ON THE 2-COMPACT GROUP DI(4)

D. NOTBOHM

ABSTRACT. Besides the simple connected compact Lie groups there exists one further
simple connected 2-compact group, constructed by Dwyer and Wilkerson, the group
DI(4). The mod-2 cohomology of the associated classifying space BDI(4) realizes
the rank 4 mod-2 Dickson invariants. We show that mod-2 cohomology determines
the homotopy type of the space BDI(4) and that the maximal torus normalizer
determines the isomorphism type of DI(4) as 2-compact group. We also calculate
the set of homotopy classes of self maps of BDI(4).

1. Introduction.

As introduced by Dwyer and Wilkerson in their influential paper [9], a p-compact
group is a pair (X, BX) of spaces such that X is F,-finite, i.e. H*(X;F,) is a fi-
nite vector space, BX is pointed, both spaces are p-complete (in the sense of [2])
and the loop space Q2BX and X are homotopy equivalent. This is a homotopy
theoretic generalization of the concept of compact Lie groups. For a connected
compact Lie group G, the pair (G;\, BG;/a\) together with the natural equivalence
QBGI’)\ a G;\ is a p-compact group, which, by abuse of notation, we also denote
by G. For odd primes, there exist many connected p-compact groups which do
not come from compact Lie groups, e.g. Sullivan showed that, if n divides p — 1,
the sphere 5*"~! gives rise to a connected p-compact group ((S*"~")2, B(S**~')7)
[27]. At the prime 2, Dwyer and Wilkerson constructed the only known example
DI(4) of a connected 2-compact group, which is not a Lie group [8]. The classi-
fying space BDI(4) realizes the rank 4 mod-2 Dickson invariants, namely the ring
of invariants of the natural action of GI(4,F;) on the rank 4 polynomial algebra
H*((BZ/2)*;F). In fact, they conjectured that every connected 2-compact group
is a product of a connected compact Lie group and copies of DI(4). In this work we
will approach this conjecture by showing that the 2-compact group DI(4) satisfies
some uniqueness results. We also show that this conjecture is at least rationally
true (see Theorem 1.5)

p-compact groups behave astonishingly similar as compact Lie groups. Every
p-compact group X has a maximal torus Tx — X, a Weyl group Wx, a maximal
torus normalizer Nx — X and a center Z(X) — X, all with basically the same
properties as in the case of compact Lie groups. And two p-compact groups X and
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Y are isomorphic if the classifying spaces BX and BY are homotopy equivalent. For
further details about p-compact groups see the survey article [16] or the references
mentioned there.

For p-compact groups, there are two classification conjectures around. A map
between algebras over the Steenrod algebra is called a -map.

1.1 Conjecture.

(i) Let X be a simply connected or centerfree p-compact group. A p-complete space
A is equivalent to BX if and only if there exists a K-isomorphism H*(A;F,) =
H*(BX;F,).

(ii) Two connected p-compact groups X and Y are isomorphic, i.e. the classifying
spaces BX and BY are equivalent, if and only if the maximal torus normalizer Nx
and Ny are isomorphic.

At the prime two, both conjectures are proved for special unitary groups [5] [6]
[18] [21], for the exceptional Lie group G4 [30] and for the special orthogonal groups
SO(2n + 1) [19] [24] [26]. For the spinor groups Spin(2n + 1) [24], for Sp(n) [28]
and the exceptional Lie group Fy [29] only the second part is known.

We will show that both conjectures are also valid for the Dwyer-Wilkerson ex-
ample DI(4).

1.2 Theorem. A 2-complete space A is homotopy equivalent to BDI(4) if and
only if there exists a KC-isomorphism H*(A;Fy) =2 H*(BDI(4);Fy).

1.3 Theorem. A connected 2-compact group X is isomorphic two DI(4) if and
only if the maximal torus normalizer Nx and Npyy are isomorphic.

If H*(A;Fy) = H*((BZ/2)*%Fy)¢*F ) standard methods show that QA is
Fo-finite (see [8]). The pair (24, A) gives rise to a 2-compact group. The next
proposition shows that Theorem 1.2 and Theorem 1.3 are equivalent statements.

1.4 Proposition. For a 2-compact group X, the mazximal torus normalizer Nx
and Npya) are isomorphic if and only if there exists a K-isomorphism H*(BX;Fy) =
H*(BDI(4);Fy).

Every p-compact group X has an associated p-adic lattice Lx := m1(Tx) which
carries an action of the Weyl group Wx. If X is connected, the representation
Wx — GI(Lx ® Q) represents Wx as a pseudo reflection group, i.e. Wy is finite
and generated by elements fixing a hyperplane of codimension 1. The above rep-
resentation gives the rational Weyl group data of X. We say that two p-compact
groups X and Y have the same rational Weyl group data if the two representations
Wx — Gl(Lx ® Q) and Wy — GI(Ly x Q) are weakly isomorphic. That is there

exists abstract isomorphism W = Wy such that Lx ® Q and Ly ® Q are iso-
morphic as Z;[Wx]-modules. The next theorem shows that the above mentioned
conjecture of Dwyer and Wilkerson is rationally true.

1.5 Theorem. FEwvery connected 2-compact group X splits into a product X =
X1 x Xo such that X5 is isomorphic to some copies of DI(4) and Xy has the same
rational Weyl group data as a suitable connected compact Lie group G.

Finally we characterize the homotopy classes of self maps of BDI(4).
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1.6 Theorem. Let i : Tpjay C DI(4) be a mazximal torus of DI(4). Then, the
following conditions are equivalent.

(i) f and g are homotopic.

