A MOD TWO ANALOGUE OF A CONJECTURE OF COOKE
J. Aguapg, C. BROTO AND D. NOTBOHM

§0. INTRODUCTION.

The mod two cohomology of the three connective covering of S has the form
Fy[z9,] ® E(Sq'2,)

where x5, is in degree 2n and n = 2. If F' denotes the homotopy theoretic fibre
of the map S3 — B2S! of degree 2, then the mod 2 cohomology of F is also of
the same form for n = 1. Notice (cf. section 7 of the present paper) that the
existence of spaces whose cohomology has this form for high values of n would im-
mediately provide Arf invariant elements in the stable stem. Hence, it is worthwhile
to determine for what values of n the above algebra can be realized as the mod
2 cohomology of some space. The purpose of this paper is to construct a further
example of a space with such a cohomology algebra for n = 4 and to show that no
other values of n are admissible. More precisely, we prove:

Theorem 1. There is a space X such that H*(X;Fy) & Fy[x2,] ® E(Sq'wa,) with
Ton of degree 2n if and only if n = 1,2, 4.

The “only if” part of theorem 1 can be considered, after [3] and [4], the mod two
version of what we call there the Cooke conjecture. Its proof is similar to the proof
for odd primes (which is contained in [3]), but one should be slightly more careful in
small degrees. The most interesting goal of this paper is probably the construction
of what we think to be a remarkable space X with H*(X;Fy) & Fy[xs] @ E(Sq'xs)
and degxg = 8.

This paper represents a part of the p = 2 case of the general problem of the
homotopy classification of spaces realizing cohomology algebras of the type F,[z]®
E(Bz) where 3 denotes the Bockstein homomorphism. The case of p odd was
completely elucidated in [3]. The homotopy classification in the case p = 2 should
appear in [4]. In particular, as any reader familiar with [3] would expect, there
are infinitely many different 2-complete spaces realizing each cohomology algebra
in the theorem and the proof of the homotopy classification theorem will not be
short. The present paper has been written in a self contained way, and can be read
independently of [3] and [4], although it may be helpful to be familiar with the
techniques discussed there.

Since the technical details of the construction of a space X with H*(X;Fy)
s (23] @ E(Sqtxs) may look involved, we provide now an outline of the way in which
X can be reached. Let F' be the homotopy theoretic fibre of the degree two map
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from S3 to B2S?! (as noted above, F turns out to provide a space as in the theorem
for n =1) and let W be the homotopy quotient of F' by an involution coming from
a degree —1 map of S3 (see Section 1). Then one has a map f: BD — W where D is
the dihedral group of order 8. Using the techniques developed by Lannes ([8]) and
other authors one proves that the function space map(BD, W) is mod 2 homotopy
equivalent to BZ/2 x S%. From this fact, one can construct a diagram which, up
to homotopy, looks like

GLy(F2) O BVxS*® = W

where V' denotes the group of diagonal matrices in D. Let Y be the homotopy
colimit of this diagram. Then the space X we are looking for can be taken as the
2-connective covering of Y.

The steps towards the construction of X appear in sections 1 to 5. Section 6
contains the proof of the “only if” part of the theorem, i.e. the Cooke conjecture.
A final section contains some inconclusive remarks related to the Arf invariant.

We work exclusively at the prime 2 and mod 2 coefficients are implicitly assumed.
When describing cohomology generators the subscripts usually denote the degrees
of the generators.

The first and second author would like to thank the Sonderforschungsbereich 170
in Gottingen for the support during part of this joint work.

§1. THE sPACE W.

We start with the action of Z/2 on S* given by the extension S' — O(2) — Z/2.
A functorial classifying space construction (for groups see [10] and for A..—spaces
[12] leads to a cellular action of Z/2 on BS! and then on EBS! and B2S!. Moreover
the projection EBS! — B2S! is equivariant and the action on BS! is reproduced
on the fibre over the base point of B2S!. The sphere 52 is the first homotopy
theoretic fibrecell of B2S! and inherits an action of Z/2 which turns out to be the
two fold suspension of the original action on S'. The composition of an equivariant
degree two map S% = X251 — ¥28! = §3 with the inclusion of the 3-cell gives a
concrete equivariant degree two map S® — B2S!'. Now F is defined by the pull
back diagram

BS' —— F — S8
0 | | £
BS'! — s EBS! —— B2S§!

so that it is given a Z/2 action that makes equivariant all maps in the diagram.
Recall that H*(F) = Fy[22] ® E(Sq'xy), where x4 is detected in BS! and Sqlxy is
the spherical class that comes from S3.

