THE GENERA OF PRODUCTS OF
QUATERNIONIC PROJECTIVE SPACES

BY KENSHI [SHIGURO, JESPER M@LLER, AND DIETRICH NOTBOHM

0. Introduction.

The completion genus set of the classifying space of a compact connected
Lie group G, denoted by Genus(BG), is the set of homotopy classes of
spaces X with (X)) ~ (BG); for any prime p. According to a result
of Wilkerson [8], such spaces X are classified by the double coset space
Aut((BG)o)\Caut(((BG)")o)/Aut((BG)"). Here Caut(((BG)")o) denotes
the subgroup of Aut(((BG)")o) which consists of homotopy classes of maps
[ such that each m.(f) is a Q @ Z”module map on m,(((BG)")o). For
X € Genus(BG), let Ax denote the corresponding element in the coset
space, that is, the gluing map:

Ax € Aut((BG)o) \ Caut(((BG)")o)/Aut((BG)™)
Then the space X is the homotopy pullback as follows:

X — (BG)®

((BG™)o

Ax

(BG)o — ((BG)")o

Of course, if Ax is the equivalence class of the identity map, then X =
BG. We note, [5], that the genus set of BG is uncountably large whenever
G is non-abelian.

The maps between classifying spaces [BG, BK] have been investigated
extensively, [1], [3], etc. We discuss a general problem: Determine the
homotopy set [X,Y] if X € Genus(BG) and Y € Genus(BK). For a
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map f : X — Y, let fA : X» — Y” be the completed map and let
fo : Xo — Y, be the rationalization. We note here that the map f/ :
X" — Y” canonically splits into the product of maps f' : X' — Y\,
[7]. The maps f” and fy induce the maps from (X”)g to (Y”)o. We write
these maps C(f) and R(f) respectively. Notice that (X")g ~ ((BG)")o
and (Y")p ~ ((BK)")o for X € Genus(BG) and Y € Genus(BK). Using
the above fibre square, we get the homotopy commutative diagram

(BG)Mo 2L (BK)M,

Ax| |4

(BG)No —MLs ((BK)),

which we express in the equation
R(f)-Ax = Ay - C(f) .

We discuss special cases about the homotopy sets [X,Y] where X €
Genus(BG) and Y € Genus(BK). First, suppose G = K and G is simple.
One can show that, for X, Y € Genus(BG), there is an essential map from
X toY,ie [X,Y]#0,if and only if X ~ Y. We sketch a proof of the
statement that [X, Y] # 0 implies X ~ Y ; For an essential map f : X — Y,
the above equation has the following form

R(f)-Ax = Ay - (BT o¢?)

where 7 is expressed as a product of outer automorphsims and % is an
unstable Adams operation, [3]. Hence we see 9® = BT 'AJ'R(f)Ax €
Caut(((BG)")o) so that o =[], a, € Z"N(Q")*. This implies oy, € (Zp)*
for sufficiently large p. Thus we can find N € N such that & € (Z")*.
Consequently X ~ Y is shown by the following:

Ax = (R(f)""N) Ay (Bry™)
= Ay in Aut((BG)o) \ Caut(((BG)")o)/Aut((BG)")

We note, however, that if G is not simple, the result can not be true ,
[2]. A counter-example is given by a fibration BS® — X — BS? where
X € Genus(BS® x BS?) but X % BS® x BS3. 1Tt is easy to see [BS® x
BS3,X]# 0 and [X, BS® x BS3] # 0.

In this paper we will consider the case that G is a finite product of
S$3’s. (From now on, let G = 53 x --- x S3. We write rank(X) =n if X €
Genus(BG) and G is the product of n copies of S3. For X,Y € Genus(BG)
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let €9(X,Y’) denote the set of rational equivalences f : X — Y, and ep(X)
the monoid of rational self-equivalences f : X — X. Namely f € ¢(X,Y)
means that its rationalization fy : Xg — Y is a homotopy equivalence.
Similiarly €o(X,',Y,) and €(X,') are defined.

We will investigate €5(X). When X = BG, it is known that ¢;(BG) is
the set of monomial matrices whose nonzero entries are odd squares , and
eo(BG;\) consists of monomial matrices with entries given by p-adic squares.
Moreover, for p = 2 these entries have to be 2-adic units [3] or [6].

For example, ¢y(BS? x BS3) consists of the following types of 2 x 2

matrices:
a O or 0 c
0 b d 0

where a, b, ¢ and d are squares of odd numbers. In general, if f € €(X),
then we get the homotopy commutative diagram

(BG)Mo L ((BG)M),

Ax | |4

(BG)Ny —MLs ((BG)N), .