(ii) The compositions f o Bi and g o Bi are homotopic.

(iii) H*(f;25) © Q = H*(9; Z5) ® Q.

In fact, we will show that every self f : BDI(4) — BDI(4) is an Adams op-
eration (see Section 6). That is there exists a ky € Z% such that f induces on
H?*(BDI(4); Z%) ® Q multiplication by (ks)’. The 2-adic integer k; is called the
degree of f. It will turn out that ky is either 0 or a 2-adic unit, that all these values
can be realized and that k; determines f up to homotopy (Theorem 3.5).

The strategy for the proofs of Theorem 1.2 and Theorem 1.3 is clear and known
to experts. It uses the construction of the classifying space BDI(4) of Dwyer and
Wilkerson. They constructed BDi(4) as a homotopy colimit of a diagram based on
the Rector category of H*((BZ/2)*;Fy)“ 4 ) which is equivalent to the Quillen
category of DI(4), namely the category of elementary abelian 2-subgroups of DI(4).
One of the spaces in that diagram is the classifying space BSpin(7) of the 2-compact
group Spin(7), which plays a major role in the construction. The missing gap for
completing the proof is a uniqueness result for Spin(7) which is provided in [24].
Having this at hand we construct a map from the homotopy colimit approximating
BDI(4) to the classifying space BX of a p-compact group satisfying Proposition
1.4. And this map will turn to be an equivalence after completion.

Remark: As Wilkerson pointed out to us, one can get away with a weaker as-
sumptions in Theorem 1.3. If the Weyl groups of a 2-compact group X and DI(4)
are isomorphic as abstract groups, then both have isomorphic normalizers as well
as isomorphic mod-2 cohomology. In fact, this applies to several 2-compact groups.
A detailed proof will appear in future work by Dwyer and Wilkerson.

There is also some overlap with work by Dwyer and Wilkerson. Proposition
1.4 and Theorem 1.6 are also known to them and were presented by Wilkerson at
conference talks in Seattle and Orlando [32].

The paper is organized as follows. In Section 2 we recall the construction of
BDI(4) of Dwyer and Wilkerson. In Section 3 we discuss self maps of DI(4),
Section 4 contains the proof of Proposition 1.4, Section 5 the proofs of the theorems
1.2 and 1.3, and the last section the proof of Theorem 1.5.

We will use the language of p-compact groups all over the places. For references
we refer the reader to the survey article [16] or the references mentioned there.

Mostly, cohomology is taken with Fy as coefficients. And H *Q (—) denotes the
cohomology groups H*(—;Z%) ® Q.

We thank the Max-Planck-Institut fiir Mathematik in Bonn for their hospitality
when the main part of this work was done.

2. The construction of DI(4).

In this section we recall the construction of DI(4) and other material from [8].
The general linear group GI(4,F5) acts on the 4-dimensional Fa-vector space Ey =
(F2)* and therefore on the algebra of formal polynomial functions Fy[Ey] on Ey4



with coefficients in Fy. That is the symmetric part of the tensor algebra of the
dual of E. We can identify this algebra with the algebra H*(BE4;Fy). The ring of
invariants H*(BE,)“"4F2) = Wy[cg, ¢19, c14, ¢15] carries an action of the Steenrod
algebra As. The indices denote the degree of the classes. The action is determined
by Sq*(es) = c12, Sq*(c12) = c14 and Sq'(c14) = c15.

The Bockstein spectral sequence collapses at the Ej-page and shows that
H(BDI(4); Zy) = Qp[ws, T12,72s8]. This is also true for any space A such that
H*(A) & H*(BE)CG!(4F2),

DI(4) is a 2-compact group of rank 3 with maximal torus Tpjy ~ (S')* —
DI(4). The Weyl group Wpyu) = Z/2 x GI(3,F,) arises as the pseudo reflection
group No. 24 in the Clark-Ewing list of irreducible rational pseudo reflection groups
[3]. The representation

WD1(4) = Z/2 X Gl(g,F2) — Gl(LD](4)) = Gl(3,Z§\)

maps the generator of Z /2 on —I where I is the identity. The composition Wp4) —
Gl(3,Z%) — GI(3,Fy) is the projection on the second factor [8, Theorem 5.1]. In
particular Lpr4)/2 := Lpry ® Fy is an irreducible Wp4)-module.

2.1 Lemma. FEvery Wpy)-lattice of Lpra) © Q is isomorphic to Lpy) as
L [Wpiay]-module.

Proof. Let L C Lpy4) @ Q be a Wpy4)-lattice. There exists a Wpy4)-equivariant
monomorphism L — Lpy4) such that the cokernel K is a torsion group and such
that rank of K/2 := K ® Fy is smaller than 3. Tensoring with Z/2 yields an exact
sequence

0— Tor(K,Z/2) — L/2 — Lpra4y/2 — K/2—0

of Wpiy-modules. Since Lpj)/2 is irreducible, K/2 = 0, hence K = 0 and
L= LDI(4)-

Next we describe the Quillen category of DI(4). Since H*(BDI(4);Fy) =
H*(BEy; )G 4F2) every elementary abelian 2-subgroup E C DI(4) is subcon-
jugated to E4 and every pair of subgroups E, E' C E4 of the same dimension are
conjugate in DI(4). Essentially, for i = 1,..,4, there is exactly one elementary
abelian 2-subgroup E; C DI(4) of dimension i. The Quillen category is equivalent
to the full subcategory of the following shape

fr)\ G ’ G ’ G ?
E, == Ey == > By == > By —

where the groups above the objects denote the self maps and where = denotes
the set of morphisms from E; to E; ;.

