FAKE LIE GROUPS WITH MAXIMAL TORI. IV

by Dietrich Notbohm

1.Introduction.

This is a continuation of [N–S 1,2,3], which we refer to as I, II, and III. In this series of papers fake Lie groups and adic fake Lie groups are studied. Definitions, notation, and terminology about genus, adic genus, (adic) fake Lie groups, maximal tori, and Weyl groups may be found in I, II, and III.

One of the main goals was and is to determine all fake Lie groups allowing a maximal torus. In II and III, this is done for simply connected Lie groups and unitary groups. Here we will extend these results to the general case.

Theorem A. Let X be a fake Lie group of type G with maximal torus BT_X −→BX.

(1) There exists a compact connected Lie group H such that BX ≃ BH. (2) If G is simply connected or simple, then G = H.

As mentioned, the first part of (2) and (1) for unitary groups are already proved in III. Here, we will use a different approach for the proof, which we will explain in a moment.

In [N 2, 7.3], for BX ∈ genus^∧_0 (BG), it is proved that BX and BG have the same (local) genus iff X has a p–adic maximal torus BT X^∧_p −→BX^∧_p for each prime. Thus, theorem A is also true under the assumption of X being an adic fake Lie group of type G.

We define F LGT (G) to be the set of equivalence classe of fake Lie groups of type G allowing an integral maximal torus. Two fake Lie groups X and Y are equivalent if BX ≃ BY . We say that two maps f : Y −→Z and g : U−→V between nilpotent CW - complexes of finite type are in the same genus, if, for any prime p, there exists a homotopy commutative diagram between the p-localised spaces Y_{(p)} −−→ U_{(p)} f_{(p)} g^{(p)} Z_{(p)} −−→ V_{(p)} , Typeset by AMS-TEX 1

where the horizontal arrows are homotopy equivalences. We write this as

(Y_{(p)}−→Z_{(p)}) ≃ (U_{(p)}−→V_{(p)}) .

By genus(f : X−→Y ), we denote the set of homotopy classes of maps, which have the same genus as f : X−→Y . The genus of a space X is given by genus(∅−→X) or by genus(id : X−→X). Now, let G be a compact connected Lie group, and X a fake Lie group of type G with maximal torus BT_X −→BX. Then, (BT_X −→BX) ∈ genus(BT_G−→BG) , where T_G−→G is the inclusion of the ‘classical’ maximal torus of G. For simply connected Lie groups, this follows from I 4.2, and in the general case from [N 2, 7.3 and the proof]. Because of the uniqueness of maximal tori of fake Lie groups (I 4.5), this establishes a map F LGT (G) −→ genus(BT_G−→BG) . Since genus(BT_G) = {BT_G}, this is an isomorphism. The inverse map is the obvious one. We can reformulate theorem A to

Theorem A’. Let G be a compact connected Lie group.

(1) Every element (Y −→Z) ∈ genus(BT_G−→BG) is represented by a compact connected Lie group H and the associated maximal torus BT_H −→BH.

(2) If G is simply connected or simple, the genus of BT_G−→BG is rigid; i.e. genus(BT_G−→BG) = {BT_G−→BG}.

Remark. Part (2) is not true in general, even for semi simple Lie groups it is false as the following example demonstrates. Let G = SU(pq), where p and q are different primes. We define the groups G/p, G/q and G/pq by dividing out the subgroups Z/p, Z/q and Z/pq of the center of G. The genus of BG/p × BG/q containes the element BG/pq × BG and both Lie groups have a maximal torus. Another class of counterexamples is given by the fake unitary groups of III.

In the rest of the paper we prove theorem A’, the second part in the next section and the first part in section 3.

2. Rational self equivalences of BT_G−→BG.

Given a set of primes P , we denote by X_P the localisation of X at P and by X_{1/P} the localisation at the complementary set of primes. X_0 = X_∅ is the rationalisation of X. The group of homotopy classes of self equivalences of the rationalization of a map X−→Y is denoted by E_0(X−→Y ). E_P (X−→Y ) is the subgroup consisting of rationalisations of self equivalences of (X−→Y )_P .

For every compact connected Lie group G, there exists a finite covering ~G = G_s × T −→G, where G_s is simply connected, and where T is a torus.

Lemma 2.1. E_0(BT_G−→BG) ∼= E_0(BT_{Gs} −→BG_s) × E_0(BT ).