Since ((BG)M)o = K(" Q",4) when G is the product of n copies of
S3, the maps C(f), R(f) and Ax can be regarded as n x n matrices over
Q". Consequently the equation R(f)- Ax = Ax - C(f) can be understood
in terms of matrix multiplication.

For every X € Genus(BG) there are always the Adams operations of
odd degree contained in €y(X). An Adams operation ¢* : BG)y — BG} is
represented by a scalar matrix k2 - Id. The matrix is central, and we get
the identity ¥ - Ax = Ax - ¢*, which establishes a self map ¥ : X — X.
Because only odd degrees of Adams operations occur, we denote the set of
Adams operations by N,44, the monoid of odd natural numbers, and express
the above fact by Nygg C €o(X).

There is a canonical embedding €o(X) < €(X})). Since X/} ~ BG?), we
see €9(X)') = €o(BGY)). If G is the product of n copies of S?, there is a split
short exact sequence of groups

D(p) — €o(BGY) = 5,

where X,, denotes the symmetric group regarded as a subgroup of GL(n,Z)
by permutation representation. For example, if n = 2, the map r is as

follows:
a 0 (1 0 " 0 ¢\ _ (0 1
"Lo ») " \o 1) ™ "\a o) T \1 0)"
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The kernel D(p) consists of diagonal matrices whose nonzero entries are
squares in Z;. Notice that ¢o(BGY%) = Aut(BGY), and this group consists
of non-singular monomial matrices. Hence, for p = 2, these squares have to
be units. Since €o(X) C €o(BG},), this exact sequence induces the following
commutative diagram

r

D(p) — (BGy) — %,
U U U
(50(X,p) — Go(X) — 0’0(X)
where 0o(X,p) = €o(X) N Ker r is an abelian monoid and where oo(X) =
r(eo(X)).
Let 00(X) = do(X,p) for p = 2. If X = BG, the monoid §o(BG) is
isomorphic to the direct sum of n copies of N,33. The following result
shows the structure of dg(X).

Theorem 1. Let X € Genus(BG) where G is a finite product of S3.
The monoid 6o(X) consists of diagonal matrices whose non-zero entries
are squares of odd numbers.

The monoid dp(X) reveals the decomposability of X as the next re-
sult shows. We say X € Genus(BG) splits if there exist spaces U €
Genus((BS®)*) and V € Genus((BS3)"~%) such that X ~ U x V. Other-
wise we call X indecomposable.

Theorem 2. Let X be as in Theorem 1. Then the following holds:

(1) The space X splits into a product of indecomposable spaces
X1 x -+ x X, with X; € genus((BS3)") for some ;.
(2) The monoid do(X) is isomorphic to a direct sum of copies of Nogq .
(3) The space X splits into m indecomposable spaces if and only if
(50(X) & (Nodd)m.
For X with rank(X) = 2, Theorem 3 classifies ¢y(X). Note that a map
f with f- f =" is denoted by \/¥k. Of course k has to be an odd number.
The notation < Nygq4, \/W > means the monoid generated by N,4q and
VUE.
Theorem 3. Let X € Genus(BS3 x BS?). The monoid of rational quiva-
lences eo(X) is isomorphic to one of the following four types of monoids:

(1) Noga (1) < Noga, /1 > (k: odd)
(m) Nodd X Nodd (Z’U) (Nodd X Nodd) X 22

All above monoids are realized as eo(X) for some X € Genus(BG).

Next we consider €5(X) in the general case that G = S3 x --- x §3.



Theorem 4. Suppose
X =X{" x XJ? x-- x X

where each X; is indecomposable and X; # X; fori # j. Then

S

eo(X) = [ (eo(X:) % £,).-

i=1
If X is indecomposable, there is a strong relationship between [ X, X] and
[BG, BG].

Theorem 5. Let X be as in Theorem 1. If X 1is indecomposable, for any
[ € e0(X), there is a homotopy equivalence between X5 and BGY so that we
can find a self-map h of BG which makes the following diagram homotopy
commutative:

X—X

X ——— XD

~ ~

BGQ — BGQ

BG —" = BG

The following result shows that not every type of extension Jp(X) —
e0(X) — 09(X) can be realized for some X € Genus(BG). If A,, denotes
the alternating group, we have the following result:

Theorem 6. Let X be as in Theorem 1. If A, C eo(X), then ¥, C €(X).

For instance, if an extension do(X) — €o(X) — A, splits, one can show
that up to conjugate the image in €y(X) is expressed as the permutation
representation. The above theorem tells us that such a split extension does
not exist.

A part of the work in this paper was done when the first two authors
visited SFB 170 in Gottingen. They wish to express their gratitude for the
hospitality.
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1. Rational self equivalences.