We have CD[(4)(E4) = E4. And 03 = CD](4)(E3) = TDI(4) X Z/2 where
Z/2 acts on Tpy4) via an Adams operation 1 of degree —1, i.e. ~! induces
on my(BTpr(s)) multiplication by —1. The group Ej3 is contained in Tpj4) and
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therefore toral in DI(4) as well as E5 and Ej. The induced action of GI(3,F2) on
Tpi(a) comes from the representation G1(3,Fy) — GI(3, Z4) given by restricting the
2-adic Weyl group representation Wpr)y — GI(3,Z%) to the second component.
Moreover, Cy := Cpya)(E2) = SU(2)?/A, where A is the image of the diagonal
embedding of Z/2 — SU(2)?. And Cy := Cpy)(E1) = Spin(7).

The decomposition diagram of BDI(4) given by the centralizers of the elemen-
tary abelian subgroups of DI(4) [7] [10] has the form

nnn

CIH BC,‘H BC’,,H E'4

Let Top denote the category of topological spaces and let © : A,(DI(4)) —
Top be the functor given by the above diagram. Then, evaluation at basepoints
establishes a map

hOCOlimAp(D[(4)) 6 — BDI(4)

2.2 Theorem. ([7] [8]) The map hocolimp (pr4y) © — BDI(4) is a mod-2 equiv-
alence.

The 2-compact groups C; and Spin(7) are isomorphic. We will switch between
them. For example, for the above decomposition diagram it is more appropriate to
work with C; since we have to think of it a s a centralizer, and for describing self
maps of BDI(4) we prefer to work with Spin(7).

2.3 Remark. We do need some more detailed information about the subgroup
Spin(7) C DI(4). Let E;y — E4 be the inclusion of the first coordinate. The
isotropy subgroup I' := Iso(E7) C GIl(4,F,) is the subgroup of all matrices of the

form <(1) Z) such that A € GI(3,F;). The classifying space BCpj)(E1) ~
BSpin(7)% has mod-2 cohomology
H*(BSpin(7);Fy) & H*(BCpray(E1);Fa) & H*(BE4; Fo)"

This ring of invarinats is a polynomial algebra and H*(BSpin(7); F2) = Fa[d4, dg, d7, ds]
where subindices denote degrees. In particular, H*(BDI(4);Fy) — H*(BSpin(7);Fs)
is a monomorphism. Moreover, since E; is subconjugated to Tpy), Spin(7) C
DI(4) is a subgroup of maximal rank and Wy, 7y C Wpr(4). The Euler charac-
teristique x(D1I(4)/Spin(7)) of the homotopy fiber of BSpin(7) — BDI(4) is the
index of [Wpra) : Wepin(r)] of the Weyl groups. The order of Wpy(4) is 336, the
order of Wy 7y is 48 and x(DI(4)/Spin(7)) = 7. We explained this calculation in
detail since, unfortunately, there is is misprint in [8, Theorem 1.8]. This calculation
always works for subgroups of p-compact groups of maximal rank [10] [17].

The maximal torus normalizer Np) contains the subgroup Tpj) X Z/2 =
Cpr)(E3). And therefore a unique subgroup Fy C Tpyry % Z/2 C Npy(s- Since
Spin('?) = CD](4) (El) and since Ey C TD1(4), the Weyl group WSpin(7) C WD[(4)
is the isotropy subgroup of E; for the Wp4)-action on T4y [10].

We finish this section with a some statements necessary for later purpose.
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2.4 Proposition. For any elementary abelian 2-group E, the map [BE, BE4| —
[BE, BDI(4)] factors through the bijection [BE, BE4]/Gl(4,Fy) — [BE, BDI(4)].

Proof. Since H*(BDI(4);Fy) = H*(BEy;Fy)G (*F2)  this statement is well known.
It follows from facts about Lannes’ T-functor, namely that H*(map(BE, BX);F,) &
TE(H*(BDI(4);F,)) and that

TE(H*(BEy; Fy)¥1F) = (TE(H*(BEy; Fy))) "4 F2) = H* (map(BE, BEy); Fy) (4 F2)

[14] [9] (for the latter sequence of isomorphisms see also [8]). O

2.5 Lemma. There erist eractly one monomorphis R* := H*(BDI(4);F2) —
S* .= H*(BSpin(7);Fy) of algebras over the Steenrod algebra, such that S becomes
a finitely generated R-module.

Proof. Let A* := H*(BE4;Fy) and E4 C Spin(7) the standard inclusion. This
inclusion induces a monomorphism $* — A*. Therefore it suffices to show the
statement if we replace S* by A*. Let a : R* — A* be the map induces by the
inclusion BEy, — BDI(4). Let g : R* — A* be any map which makes A* to
a finitely generated module over R*. In particular, 8 is a monomorphism. Then
there exists an automorphism v : A* — A* such that Sy = a. Since Gi(4,F) is
the Galois group of the integral extension R* — A*, the maps a and 8 have the
same image. L[]

3. Self maps of BDI(4).
In this section we want to prove Theorem 1.6. We use the same notation as in
Section 2.

3.1 Remark. Every elementary abelian 2-subgroup E C DI(4) of rank £, 1 <
k < 4, is conjugate to the inclusion Ey C E4 C DI(4). We denote by iy : BCy :=
BCpia)(Ey) — BDI(4) the inclusion of the centralizer of Ey. Let ¢ : Cx — DI(4)
be a monomorphism. Since E4 C C}, there exists a homomorphism p : E4 — E4
such that the diagram