Definition 2. Let W denote the homotopy quotient of F by the action of Z/2:

W:th/QZEZ/2 Xz/QF.
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The rest of the section is devoted to the computation of the cohomology of W.
Observe that this space fits in the diagram

BSt —— P —— S

l ! l

(2) BO@2) —— W —— 83, ,
| I |
BZ/2 BZ./2 ——— BZ/2

where the columns are fibrations and all of them have a section provided by the
base point of BS!, F or §3 which is fixed under the action of Z /2.

Proposition 3. H*(S},,,) = Fa[w1] @ E(ys), with Sq'(ys) = wiys and S¢'(y3) =
0 fori> 2.

Proof. Our action of Z/2 on S! is already the suspension of the action of Z/2 on
itself. It follows that the fibration S* — S3, 2~ BZ/2 is the sphere bundle of
a four dimensional real bundle ¢ over BZ/2, obtained as the Whitney sum of the

universal line bundle
R — EZ/2 XZ/Q]R — BZ/2

and a three dimensional trivial bundle. Hence the Stiefel-Whitney classes of £ are
wl(f) = w1 € ]Fg[wl] = H*(BZ/Q) and ’U}Z(E) =0if7z > 1.

Let T(¢) ~ Coﬁbre(S,?;Z/2 — BZ/2) be the Thom space. Since the action of
the Steenrod squares on the Thom class is given by multiplication by the Stiefel-
Whitney classes, the complete structure of H*(S3, /2) follows from the split exact

sequence of H*(BZ/2)-U-modules

0 — H*(BZ/2) — H*(S};,5) = H*HY(T(€)) » 0. O

Proposition 4. H*(W) = Fy[wy, wa] ® E(y3) with Sqlwy = wiws + y3, Sqlys =
wyyz and Sq'yz = 0 if i > 2. The maps induced in cohomology by the diagram (2)
are as suggested by the names of the generators.

Proof. We compute H* (W) by means of the Serre spectral sequence for the fibration
F — W — BZ/2. Since Z/2 can only act trivially on H*(F') we have

Ey* = H*(BZ/2) @ H*(F) = Fy[u] @ Fy[xs] @ E(Sq'xs) = H*(W)

It is clear that x5 is transgressive and then so is Sq'zs. But the fibration has a
section and therefore Fy[u] survives to E*:*. Hence the possible differentials on x5
and Sq'x, are zero and the spectral sequence collapses at the Eo-term. That is:

GrH*(W) 2 EX* = By 2 Fylu, 20) ® E(Sq'as)

If we look at the Serre spectral sequences for the left and right columns fibrations
of diagram (2) the above argument shows:

GrH*(BO(2)) = Fy[u, x|
GrH*(Shz/2) = Falu] @ E(Sq'zy)
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and the maps GrH*(BO(2)) < GrH*(W) «< GrH* (S,?Z/Q) relate the generators
with the same names. It is well known the structure of H*(BO(2)) and we know
that of H*(S3, /2) from Proposition 3. It follows the existence of polynomial gen-
erators wy and wy in H*(W) that map to the generators of H*(BO(2)) and an
exterior generator ys that comes from the one in H*(S7, /2)- Hence H*(W) =
Fo[wq,ws] ® E(ys). Finally, the action of the Steenrod algebra on H*(W) is forced
as well by the maps BO(2) - W — S,?;Z/Q and F - W. O

§2. PRELIMINARY RESULTS

Before starting the computations in which we are interested we recall in this
section some results about general mapping spaces which will be needed in the
next section.