Proof. It is (BT_G−→BG)_0 ≃ (BT_{Gs} × BT −→BG_s × BT )_0 . We can apply [N 3, 16.2] or [A–M, 2.25 and the proof] to show that every rational self equivalence splits into a product. □

2.2 Corollary. genus(BT_{Gs} × BT −→BG_s × BT ) ∼= genus(BT_{Gs} −→BG_s) .

Proof. The elements in genus(BT_{Gs} × BT −→BG_s × BT ) can be constructed as a homotopy inverse limit using glueing maps on the rationalization of BT_{Gs} × BT −→BG_s × BT . By lemma 2.1, all the glueing maps split. The genus of BT is rigid. This completes the proof. □

Glover and Mislin studied the genus of G/T_G [G–M]. They explained in detail the relation between the genus of a space Y and the groups of self equivalences E_0(Y ) and E_P (Y ). Also, they set up a concept to prove the genus of G/T_G to be rigid. Papadima used this concept to complete the results of [G–M] and proved that, for a compact connected Lie group G, genus(G/T_G) = {G/T_G}. All these ideas extend to the case of the genus of BT_G−→BG. The proof of theorem A’ (2) is totally analogous to the proof of [P, 1.6 or 5.3]. We only need the following two lemmas.

Lemma 2.3. Let G be compact connected Lie group. Then, there exists a finite set P of primes such that, for (BT_X −→BX) ∈ genus(BT_G−→BG), (BT X−→BX)_{1/P} ≃ (BT_G−→BG)_{1/P} .

Proof. For every (BT_X −→BX) ∈ genus(BT_G−→BG), there exists a finite set P of primes, such that (BT X−→BX)_{1/P} ≃ (BT_G−→BG)_{1/P} (I 4.4). A careful analysis of the proof of I 4.4 shows that the following primes have to be inverted, namely primes dividing the order of the W_G, torsion primes of H^∗(BG; Z), and primes occuring in the denominators of the entries of the matrix and its inverse conjugating W_G into W_X . By the Jordan–Zassenhaus theorem [C–R, 79.1], there exist only finitely many conjugacy classes of integral lifts of the rational W_G–representation H^2(BT_G; Q). The statement follows. □

For any set of primes, the fibration G/T_G−→BT_G−→BG establishes a map F_P : E_P (BT_G−→BG) −→ E_P (G/T_G) . 2.4 Lemma. Let G be simply connected or simple. For every finite set P of primes, F_P is an isomorphism.

Proof. If G is simply connected or simple, H^2(G/T_G; Q) ∼= H^2(BT_G; Q). Because BG_0 is a product of Eilenberg–McLane spaces, F_P is an injection. In [P], E_0(G/T_G) is calculated. This computation and the results of [A–M, §2] and [W] show that F_P is surjective. A description of E_0(BT_G−→BG) may also be found in [J–M–O] or [Mø]. □

3. Proof of theorem A’ (1).

For a compact connected Lie group G, there exists a finite covering K^i−−→ ~G = G_s × T −−→ G , where K is finite abelian, G_s simply connected, and T a torus. Passing to classifying spaces we yield a principal fibration with classifying map BG−→BBK. The composition BT_G−→BG−→BBK classifies the associated fibration of the classifying spaces of the maximal tori. We denote by K_p the p–Sylow subgroup of K. Then, BK_p ≃ BK_{(p)}.

For BT_X −→BX ∈ genus(BT_G−→BG), we can define p–local classifying maps BT_{X (p)}−→BX_{(p)}−→BBK_p. BT_X −→BX can be reconstructed from the localisations by a homotopy inverse limit. This yields maps BT_X −→BX−→BBK classifying the diagram of fibrations BK −−→ Y −−→ BT_X ‖ ‖ BK −−→ Z −−→ BX . (Y −→Z) ∈ genus(BT_{Gs} × BT −→BG_s × BT ). By lemma 3.1 and theorem A’(2), this genus is rigid. This establishes a diagram of fibrations BK^{Bρ}−−→ BT_{~G} −−→ BT_X ‖ ‖ BK^{Bρ}−−→ B ~G −−→ BX , where the first map in each row is induced by a homomorphism ρ : K−→T_{~G}.