E4 —C—> Ck

d ‘|
Ey —S— DI(4)

commutes up to conjugation (Proposition 2.4). Actually, p is a monomorphism,
because ¢ is one [9], and therefore an isomorphism. Since the Weyl group of E4 C
DI(4) is GI(4;Fy) we can assume that p = id and that the restriction ¢|g, is
the inclusion Ej, C DI(4). Passing to centralizers establishes a monomorphism
¢": Cr =2 Cc, (Ex) — Cpr(ay(Ex) = Cg. In fact, this is an isomorphism [17].
Because Ej C C} is central there exists a homomorphism p : Cy X Ey — Ck.
By construction, B¢’ : BCy, — map(BEy, BDI(4))B¢|BEk ~ BC} is the adjoint of

the composition BC), x BE}, LN BC,, o, BDI(4) and an equivalence. If i =1

or 2, then C} is connected and EF C C is subconjugated to the maximal torus of
Ck.
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All this together establishes the assumptions made in Proposition 4.6 of [23].
The conclusion we can draw is the following. If By : BCy, — BDI(4) is another
map such that Hg(B¢) = Hi(Bv), then B¢ and B1) are homotopic.

3.2 Lemma. A map g : BSpin(7)) — BDI(4) is either homotopic to the constant
map or there exists a self equivalence h : BSpin(7)y — BSpin(7)y such that
Biioh~g.

Proof. Let ¢ : Spin(7) — DI(4) be the underlying homomorphism such that g ~
B¢. The homomorphism ¢ is either conjugate to the constant map or the kernel
of ¢ is a central subgroup of Spin(7) [20], hence a subgroup of Z/2. If the kernel
is the trivial group, then ¢ is a monomorphism. If the kernel equals Z/2, then ¢
factors through a monomorphism ¢ : SO(7) = Spin(7)/(Z/2) — DI(4) [20]. This
gives a contradiction, since SO(7) contains an elementary abelian 2-group of rank 6
and DI(4) does not. Therefore, ¢ is either the constant map or a monomorphism.
In the latter case, the existence of h follows from Remark 3.1. [

3.3 Proposition. Let f : BDI(4) — BDI(4) be a self map. Then the following
holds:

(i) The map f is either homotopic to the constant map or an equivalence.

(1i) There exists a self map h : BSpin(7)3 — BSpin(7)y such that the diagram

BSpin(7)) —L— BSpin(7)}

B | B |

BDI(4) —L— BDI®4)

commutes up to homotopy.

Proof. If f o Biy is nullhomotopic we can choose the constant map for h. Hence,
the second part is a consequence of Lemma 3.2.

The map h is either null homotopic or an equivalence [13]. If A is an equivalence,
then f induces a monomorphism in mod-2 cohomology, therefore an isomorphism,
and is an equivalence.

Since the Weyl group index [Wpyy : Wepin(ry] is odd, Spin(7) and DI(4) have
the same 2-Sylow subgroup P C Spin(7) C DI(4). thus, if h is null homotopic, the
restriction f|gp is null homotopic and so is f itself [22] O

For a p-compact group X, we call a self map f : BX — BX an Adams operation
of degree k € 7)) if, for any class z € HZ\ (BX), f*(z) = k'z. By Z4* we denote

the units of Z%.

3.4 Corollary. Every self equivalence of BDI(4) is an Adams operation whose
degree is a 2-adic unit.

Proof. . Every self equivalence of BSpin(7)% has this property [13]. Since
@ (BDI(4)) — H*Q (BSpin(7)) is a monomorphism, the statement is a conse-
quence of Proposition 3.3. [



Considering the constant map as an Adams operation of degree 0, the above
corollary establishes a map

D:[BDI(4), BDI(4)] — {0} [ 25~ .
3.5 Theorem. The map D : [BDI(4), BDI(4)] — {0} ][ Z%* is a bijection.

We postpone the proof of Theorem 3.5 to the end of this section.

Proof of Theorem 1.6. If, for two maps f,g : BDI(4) — BDI(4), the re-
strictions to BTpy4) are homotopic, then both induce the same map in rational
cohomology, are Adams operations of the same degree and therefore homotopic by
Theorem 3.5. [

As in Section 2 we denote by A := A,(DI(4)) the Quillen category of DI(4)
and by © := ©Opryu) : A — Top the functor describing the Dwyer-Wilkerson
decomposition. Since hocolimy © — BDI(4) induces an equivalence after 2-adic
completion (Theorem 2.2) we get an equivalence

map(BDI(4), BDI(4)) ~ holima map(©, BDI(4)) .
The equivalence establishes a map
[BDI(4),BDI(4)] — l(%n [©,BDI(4)] .

For ¢ € lim [©, BDI(4)] and an object £ C X of A we denote by
A
map(BC(E), BDI(4))4 the component determined by ¢ and by

map(BDI(4), BDI(4)) := holima map(©, BDI(4)),

the union of all components whose image is ¢.
The homotopy groups of the last space can be calculated with the Bousfield-Kan
spectral sequence [2]. The E2-term has the form

E2; = lim' n;(map(BC, BDI(4))y =: lim" TI;(g) .
A A

If ¢ is the image of the constant map, then, for all Ej,
map(BCpy)(Ex), BDI(4))y ~ BDI(4)

and the functor I1;(¢) is the constant functor. If ¢ is the image of a self equivalence
f:BDI(4) — BDI(4), then composition with f induces a natural equivalence

I = I1; (id) — I1;(¢) .
Since for any abelian p-compact group A and any p-compact group X
BZ(C)((A)) ~ map(BCX(A), BCX(A))W; ~ map(BCX(A), BX)Bz

where i denotes the inclusion of the centralizer [10] [23], the functor II; is naturally
equivalent to the inclusion functor J : A — Ab into the category of abelian groups.