2.1. Let P be a finite p group and G a compact Lie group. The classifying space
construction induces a bijection ([7])

Rep(P,G) = [BP, BG]

Furthermore, for a given representation p: P — G, if C,,(P) denotes the centralizer
of the image of p, we have a homomorphism P x C,(P) — G and BP x BC,(P) —
BG whose adjoint

BC,(P) — map(BP, BG3) B,

is a mod-p equivalence, i.e. induces an isomorphism in mod-p cohomology.

2.2. For an elementary abelian p group V and a p-complete space of finite type,
there is a bijection ([8])

[BV, X] = Homy (H*(X), H*(BV))

where IC denotes the category of unstable algebras over the Steenrod algebra. Fur-
thermore, the functor Ty: K — K, left adjoint to tensoring with H*(BV) com-
putes cohomology of mapping spaces. If R is an object of K we write Ty (R) =
erHom,c(H*(BV),R) Ty (R, f) as a sum of connected components. Then for a given
map f: BV — X, there is an isomorphism of algebras over the Steenrod algebra

Ty (H*(X), [*) & H* (map(BV, X))

provided Ty (H*(X), f*) is of finite type and free in d egrees < 2. Recall that for
p = 2 Lannes called a n object R of K free in degrees < 2 if the kernel of the
multiplication R' ® R' — R? is generated by elements of the form z ® y + y ® x.

Moreover there is a coaugmentation ¢ — 7Ty that under the above isomorphism
corresponds to the map in cohomology induced by the evaluation map(BV, X); —
X.

Finally, we collect some concrete computations that we use later. The proof is
along the lines of [4] section 3.

Lemma 5. (1) Let s*: H*(SiZ/Q) > Ty [w|® E(y3) — H*(BZ/2) be the projection
onto the polynomial part and g*: H*(Sp; ) — H*(BV), V. = Z/2 x /2, the
composition of s* and the diagonal map, then

Tz/2(H* (Shz/2), 8%) = Tv (H* (Shyz/2): ¢7) = Fawi] @ E(y2)
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with Sq'ys = 0 for i > 1. The coaugmentation is the inclusion given by wi — w
and y3 — w1Yy2

(2) Let f*: H*(W) — H*(BV), V =1Z/2 X Z/2, be the composition Fa[w1, ws] ®
E(yg) — IFQ [wl, U)z] — IFQ [tl, tQ], then

Tv(H*(W), [*) = Fa[t1, t2] © E(y2)

Moreover, the map Ty (H*(W), f*) — Ty (H*(BO(2)), Bi*) induced by BO(2) —
W is the projection Fyty,t2] @ E(y2) — Falt1,ta]. O

§3. SOME MAPPING SPACES

From now on all spaces are assumed to be completed at the prime two.
Let D denote the dihedral group of order eight. We represent it as the subgroup
i: D — O(2) of O(2) generated by the matrices

+1 0 0 1
( 0 il) and <1 0) '
Let V' denote the subgroup given by the diagonal matrices, and let Z := Z(0(2)) &
Z(D) = Z/2 be the center of O(2) or of D.
We are interested in the mapping space map(BD, W) where f is the composi-
tion BD — BO(2) —» W.
Interpreting the top row fibration in diagram (1), BS' — F — S3, as a pull

back diagram and applying the Borel construction — x5 EZ/2 yields another pull
back diagram

BO(2) —— BZ/2

l 5

W —— S},

—
w
A —

And then we apply the functor map(BD, —) to get the diagram

map(BD, BO(2))p; — map(BD, BZ/2)Bdet

(@ i| v

map(BD,W); ——— map(BD, Sy, ) -

To get a pull back diagram, one might have to take more components than just
the one given by Bi in the upper left corner. Let Bj: BD — BO(2) be a lift of f
(see 2.1). The restriction Bj|gy is homotopic to Bi|gy. This follows by 2.2 from
looking at the induced maps in cohomology. There also exists only one extension
of i : V. — O(2) to D. Hence, Bj and Bi are homotopic and the above diagram is
a pull back diagram.