3.1 Lemma. ρ is injective, and the image im(ρ) of ρ is central in ~G = G_s × T .

Proof. For every prime p, there exists a commutative diagram BK_p^{Bi}−−→ BT_{~G(p)} −−→ B ~G_{(p)} ‖ ‖ ‖ h^T_{~G} h ~G BK_p^{Bρ}−−→ BT_{~G(p)} −−→ B ~G_{(p)} . The vertical arrows are equivalences. Self equivalences of (BT_{Gs} × BT −→BG_s × BT )_P split into products of p–local equivalences. This follows from lemma 2.1 and the p–local version of [N 2, 6.2]. Thus, (h_{~G}, h_{~G}) = (h_{TGs} , h_{Gs} ) × h_T . h_{TGs} ∘Bi|_{BKp} is induced by a monomomorphism K_p−→T_{Gs} , whose image is central in G_s. This follows from lemma 2.4 and [P]. Hence, ρ(K_p) for all p and ρ(K) are central in G_s × T . Moreover, ρ is injective. □

Now we can finish the proof of theorem A’ (1).

Proof of theorem A’(1). In view of lemma 4.2 H := ~G/ρ(K) is a well defined compact connected Lie group. We will construct an equivalence BH−→BX.

By construction, there exists for every prime p a p-local equivalence (B ~G−→BX)_{(p)}−→(B ~G−→BG)_{(p)} , which fits into a diagram BK_p BK_p −−→ BK_p

B ~G B ~G_{(p)} −−→ B ~G^∧_p

BH_{(p)} BX_{(p)} −−→ BG_{(p)} .

Going from the upper left corner to the lower right corner we see that BK_p is mapped to a point. The p-local version of [N 2; 1.1], which is implicit contained in the proof, allows in this situation to construct the dotted arrow. We get a plocal equivalence BH_p−→BX_p for every prime p. By construction, all these maps induce the same map in rational cohomology. Therefore, they are homotopic over the rationals. Glueing them together, we get a homotopy equivalence BH−→BX, which extends to an equivalence (BT_H −→BH) ≃ (BT_X −→BX). □

References.

[A-M] J.F. Adams and Z. Mahmud. Maps between classifying spaces, Invent. Math. 35 (1976), pp 1-41.

[B-K] A. Bousfield and D. Kan. Homotopy limits, completion, and localisations SLNM 304, Springer Verlag (1972).

[C–R] C.W Curtis and I. Reiner. Representation theory of finite groups and associative algebras, John Wiley & Sons, New York, London (1991).

[D-Z] W.G.Dwyer and A.Zabrodsky. Maps between classifying spaces, in ”Algebraic Topology, Barcelona 1986”, SLNM 1298, pp. 106-119.

[F 1] E.M.Friedlander. Exeptional isogenies and the classifying spaces of simple Lie groups, Ann. Math. 101 (1975), pp. 510-520.

[F 2] E.M.Friedlander. Maps between localised homogeneous spaces, Topology 16 (1977), pp. 205-217.

[G–M] H.Glover and G.Mislin. On the genus of generalized flag manifolds, Enseign. Math. 27 (1981), pp. 211-219.

[J-M-O] S. Jackowski, J.McClure, and R.Oliver. Self homotopy equivalences of BG, Preprint.

[Mø] J.M. Møller. The normalizer of the Weyl group, Preprint. [N 1] D.Notbohm. Maps between clasiifying spaces, Math. Z. 207 (1991), pp. 153-168.

[N 2] D.Notbohm. Maps between classifying spaces and applications, Math. Gott. Heft 20 (1991).

[N 3] D.Notbohm. Homotopy uniqueness of classifying spaces at primes dividing the order of the Weyl group, Habilitationsschrift, Göttingen 1991.

[N–S 1,2,3] D.Notbohm and L.Smith. Fake Lie groups and maximal tori I, II, III; Math. Ann. 288 (1991), pp. 637-661, pp. 663-673, Math. Ann. 290 (1991), pp. 629-642.

[P] S. Papadima. Rigidity properties of compact Lie groups modulo maximal tori, Math. Ann. 275 (1986), pp. 637-652.

[R 1] D.L. Rector. Loop structures on the homotopy type of S^3, in ”Localisations in group theory and homotopy theory”, Proc. of the Seattle symposium 1974”,SLNM 418, Springer Verlag (1974), pp. 121-138 [R 2] D.L.Rector. Subgroups of finite dimensional topological groups J.Pure Appl. Math. 1 (1971), pp. 253-273.

[R-S] D.L. Rector and J.D. Stasheff.Lie groups from a homotopy point of view, in ”Localisations in group theory and homotopy theory, Proc. of the Seattle symposium 1974”,SLNM 418, Springer Verlag (1974), pp. 121-138.

[W] C.W.Wilkerson. Self maps of classifying spaces, ”Localisation in group theory and homotopy theory”, SLNM 418, pp. 150-156.

SFB 170 Universität Göttingen Bunsenstr. 3-5 34 Göttingen