In both cases the higher derived limits all vanish [8], the Bousfield spectral
sequence collapses and is concentrated in a singular line. This allows to prove the
following proposition:



3.7 Proposition.
(i) The map [BDI(4), BDI(4)] — lim [©, BDI(4)] is a bijection

A
(i) For all non trivial self maps f : BDI(4) — BDI(4), the mapping space
map(BDI(4), BDI(4))y is contractible, and map(BDI(4), BDI(4))const =~ BDI(4).

Proof. The first part follows from the above considerations. They also show that,
for all non trivial self maps f : BDI(4) — BDI(4), map(BDI(4), BDI(4));q ~
map(BDI(4), BDI(4))¢. The first mapping space is equivalent to the classifying
space of the center of DI(4) [10], which is trivial [8]. The component of the constant
map is calculated in [10]. O

Proof of Theorem 3.5. Let A’ C A denote the full subcategory whose objects are
elementary abelian 2-subgroups of DI(4) of rank less or equal to 2. Then, the
results of [25] say that the second arrow of

[BDI(4), BDI(4)] = lim [©, BDI(4)] — lim [0, BDI(4)]
A A’

is an isomorphism. The first isomorphism follows from Proposition 3.7. We denote
by ig : Cpra)(E) — DI(4) the inclusion of the centralizer of E.

We first show that D is an injection. The degree of a self map of BDI(4) is
determined by the the induced map in rational cohomology. Let f,g: BDI(4) —
BDI(4) be two self maps. Since a self map is null homotopic if and only if it induces
the trivial map in rational cohomology [15], the map f is null homotopic if and only
if g is. Moreover, if f is not null homotopic it is an equivalence as well as g. The
compositions f o Bigp and g o Bip induce the same map in rational cohomology. If
the rank of E is less or equal to 2, then Remark 3.1 shows that both compositions
are actually homotopic. By Proposition 3.6, this implies that f ~ g. Hence, D is
an injection.

The degree 0 is realized by the constant map. For k € Z4* and E C DI(4) of rank
< 2, the centralizer Cp4)(F) is the completion of a connected compact Lie group.
There exists an Adams operation ff; : BCpya)(E) — BCpy4)(E) of degree k [13].
Let fg := Bigo fy : BCp4)(E) — BDI(4) denote the composition. We want to
show that the tuple (fg)pea’ gives an element of lim [©, BDI(4)]. That is that

A
fi

for every morphism Ey — E; the composition BC(E;) — BC(Ey) — BDI(4) is

homotopic to fg,. By construction, the composition and fg, induce the same map

in rational cohomology. Remark 3.1 implies that both maps are homotopic. There-

fore, (fr)pear € lim [©,BDI(4)] and D is surjective (Proposition 3.7), which
Al

finishes the proof. I

4. The proof of Proposition 1.4.
First we assume that X is a 2-compact group, such that

H*(BX;F,) > H*(BDI(4);F,) & H*(BEy; F,) ¢ (4F2)
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4.1 Lemma.

(i) Every elementary abelian 2-subgroup E C X is subconjugated to Eq4 C X.

(ii) The 2-compact group X is connected, centerfree and simple. In particular, the
rational Weyl group representation Wx — GI(Lx ® Q) is irreducible.

(iii) X and DI(4) have the same rational Weyl group data.

Proof. The K-map H*(BX;Fy) — H*(BE4;Fy) can be realized by a topological
map BE; — BX [14] which makes E4 C X to a subgroup of X. Moreover, since
H*(BE;F,) is an injective object in the category K of algebras over the Steenrod
algebra, every map BE — BX factors through BFE,. This proves (i).

For p-compact groups, the T-functor calculates the cohomology of classifying
spaces of centralizers of elementary abelian p-subgroups [9]. Since the T-functor
commutes with taking invariants, a central subgroup £ C E4 C X has to be fixed
under the action of GI(4,F). There are no nontrivial fixed points, and therefore
X is centerfree.

As a connected centerfree 2-compact group, X splits into a product of simple
centerfree 2-compact groups [11]. A non trivial splitting of X would establish a non
trivial splitting of H*(BX;Fy) into a tensor product. But such a splitting does not
exist for H*(BE4;Fy) (4 2) Hence, X is simple. Since, for p-compact groups,
simple just means that the associated rational Weyl group is irreducible [11] [22],
the last fact of (ii) is obvious.

As already mentioned in Section 2, the Aj-action on H*(BX;F;) implies that

(55 (BX) = Q) s, Y12, yos] = @ (BDI(4)). Since H*Q(BX) = @ (BTx)"Wx
[9], the 2-compact groups X and DI(4) have the same rank and the Weyl groups Wx
and Wpr(4) the same degrees. Looking at the classification of all irreducible rational
pseudo reflection groups [3] shows that both Weyl groups are weakly isomorphic.
That is that X and DI(4) have the same rational Weyl group data. [

Proof of Proposition 1.4 (first half): Let X be a 2-compact group, such
that H*(X;Fy) & H*(BDI(4);Fy). We want to show that both have isomorphic
maximal torus normalizer. By Lemma 4.1, we can identify Wx and Wpy4) via the
rational Weyl group data. Then Lx and Lpj4) are Wpy4)-lattices of Lpru) @ Q.
By Lemma 2.1, both lattices are isomorphic. That is we can identify BTx and
BTpr4y as Wprs)-spaces. Since for every connected centerfree p-compact group
the maximal torus normalizer splits [11] we have BNy ~ B(Tx xWx) ~ B(Tpy)>
Wpi)) = BNpr) which proves the claim. [

4.3 Remark. The last arguments in the above proof show, that the maximal torus
normalizer of a 2-compact group X and DI(4) are isomorphic if and only if they
have the same rational Weyl group data.