The homology of the mapping spaces of the top row is calculated. In the com-
position

BZ — map(BD, BO(2)); — map(BD, BZ/2) pget ~ BZ/2
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the first arrow is a homotopy equivalence by 2.1. The second map is induced by
the determinant and therefore trivial. The homotopy theoretic fibre is homotopy
equivalent to Z/2 x BZ/2.

Next, we calculate map(BD, 52Z/2)g' 52 is the fix point set of S* under the

action of Z/2, hence the section s extends to an inclusion I: BZ/2 x S? — 522/2.

Now we can use the factorization of g: BD — 522/2 as BD 29 BZ/2 5 522/2

in order to define a map
BD x BZ/2 x §* 2% BZ/2 x BL/2 x §* ™ BL/2x §* 5 Si;

which coincides with g when restricted to BD and with [ when restricted to BZ /2 x
S?. Let
h: BZ/2 x $* = map(BD, Sjy 5)g

be the adjoint of that composition. Then we have:

Proposition 6. (1) h: BZ/2 x S? — map(BD, 52Z/2)9 is a homotopy equivalence.

(2) The evaluation map(BD,S,?;Zﬂ)g — 822/2 induces in cohomology the map
given by wy — wy and y3 — wiys. Here, we write H*(BZ/2) = Fylwq]| and
H*(5%) 2 E(ya).

Proof. Since the dihedral group sits in a split extension
V—-D—3%s

the computation of map(BD, S,?;Z /2) reduces to the computation of the homotopy

fixed point set by the action of X5 of map(ﬁ/, SZZ/Q), where BV = ED/V (see
[11], remark 3.12):

map(BD, Sizn) ~ map(BV, S,Z’Z/2)h22

Recall that for a G-space X the homotopy fixed point set X% is defined as the
space of equivariant maps maps(EG, X) and coincides with the space of lifts of the
fibration X xg EG — BG. -

So map(BD, S,?Z/Q)f is homotopic to a component of map(BV/, S,?;Z/Q)h22. Ob-

serve that g: BV — 522/27 defined as the composition BV — BD % 522/2, also

factors as

BV 29 Bz /2 5 S/

and B det is Yo-equivariant with trivial action of X9 on BZ/2. We have therefore
a Yo-equivariant map

map(BZ/2, 522/2)5 — map(ﬁ/, 522/2)9

with trivial action of Y5 on the left hand side. Furthermore, by 2.2 this map is a
homotopy equivalence and so it induces a homotopy equivalence

map(BZ/2, 522/2)5 — map(ﬁ/, 522/2)222-
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On the other hand, I: BZ/2 x S* — S}, induces
BZ/2 x §* — map(BZ/2, BZ/2 x S%);, — map(BZ/2,S}7,5)s

where i1: BZ/2 — BZ/2 x S? is the inclusion of the first factor so that s = k o 4.
Observe that the first arrow is a homotopy equivalence and also the second one by
2.2. Finally, one checks that the composition

BZ/2 — map(BZ/2, 522/2)5 — map(ﬁ/, SEZ/Q)Q22 ~ map(BD, 522/2)9

is the map h. This proves (1). Part (2) of the proposition follows by 2.2. [

This statement calculates the mapping space in the lower right corner of diagram
(4). Collecting all the facts we get a mod-2 pull back diagram

BZ/2x7]2 —— BZ/?2 consty  BZJ2

o ] |

BZ/2 x Z.)2 —— map(BD,W); —— BZ/2x 5.

from which we can calculate map(BD, W);. Observe that k: BZ/2 — BZ/2 x S*

is the inclusion of the first factor. This follows by construction of the equivalences
BZ/2 = map(BD, BZ/2) paet, (cf. 2.1) and h: BZ/2 x §? = map(BD, 5}, ,)-
Proposition 7. The mapping space map(BD, W) ¢ is homotopy equivalent to BZ /2 x|}
S2.

