  B u r n e t t  app rox ima t ion  
[ l ] .  Many a t t e m p t s  were made t o  improve t h e  CE 

expans ion .  I n  p a r t i c u l a r ,  we used t h e  i d e a  of  p a r t i a l  
summing [Z, 3 1 .  However, a l l  t h e s e  a t t e m p t s  have an ad 
hoc  c h a r a c t e r .  Hence, i t  is impor t an t  t o  d e v e l o p  a more 
fundamenta l  method o f  improving t h e  CE expans ion .  

The famous KAM theo ry  [ 4 - 6 1  might  s e r v e  f o r  a 
p a t t e r n .  One can c o n s i d e r  i t  a s  an improved p e r t u r b a t i o n  
t h e o r y .  There  one a p p l i e s  r a p i d l y  converg ing  Newton 
method i n s t e a d  o f  Tay lo r  expansion,  and one s e a r c h e s  f o r  
a dynamic i n v a r i a n t  mani fo ld  r a t h e r  t han  f o r  a s o l u t i o n .  

Here we s u g g e s t  a method o f  c o n s t r u c t i n g  dynamic 
i n v a r i a n t  m a n i f o l d s  f o r  t h e  Boltzmann ( B )  equa t ion .  Same 
a s  i n  KAM, we w i l l  u s e  t h e  Newton method. Each i t e r a t i o n  
w i l l  be  concordan t  w i th  t h e  H-theorem. 

o u r  method c o n s i s t s  of two main p a r t s :  
1. A c o n s t r u c t i n g  of  a s p e c i f i c  thermodynamic parameter -  
i z a t i o n  f o r  an a r b i t r a r y  mani fo ld  which g i v e s  dynamic 
e q u a t i o n s  on t h i s  mani fo ld  ( t h i s  p a r t  l a c k s  i n  t h e  K A M  
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theo ry ,  and i t  is caused by t h e  r e q u e s t  on concordance  
of e v e r y  approx ima t ion  w i t h  t h e  / /- theorem). 
2.  A c o r r e c t i o n  of  t h e  dynamic n o n i n v a r i a n c e  of a 

manifo ld  by t h e  Newton method. 
We w i l l  d e s c r i b e  t h e  method f o r  a g e n e r a l  dynamic 

sys tem wi th  a g l o b a l  convex H-funct ion.  The mani fo ld  
{f ( a )  1 c o n s i s t s  of d i s t r i b u t i o n s  f(a), where a a r e  
c o o r d i n a t e s  on t h e  mani fo ld .  The  r e q u e s t  1 means t h a t  
one s h o u l d  d e f i n e  o p e r a t o r s  M ( f )  f o r  { f ( a ) )  s o  t h a t :  

d H ( M ( a ) ) / d t = ( V  H ( M ( a ) ) ,  dM(f (M(a ) ) ) /d t )<O;  
M ( a )  

Here J ( f )  is a d i s s i p a t i v e  v e c t o r  f i e l d  ( t h e  c o l l i s i o n  
i n t e g r a l  f o r  t h e  B e q u a t i o n ) ,  p * q  is a s c a l a r  p roduc t  
( w i t h  i n t e g r a t i o n  ove r  v e l o c i t i e s  f o r  t h e  B e q u a t i o n ) ,  
( . , .  ) is a s c a l a r  p roduc t  f o r  macroscopic  parameters .  

The o n l y  s u i t a b l e  p a r a m e t e r i z a t i o n  is o b t a i n e d  v i a  
t h e  f u n c t i o n a l s  ( t h e  o n l y  r e s t r i c t i o n :  { f ( a ) }  i s  n o t  
t a n g e n t  t o  a l e v e l  of t h e  H-funct ion f o r  any f ( a ) ) :  

Here p ( f ) = l n f  f o r  t h e  B equa t ion .  Thermodynamic 
p a r a m e t e r i z a t i o n  f o r  {f(a)} is  o b t a i n e d  by f u n c t i o n a l s  
M *  ( f )  and by add ing  any o t h e r  f u n c t i o n a l s  s u i t a b l e  
f o r  t h e  d imens ion  of  { f ( a ) } .  If  t h e  mani fo ld  c o n s i s t s  of 
q u a s i - e q u i l i b r i u m  d i s t r i b u t i o n s  t h e n  one does  n o t  need a 

s e a r c h  f o r  new f u n c t i o n a l s  ~ ~ ( ~ ) ( f ) .  
The c o n d i t i o n  of dynamic i n v a r i a n c e  i s  e a s i l y  

f o r m a l i z e d  f o r  t h e  man i fo ld  { f (M(a ) )} :  

f ( a )  

* 

A ( ~ ( M )  )=(v ,~(M),  a M ( f ( M )  ) / a t  ) - m a t  =O ( 3 )  I f=f(  M )  
+ 

Here a f / a t  is  -v(af/a;)+J(f) fo r  t h e  B equa t ion ,  and 

Newton i t e r a t i v e  procedure .  
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A ImW 
FIG.  1 .  D i spe r -  
s i o n  c u r v e s  f o r  
( 5 )  (-), for 
t h e  Burne t t 

: appr .  [ I 1  ( -  - ) t  

and f o r  t h e  
p a r t i a l  summing 
[ 2 J ( - * - ) .  Arrows 
i n d i c a t e  an  

\ * \  
* \ .  

, -  
-4,4 - 

/ 
1 

7 - 3,8 i n c r e a s e  of k’. 

The method i s  an i t e r a t i v e  a lgo r i thm:  1 )  choose  an  
i n i t i a l  man i fo ld  and d e f i n e  dynamics on i t  u s i n g  t h e  
f u n c t i o n a l s  ( 2 ) ;  2 )  l i n e a r i z e  ( 3 )  n e a r  t h e  i n i t i a l  
m a n i f o l d  and o b t a i n  t h e  f i r s t  c o r r e c t i o n ;  3 )  d e f i n e  
dynamics  on t h e  man i fo ld  o b t a i n e d  u s i n g  c o r r e s p o n d i n g  
new f u n c t i o n a l s  ( 2 1 ,  e t c .  

L e t  t h e  i n i t i a l  mani fo ld  c o n s i s t s  of l o c a l  Maxwell 
d i s t r i b u t i o n s  f,. Equa t ion  f o r  t h e  f i r s t  c o r r e c t i o n  is: 

Here L[f,, 6f, J is t h e  l i n e a r i z e d  c o l l i s i o n  i n t e g r a l ,  qi 
a r e  c o l l i s i o n  i n v a r i a n t s .  For a s m a l l  d e v i a t i o n  from 
e q u i l i b r i u m ,  e q u a t i o n  ( 4 )  y i e l d s  t h e  f o l l o w i n g  t e n s i o n  
t e n s o r  0 and t h e  h e a t  f l u x  q (one-d imens iona l  ca se ,  T 
and o a r e  d i m e n s i o n l e s s  d e v i a t i o n s  1 2 1 ) :  

2 2 2 2 - 1  

2 2 

G=-% T R{2(du/dx)-3(d w a x  ) I ;  ~=(1-(2/s)a / ax  ) 3 0 0  

( 5 )  q=- ( 5 / 4  ) T i ’ 2 n O R  { 3 ( a T / a x  ) - (  8 / 5  ) ( a  u/aX ) 
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