Now we prove the other half of Proposition 1.4, which is nothing but Part (vi)
of the following proposition.

4.4 Proposition. For a 2-compact group X, such that Nx and Npy4) are iso-
morphic, the following holds:

(i) The 2-compact group X is connected.

(ii) There ezists a monomorphism Spin(7) — X such that Spin(7) is a subgroup
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of mazximal rank.

(iii) The Euler characteristique x(X/Spin(7)) is odd.

(iv) The map j* : H*(BX;Fy) — H*(BSpin(7);Fy) is a monomorphism.
(v) The subgroup Ey C Npyp4y C X is self centralizing and

H*(BX;F,) = H*(BE;F,)W~

where W x is the Weyl group of E4 C X.
(vi) H*(BX;Fy) = H*(BDI(4);F3) as algebras over the Steenrod algebra.

Here, the Weyl group W x is the group of all elements w € Gl(4,F,) such that
the inclusion ix : E4 — X and the composition i, w are conjugate in X.

Proof. By [9], for any p-compact group Y, the map Wy = m(Ny) — mp(Y) is an
epimorphism and the kernel is the Weyl group of the component Yy of the unit.
Hence, there exists an epimorphism Wx = Z/2 x GI(3,Fy) — mp(X). The target
is a 2-group and the kernel Wy is the Weyl group of X,. In particular, since X
and X, have both rank 3, the rational representation, Wy — GI(3, Q%) represents
Wy as a pseudo reflection group. The order of Wy divides 336 = 2* - 3 - 7 which is
the order of Wpy4). We have to figure out the pseudo reflection groups such that
the product of the degrees is divisible by 3 and 7. Only the group No. 24 satisfies
this property, which is the Wp;4). Hence, mo(X) is trivial and X connected. This
proves part (i).

The maximal torus normalizer Nx = Npj(4) contains a unique subgroup £y C
Npry (Remark 2.3). Let Ey C Ej be the inclusion of the first coordinate. Since the
Weyl group of Cx(E;) and of the component of the unit Cx (E1)o can be read off
from the action of Wx on T'x [10, 7.6], the centralizers Cx (E1) and Cp4)(E1) have
isomorphic maximal torus normalizer as well as Cx (E1)o and Cpy4)(E1)o. Since
Spin(7) = Cpray(E1) is connected, Cx(E;) and Cx(E)o have isomorphic Weyl
groups. Hence, Cx(E7) is connected and has the same maximal torus normalizer
as Spin(7). By [24], this implies that both are isomorphic, which proves part (ii).

The subgroup Spin(7) C X is of maximal rank. As explained in Remark 2.3, the
Euler characteristique of X/Spin(7) equals the Weyl group index [Wx : Wgpin(n)] =
(Wpia) : Wspin(ry] which is odd (Remark 2.3). This proves Part (iii).

There exists a transfer tr : H*(BSpin(7);Fy) — H*(BX;F2) such that the
composition with the restriction map j* : H*(BX;Fy) — H*(BSpin(7);Fy) is
multiplication by x(X/Spin(7) [4]. Since this is an odd number, the composition
is the identity and the map j* of (iv) a monomorphism as desired. We also notice
that the transfer is a linear map of H*(BX)-modules.

Since E4 centralizes Ey, we have E4 C Spin(7). And since E; C E,, we have
Cx(E4) = Cspin(ry(FP4) = E4. The last identity follows because E4 C Spin(7) is
self centralizing.

Let R* := H*(BX;Fy), S* := H*(BSpin(7);Fy) and A* := H*(BEy;F;). Then
the composition * : R* — S* — A* is a monomorphism and the Adams-Wilkerson
embedding. Let D* C A* b the smallest Hopf algebra containing R* which is also
an algebra over the Steenrod algebra. By [6, 3.6], we have D* = T2*(R*) =
H*(BCx(E4);Fy) = A*. The last identity follows since E4 C X is self centralizing.
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Since A* is a finitely generated R*-algebra, the fields of fractions F/(R*) C F(A*)
establish an algebraic extension. We can apply [31, Theorem II]. In or situa-
tion it tells us that there exists a ‘Galois’ group W C GI(FE4) such that R* C
Un(F(R*) = (A*)W c F(R*), where Un(F(R*) denotes the unstable part of
F(R*). Since the homotopy classe of maps BE4 — BX can be identified with the
maps H*(BX;F,) — H*(BEy4;F,) of algebras over the Steenrod algebra, W = W x
is the Weyl group of E4 C X. This establishes a chain of monomorphism

R* — (A*)WX - (A*)F — S* ,

where T', as explained in Section 2, denotes the Weyl group of E4 C Spin(7). Let
v € (A*)Wx. Then, x = a/b with a,b € R* and b - tr(z) = tr(bx) = tr(a) = a.
since we are doing calculations in a subring of a polynomial ring this shows that
tr(x) € R* is divisible by b, that R* — (A*)"* is an epimorphism and that
R* = (A*)Wx_ This proves part (v).

Finally we have to prove part (vi). By construction, ' C Wx C Gl(4,Fy). The
first inclusion is proper. Otherwise, the map BSpin(7)2 — BX induces an isomor-
phism in mod-2 cohomology and is an equivalence. This is a contradiction, since
Spin(7) and X have non isomorphic maximal torus normalizer, and are therefore
non isomorphic [17].