Proof. First we claim that j in diagram (5) is not nullhomotopic. If we restrict the
maps from BD to BV we obtain a diagram

BZ/2 ~ map(BD, BO(2))s; —=— map(BV, BO(2))p; ~ BZ/2 x BZ/2

(6) i| |5

map(BD,W); —— map(BV,W);

where we still denote by Bi and f the restrictions of Bi: BD — BO(2) and f: BD —
W to BV and A: BZ/2 — BZ/2 x BZ/2 is the diagonal map.
Using Lannes T' functor we obtain

H*(map(BV,W)y) = Fylt1,t2] @ E(y2)

and j induces in mod 2 cohomology the projection of Fy[t1, to] @ E (y2) onto Fy [t1, ta].
Hence j is non trivial at the level of the fundamental group. And then j is non
trivial either.

Standard arguments about fibrations show that

map(BZ/2, map(BD,W)y); ~ map(BD,W);.

A quick look at the exact sequences of homotopy groups of the fibrations in diagram
(5) shows the existence of a section of the map map(BD,W); — S? that we can
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think of as being a map S? — map(BZ/2, map(BD,W););. Taking the adjoint
produces a diagram of fibrations

BZ/2x7/2 —— BZ/2x S* ——— BZ/2xS?

® H l H

BZ)2 x 7.2 — map(BD,W); — BZ/2 x 52

where the middle vertical arrow is a mod—2 equivalence. This proves the proposi-
tion. [

Corollary 8. Let BD x S? — W be the adjoint of S?* — map(BD,W);. Then
the restriction BV x S? — W is a map that in cohomology is

H*(W) — H*(BV) @ H*(S?)
wy — 01
Wg —— 02 + Y2
Y3z = 01Y2

Proof. The composition BV — BV x §2 — W is the obvious map and factors over
BO(2) — W Hence, wy — o1 and wy — 02 + Ays. The commutative diagram

BV xS —— W
(8) Bdet xidl l
BZ/2x §* —— S},

shows that y3 + o1y2. The relation Sq'(ws) = wiws + y3 finally shows that
W > 09 + Ya. [l

§4. THE SPACE Y.

Let I be the category associated to the symmetric group Y3 and the subgroup
Y5 in the following way. I has two objects 0 and 1 and the morphisms sets are

HOl’Il(O 0) = 23
Hom(0,1) =

Hom(1,1) = {1}
Hom(1,0) = X5/,

with the obvious compositions given by the product in 33 and the action of X5 on
Y3/39. This category was analised in the general case of a group G and a subgroup
H in [2]. Let us consider the contravariant functor M: I — U given by

My = H*(BV x §?) 2 Fy[ty,ts] @ E(y2)
My = H*(W) =2 Fa[w, ws] ® E(y3)

with the natural action of 33 = GLyF5 on My and the homomorphism ¢: M; — My
induced by the inclusion of V' as diagonal matrices in D. From the previous section
we know that ¢ is given by

(w1) =01
p(ws2) =02+ y2
o(ys) = o1y2
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Proposition 9.

LiM { 0, 1>0
im = )
I F2[<7%+02+y2,0102]®E(01021U2)7 t=0

Proof. The computation of the derived functors Lin} is done in [2]. For ¢ > 1 there
is a long exact sequence

c+o = H' (S35 Mo) — H' (323 Mo) — Um“T"M — H™ (S5 Mo) — - -
I

Since the restriction H(X3; A) — H'(3g; A) is an isomorphism for any i > 1
and any Fy[X¥3]-module A we obtain the vanishing of LiLnZI“ M for any ¢ > 1. To
compute Lgl? M = {z € M, |p(z) € M} notice that

Fa[o} + 09 + Y2, 0102 © E(0109y2) C lim °M
I

lim M = [Fi[o1, 02 + y2] © E(01y2)] N [F2[o} + 02,0102] @ E(y2)]
I

Fa[o1,02) @ E(ya) = [Falo, 09 + y2] @ E(01y2)] + [F2[07 + 09, 0109] @ E(y2)]

Hence, the Poincaré series of lim,; 9M is given by the difference of the Ponjcare series
of [IFQ [0’1, o9 + y2] (24 E(01y2)]6§ [FQ [0’% + g9, 0'10'2] ®E(y2)] and OfIFQ [0'1, 0'2]®E(y2).
Comparing this with the Poincaré series of Fy[0? + 09 + Yo, 0102 @ E(0102y2)
calculates Lln? M. To obtain Lgn} M we use the exact sequence ([2])

0—1lim°M — M; — Z — lim "M — 0
I I

where Z is isomorphic to the quotient MO22 /MOE:‘. Hence, the vanishing of Lin} M
can also be easily obtained by checking the agreement of some Poincaré series. [

Next we want to construct a covariant functor Y:I — S.. We consider the exact
sequence
1= Z/2XZ[22V — 34 — 33 — 1.