Lemma 4.5 below shows that I' C Gl(4,Fy) is a maximal subgroup. This implies
that Wx = GI(4,F,) and that H*(BX;Fy) & H*(BDI(4);F;). This proves the
last part and finishes the proof. [

The stabilizer subgroup of a subspace U’ C U := (F,)" is the subgroup of
Gl(n,F,) of all elements which map U’ onto itself. For p = 2 and for a 1-dimensional
subspace, the isotropy subgroup and the stabilizer subgroup are equal.

4.5 Lemma. For any prime p, the stabilizer subgroup I' C Gl(n,F,) of any 1-
dimensional subspace of U 1s a mazximal subgroup.

Proof. We can assume that I' is the stabilizer subgroup of the subspace generated
by the first standard basis vector e;. We write every element of B € Gl(n,F,) in

the form B = <,u ¢ , where ;o € F,, b and ¢ have n — 1 components and where

b M
M is a (n —1) x (n — 1) matrix. For elements of I', we have u # 0, b = 0 and
M e Gl(n—1,F,).

Let T' G IV € Gl(n,F,). We have to show that I = Gi(n,F,). Since
I'\ Gl(n,F,) = U’ := U \ {0}, the quotient I \ Gi(n,F,) is a quotient of U’.
Therefore, it is sufficient to show that IV acts transitively on U’.

Let B = <'Z AC/[> g I'; i.e. b # 0. Multiplying B by elements of I' from the
left shows that, for every vector u € U, there exists a matrix B’ € I such that the
first column (p', d’) equals u. Thus, the I''-orbit of e; contains all vectors of U’ and
IV acts transitively on U’. O
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5. Proof of the theorems 1.2 and 1.3.
Because of Proposition 1.4, both theorems are a consequence of the following
statement.

5.1 Theorem. Let X be a 2-compact group, , such that X and DI(4) have iso-
morphic mazimal torus normalizer and such that H*(BX;Fy) & H*(BDI(4);Fy)
(as algebras over the Steenrod algebra). Then, X and DI(4) are isomorphic as
2-compact groups.

The rest of this section is devoted to the proof of Theorem 5.1. And X will
be always denote a 2-compact group satisfying the assumptions of the theorem.
Before we start with the proof we fix some notation, which partly was already
introduced in Section 2 and Section 3. Any compact Lie groups G appearing in
the decomposition diagram of BDI(4) is the centralizer Cpyr)(Er) =: Ci of a
k-dimensional elementary abelian 2-subgroup of DI(4). Actually, for all k, Cj
is already contained in C; = Spin(7). We denote by jr : BCy, — BC; and
jk + BCy — BDI(4)4 the maps associated to these inclusions. In particular,
i1 : BC1 — BDI(4) comes from the standard inclusion Cy; C DI(4). We denote
by T' the maximal torus of C; and denote by jr : BT — BC; the asoociated map
of the inclusion. The composition ' C C; C DI(4) is also a maximal torus and
establishes the map ir : BT — BDI(4). By W := Wpy) we denote the Weyl
group of DI(4) and by Ly := m(T) the ‘dual weight lattice’.

5.2 Lemma.
(i) There ezist a monomorphism f1 : BCy — BX and an isomorphism H*(BX;Fy) &
H*(BDI(4);F2) such that the diagram

H*(BCy:7/2)

= H*(BDI(4); )

H*(BX;F2)

commutes. ‘

(ii) The composition T 2%, BC, 4 X is a mavimal torus and the associated
Weyl group representation Wx — GI(Ly) is weakly isomorphic to the Weyl group
representation W — GI(Lr).

Proof. The composition of inclusions Fy C E4 CT X Z/2= Cy C Npy4)4(T) C X
factors through the maximal torus 7. By Proposition 4.3, Cx (E;) = Spin(7) =2 C,
which establishes the monomorphism f; : BC; — BX. This map induces a
monomorphism fy : H*(BX;Fy) — H*(BC1;F;) in mod-2 cohomology (Propo-
sition 4.3) and makes the target to a finitely generated module over the source.
By Lemma 2.5, both maps, f{ and ¢] have the same image. Therefore the desired
isomorphism H*(BX;Fy) = H*(BDI(4);F;) exists. This proves the first part.
The composition T' C €y C X is obviously a maximal torus. The weak isomor-
phism between the two Weyl group representations follows from Lemma 2.1. [

Using Part (ii) of this lemma we can identify the maximal tori and Weyl groups
of DI(4) and X. The inclusion T' C X establishes a map fr : BT — BX and

Jr = fijr-
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Let A,(DI(4)) denote the Quillen category of the DI(4) and let
©:A,(DI(4)) — Top

be the functor described in Section 2, which gives the Dwyer-Wilkerson decompo-
sition for DI(4). This functor maps Ej on the space BCy := BCpj)(Ey). For
each space BCj we use the inclusion jpBCy — BCj (see Section 2). to define
fr : BCy — BX by the composition fi := f1jk-

5.3 Proposition. Let o : E; — E}, be any morphism of A,(DI(4)). Then, fi0O(a)
and fr are homotopic maps.

Proof. Since iy = i1jk, we can assume that [ = 1. By assumption, i;0(«) and iy
are homotopic. Now we check the statement for each value of i.

For £ = 1 there is nothing to show since the auotomorphism group of FEj is
trivial.

Let E4 C C; be the standard inclusion. Then, BCy ~ BE, and, by Lemma 5.2,
the triangle

H*(BE4; Z)2)

H*(BX;F,) H*(BDI(4); F2)

IR

commutes. Since homotopy classes of maps BEs — BX are determined by the
induced map in mod-2 cohomology, the statement also follows for k = 4.

For k = 2,3 we first notice that the maximal torus 7' C C; also establishes a
maximal torus for Cj.

Claim: The restrictions f10(«)|pr and fx|pr are homotopic.

Proof. The restriction ©(«a)|pr factors through a self map w : BT — BT. Since
i10(alpha) ~ i1, we have ipw ~ ip which shows that w € W. Hence, f10(a)|pr ~
fijrw ~ frw ~ fr ~ f1jr ~ fr|pr, which proves the claim. O

Now we consider the cases k = 2 and k = 3 separately. The centralizer C5
comes from a compact connected Lie group with center Fy C TsubsetCs and the
inclusion Cy C X induces a homotopy equivalence BCy ~ BCx (E3). Therefore all
assumptions of Proposition 4.6 of [23] are satisfied (for X = DI(4) this is explained
in more detail in Remark 3.1). Part (c) of that proposition and the above claim
imply that f10(a) =~ fo. This proves the statement for k = 2.

The final case £ = 3 is a consequence of the above claim and the next Proposi-
tion. [

5.4 Proposition. Let g,h : BC3 — BX be two maps such that the restrictions
g|Br and h|pr are homotopic and monomorphisms. Then g and h are homotopic.

Proof. The 2-compact group Cs establishes a fibration BT — BCy — BZ/2.
The group action of Z/2 on L := m9(BT) is given by multiplication by —1. Let
g := g|pr and let M, denote the union of all components of map(BCs, BX)
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whose restriction to BT is homotopic to ¢’. We make BT — BC5 into a fibration
respectively into a principal Z/2-bundle. Then M, can be described as the ho-
motopy fixed-point set (map(BT, BX),)"/? [12]. We only have to show that this
homotopy fixed-point set is connected. Since ¢’ is a monomorphism, it can serve
as a maximal torus and map(BT, BX); ~ BT. Hence, the Borel construction
establishes a fibration BT — E — BZ/2 and the space of sections is homotopy
equivalent to the homotopy fixed-point set. In this case, up to homotopy, the sec-
tions are classified by the obstruction group H?(BZ/2, L where Z/2 acts on L as
desribed above. Since H?(Z/2;Z%) = 0 for the nontrivial action of Z/2 on Z%,
this obstruction group vanishes and the space of sections of the above fibration is
connected as well as the homotopy fixed-point set. This proves the statement. [

Let K := hocolimp (p 1(4))©- This is the realization of a simplicial space. By

K™ we denote the realization of the n-skeleton of this simplicial space. By the
definition of the homotopy colimit, Proposition 5.3 establishes a map

¢ : KUY - BX .

Proof of Theorem 5.1 We want to extend the map ¢; : KV — BX to K by
induction over the skeleton. There exists an obstruction theory for such extension
problems [33], whose obstruction groups we desribe next.

Let II; : A,(DI(4)) — Ab be the functor taking values in the category of
abelian groups, which is defined by II;(Ey) := m(map(BCk, BX)¢,). The above
mentioned obstruction groups are given by higher derived limits of this functor.
Since BEj ~ map(BCy, BX)y,, the functor II; is trivial for i # 1 and nothing
but the inclusion functor J : A,(DI(4)) — Ab for i = 1. Here, J is defined by
J(Ey) := Ei. The higher derived limits of J are calculated in [8] and shown to
vanish. Therefore, we can solve the extension problems and there exists a map
¢ + K — BX. By construction K — BDI(4) is a mod-2 equivalence. And
this establishes a homotopy equivalence BDI(4) ~ BX and finishes the proof of
Theorem 5.1. [

6. Proof of Theorem 1.5.

We start directly with the proof. For any connected 2-compact group X there
exists a short exact sequence Z — X — X of 2-compact groups respectively a
fibration BZ — BX — BX for the associated classifying spaces, such that Z C X
is a central subgroup, in particular a product of a finite abelian 2-group and a
torus, and such that X is centerfree [17]. In fact, the fibration is principal and has
a classifying map BX — B%Z. By [11] X 2 [],Y; is congruent to a finite product
of simple centerfree 2-compact groups Y;. In particular, for all ¢, the rational Weyl
group representation Wy, — GIl(Ly, ® Q) is irreducible. (Actually, all this is true
for any prime.) If Y; has the same rational Weyl group data as DI(4), then Y; and
D1I(4) have isomorphic maximal torus normalizer (Remark 4.3) and are isomorphic
by Theorem 1.3.

Let X7 be the product of all factors Y; with the same rational Weyl group data
as DI(4) and X the product of all the others. At the prime 2, the rational Weyl
group representation of DI(4) is the only irreducible pseudo reflection group over
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Q% which is not weakly isomorphic to the 2-adic rational Weyl group representation
of a simple connected compact Lie group. This follows by checking the Clark-Ewing
list [3]. Therefore X5 has the same rational Weyl group data as a suitable connected
compact Lie group, and X; is congruent to a product of copies of DI(4).

Since BDI(4) is 7-connected, the composition BX; — BX| x BXy — B%Z is
null homotopic and BX ~ BX; x BX5 where BX5 is the fiber of the composition
BX, — BXxBXy — B?Z. Since BXjs fits into a fibration BZ — BXy; — BXs,
we can think of it as the classifying space of a 2-compact group X, . And, up to
some trivial summands, BX, has the same rational Weyl group data as BX. In
particular, BX> has the same rational Weyl group data as a suitable connected
compact Lie group. This proves Theorem 1.5. [
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