Then, the action of X3 on V' is the standard one. We also get a right ¥s—action on
BV ~ EY.4 Xy, ¥4/V via the identification ¥4/V = X3 which induces the standard
action on the fundamental group. The subgroup V' is contained in the 2-Sylow
subgroup of ¥4 which is isomorphic to D. Now we define

Yy = [EXy x5, $4/V] x §? ~ BV x §?
Yi=W.
Then, the map
[EXy x5, $4/V] x §? = [EXy x5, ¥4/D] ~ BD x §* =W

is Z /2—equivariant. The second is defined in the last section. Hence, this construc-
tion defines the desired functor Y:I — S,, which, up to homotopy, is the diagram
mentioned the introduction:

GLy(Fy) © BV xS* = W.

Let Y be the homotopy colimit of the functor Y. Then the spectral sequence of
Bousfield-Kan ([5]) and the vanishing of the higher derived functors of lim allow
the computation of the cohomology of Y.
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Corollary 10. H*(Y) & Fy|z9,23] ® E(ys) and the map e W — Y is such that
€*(22) = wi +wy, € (23) = wiwz + Y3, € (y5) = ways. O

In particular, the action of the Steenrod algebra on H*(Y) is given by

Sqlzg = 25

Sq°z3 = 2923+ Y5
Sq2y5 = 22Ys
Sq'ys = Sq'ys = 0.

Because the classes y5 and zy are mixed by the actiuon of the Steenrod algbera
there is no fibration of the form S> —Y — BSO(3) or BSO(3) —» Y — S°.
§5. THE SPACE X.

Let now X be the homotopy theoretic fibre of an essential map Y — B?Z/2.
homotopy theoretic fibre

Theorem 11. H*(X) = Fy[xs] @ E(Sqtxs).

Proof. Notice that the map k: X — Y is trivial in cohomology. ;From this it is
easy to determine all the differentials in the Serre spectral sequence of the fibration

BZ/2—- X =Y
and one sees ea that the spectral sequence collapses at E5 and
Eoo = E5 2 Frlas] @ E(ys)-

It only remains to prove that Sq'zg # 0. Consider the Serre spectral sequence of
the fibration X — Y — B27Z/2 and notice that

Oé:Sq4SQ2SQ1L+L2SQ2SQ1L+(SqlL)g EH*(BQZ/2)

maps to zero in H*(Y). Hence, xrg € H*(X) transgresses to a. Then Sqlxsg
transgresses to Sq¢la which is non-trivial in H*(B?Z/2). O
§6. NON-REALIZABILITY OF PE-ALGEBRAS

In this section we prove the main theorem stated in the introduction.

Let us assume Fy[75,]@ E(Sqlz) is an unstable algebra over the Steenrod algebra.
The classification of these algebras is done exactly as in the odd prime case ([3]).
First one obtains the existence of the algebras

A = Fylzs) @ E(ys), Sq'(z) =y, S¢*(y) = zy

and
i+l
B, =2 F, [x2i+1] & E(y2i+1+1), Sql(w) =Y, Sq2 (y) =0

as algebras over the Steenrod algebra and then one proves that there are no more.
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Proposition 12. Let A be a PE-algebra which is an unstable algebra over the
Steenrod algebra and such that Sq'(x) = y. Then A is isomorphic, as an algebra
over the Steenrod algebra, to one of the algebras A, B; as defined above.

Proof. Since the ideal generated by y is closed under the Steenrod algebra action
the degree of x should be a power of two.
In the case when ¢ > 0 the Adem relation

21;71
Sq* Sq¥ ' =" p; S¢S
=0

gives Sq2i+1y = 0 when applied to . Hence A should be isomorphic to B;. If
i = 0 then either S¢?y = 0 or Sq?y = zy and A is isomorphic to By and A,
respectively. [

Let X be the space constructed in the previous sections. We have H*(X) = B,.
Let I be the space considered in section 1. Then
H*(F) = Fy[xs] @ E(Sq'xs) = By
H*(S?(3)) 2 Fy[x4] ® E(Sq'z4) = By

Hence the “if” part of the main theorem is proved.

Remark. The spaces F', S3(3) and X are not the unique ones realizing By, B; and
B> respectively, not even up to 2-completion. In [4] we construct infinite families
of spaces which realize these cohomology algebras. Actually, the goal of [4] is a
complete classification of all 2-complete homotopy types realizing By, B; and Bs.

It only remains to prove

Theorem 13. (Cooke conjecture for p = 2 [6], [3].) Assume that there is a space
X with H*(X) 2 B;. Theni=0,1 or2.

Proof. The proof is similar to the proof of the Cooke conjecture in [3] except for
some details in small dimensions. We can as well assume that X is 2-complete
because H!(X) = 0. From [8] we know that there is a map

¢:BZ/2 — X

inducing the non trivial fo: B; — H*(BZ/2) and such that, according to the com-
putation of the value of the T' functor on the algebra B; done in [3], the evaluation

map(BZ/2,X)s — X

is a homotopy equivalence. Now BZ/2 acts on this mapping space and if Y denotes
the homotopy quotient, we obtain a sequence of fibrations:

BZ/2 L map(BZ/2,X), — Y — B*7/2

where j: BZ/2 — map(BZ/2, X )4 composed with the evaluation becomes ¢.
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Our results arise from the analysis of the Serre spectral sequence for computing
the cohomology of Y. This gives us the necessary restrictions on the dimensions of
the generators of the cohomology of X.

Recall that H*(B?Z/2) is a polynomial algebra on the generators

¢, Sqte, S¢2Sqte, ..., SqPiu,. ..

where we use the notation Sg® = Sq%¥ Sq¥ ' ...Sq'. Observe that the Adem
relations and instability imply that the following relations hold in H*(B?Z/2):

SqlSqtiL = (Sqti—11)? ji>0
Sq?S5¢Ri =0 j>1

The first observation is that since the evaluation is an equivalence j looks like
¢ in cohomology: j*(z) = w2 and therefore in the Serre spectral sequence for
map(BZ/2,X), — Y — B?Z/2 the class x transgresses to Sq?i plus decompos-
ables:

m(x) = S¢™i + d.

Assume now ¢ > 2. In the Serre spectral sequence we have the transgressions:

m(x) = S¢™iL+d
7(y) = S¢'(Sq¢™t) + Sq*d = (S¢™ 1) + S¢'d

Now, if we apply Steenrod operations to either 7(x) or 7(y) we obtain new elements
in the bottom line of the spectral sequence that have to be killed by a differential.
Let us try with S¢? applied to 7(y). Since S¢?(Sq®i-11)? = (S¢”i-21)* we obtain
that Sq¢?7(y) = (Sq®i-21)* + Sq2Sq'd has to be zero modulo elements killed by a
differential. Let us denote a: = 7(z) and 3: = 7(y). Then our equation is

(9) 0= (Sq2i-20)* + 5¢2Sq'd mod (a, B)
Notice that d can be written as
d=aSq> 11+ bS¢g> 21+ ¢

where a, b and ¢ are polynomials in ¢, Sq'¢,. .., Sqg®-3.. Hence, a straightforward
argument shows that equation (1) cannot be solved if i > 3. If i = 3 then the
equation (1) admits several solutions because in that case Sq2Sq! applied to either
SqRor - SqPr, SqP21 or 1(SqP1e)? gives a term (SqA11)*. Nevertheless, d should
also satisfy other equations obtained by applying Sq2lc to a and 3. In particular
we obtain:

S¢*(d) = S¢*(d) =0 mod (a, )

and a long and boring but straightforward computation shows that no one of the
solutions of (1) can satisfy these new equations. [

Remark. In [4] we prove that A is also realizable as the mod two cohomology of
some space.
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§7. THE ARF INVARIANT

In [1], [3], [4] and the present paper we have considered spaces X whose mod
p cohomology has the form Fp[x2,] ® E(Bz) where 3 denotes the Bockstein ho-
momorphism. One sees immediately a relation between these spaces and the Arf
invariant elements. For instance, (see also [1]) assume that X is 2-complete and

H*(X) = Bi_1 = Fa[w2:] @ E(Sq'w:).

Then the cell structure of X looks like

2i+1

X =82 Upe?tlyge? U

Here we use the standard notation in which 6 € mgi+1_;(S? 1) is the map obtained
from the attaching map of 2™ by collapsing the 2¢-skeleton. Let X’ be the Spanier-
Whitehead dual of the 2+ !-skeleton of X. The cohomology of X' has generators a,
b and c linked by Steenrod operations in the way Sq? a = Sq'b = c. Then, for i > 3
the Adams decomposition of S¢?* through secondary operations implies that a and
b have to be linked by the secondary operation corresponding to the Arf invariant
elements in the stable stem. Hence, a realization of B;, 2 > 2, would immediately
provide an Arf invariant element. But theorem 13 in the present paper shows that
B;, ¢ > 2 is not realizable as the cohomology of any space. Therefore, although Arf
invariant elements have been constructed up to the 62-stem, only n% and v? could
be used to build a space with cohomology B;. The siapplying is similar to what
happens with the Hopf invariant one elements. Any space whose cohomology is a
polynomial algebra on one generator should have the second cell attached to the
first one through a map of Hopf invariant one but, although 7, v and ¢ have Hopf
invariant one, only 1 and v can be the starting block of such a space.

If X realizes B; or By then the above argument cannot be used to show that
the third cell is attached by the Arf invariant element, because Sq* and S¢® are
not decomposable through secondary operations. Actually, we do not know what
is the attaching map of the third cell of the space X constructed in section 5. In
the case of S3(3) the attaching map for the third cell is indeed n?.

Proposition 14. S3(3)7=S5*Use® U,2 €8 --.

Proof. Tt suffices to prove that the 8-cell is attached non-trivially to the 5-cell. Let
us first recall the few first stable homotopy groups of BS! at the prime two (cf.

[9]):

7 = 1 2 3 4 5 6 7
= 0 Z 0 Z Z)2 7 72
generator B 282 piv 283 [ov

We then use the homology Serre spectral sequence of the fibration BS! — S3(3) —
S3 to compute the stable homotopy of S3(3):

E?,=H,(S% a7 (BS") = m, . (S%3)).
JFrom this one deduces that

w7 (BS') — 77 (5%(3))
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is an isomorphism. Since the generator of 72 (BS'/S?) comes from the fourth-
dimensional cell, we obtain that 72 S* = Z/8v projects to w2 (S3(3)). Consider the
diagram

54

7 L 51 et s 53(3)

g
55

We want to prove that g f is essential. If not, then f lifts stably to S* but, since hf
is trivial, f is divisible by two in 72S% and so it is stably trivial in 72 (S* Uy €?).
Since f is the attaching map of the seven-dimensional cell of $3(3), this contradicts
the existence of a non-trivial S¢* in $3(3). O

We finish with some open questions which deserve further study.

The above proof relies on the map S3(3) — S and so it does not work if S3(3)
is replaced by a space with the same cohomology but a different mod 2 homotopy
type. All such spaces are classified in [4] and it would be interesting to know if the
attaching map of the third cell of such a space should always be n?.

In the present paper we have constructed a space

X =5S%0Uye"Ugel®u---

whose cohomology is Bs. Is # = v27 In a similar way as in the case of $3(3), the
mod 2 homotopy types of all spaces with the same cohomology than X are classified
in [4]. If X' is now one of these spaces, is also the third cell of X’ attached through
the Arf invariant map?
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