In this section we always assume that X and Y are in the genus of BG.
Recall that €5(X,Y) denotes the set of all homotopy classes of maps X — Y
which induce rational equivalences.

1.1 Proposition. Let f € e(X,Y). Then f)) : X} = Y.} is an equiva-
lence for almost all primes.

Proof. Recall that the map f induces the equation R(f)-Ax = Ay -C(f) as
matrices. In the denominators and numerators of the entries of R(f) occur
only a finite number of primes. For all the others, f induces an isomorphism
in mod-p cohomology and hence, a p-adic equivalence. [

1.2 Lemma. Let f € o(X,Y). Then there exist gluing maps Ax and Ay
such that Ax = Ay - 9T, i.e. R(f) =id and C(f) is a product of unstable
Adams operations.

Proof. There exist gluing maps A’y and A} and matrices R'(f) and C'(f)
such that R'(f)A’x = Ay C'(f). As a self map of BG) the map Cy(f) =
J(p)ws(p) is a product of a permutation and an Adams operation. We
can split S(p) into a product S;(p)Sa(p) such that the entries of Sa(p)
are powers of p, and that the entries of S;(p) are p—adic units. Here,
the product is taken in the components. Because for almost all primes
C,(f) is an equivalence by Proposition 1.1, almost all tuples Sz(p) are of
the form {1,...,1}. Now let T := [] Sa(p) be the product of all tuples
Sy(p), which is finite, and let Q(p) := T/S2(p) be the quotient of T' by
S2(p). Then Q(p) consists of p-adic units. Now we define Ax := R'(f)A,
Ay = A} Hp(a(p))wsl(p)Q(p)_l), R(f) :=id and O(f) := . Then we
see the equations Ay = R/(f)A% = AL C'(f) = AL [[(o(p)y®PlypS2(P)) =
Ay [](0@®)4p52(P)) = Ay4pT. This proves the statement. [

1.3 Corollary. Let f € €y(X,Y). Then there ezists g € eo(Y,X), such
that fg = gf = ¥*, i.e. both compositions are unstable Adams operations
of the same degree.

Proof. We choose gluing maps as in Lemma 1.2. Moreover, for T =
{t1,....t,} we define k := lem(tq,...,t,), S := k/T, R(g) := ¥* and C(g) :=
¥S. Then, the equations Ax1S = AxyFyT " = AypTykyT ' = kA
defines a rational equivalence g : ¥ — X. Obviuosly, the compositions fg
and ¢gf are unstable Adams operations of degree k. [

The last result allows to speak of ¥/*-inverse maps.

1.4 Definition. The rational equivalence g : Y — X of the Corollary 1.3
is called the y*—inverse of f: X — Y.
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Let f € eg(X,Y), and let g be an ¥*-inverse. Then, we have maps (which
are not maps of monoids)

c:e0(X) = €(Y):h— fhgand c: (V) — €(X) : k— gkf.

The composition is multiplication by ka. Thus, both maps are injective.
Choosing gluing maps Ax and Ay as in Lemma 1.2, the matrices Cp(f)
and Cp(g) are given by products of unstable Adams operations. Therefore,
we get a commutative diagram

60(Xap) - GO(X) - 2n

l J |

So(Y,p) —— €Y) —— %, .

As mentioned the conjugation c is not a map of monoids and, of course
not an isomorphism in general. One would like to improve this by con-
sidering ¢'/*c. Then, the composition becomes the identity. This doesn’t
work because we can’t divide by 1* in the image of c. But if we restrict ¢
to the kernels 6q(X,p) and do(Y,p), then we have only to deal with prod-
ucts of Adams operations, which is an abelian monoid. Therefore, for h €
do(X, p), we have 1/ C,(f)C,(R)Cp(g) = Cp(h)wl/ka(f)C(g) = Cp(h),
and Y1/* fhg € (V).

On the other hand, we can pass to the associated Grothendieck groups
K(eo(X)) and K (eo(Y)), where we can also multiply by +'/*. This proves
the following statement

1.5 Proposition. Let f € €o(X,Y), and let g be a 1* inverse. Then there
exrist 1somorphisms

K(eo(X)) = K(eo(Y)) and do(X,p) = do(Y,p)

given by conjugation.

2. Characteristic polynomials of self maps.

If f€ep(X), we see, as before, that R(f) - Ax = Ax - C(f) as matrices.
Actually R(f) is a matrix over Q and C(f) is a matrix over Z" = [[Z.
The map C(f) canonically splits so that C(f) = [[Cp(f). Hence Cp(f) is
regarded as a monomial matrix over Z]’J\ whose nonzero entries are squares.
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2.1 Lemma. The matrices R(f) and C,(f) have identical characteristic
polynomials which are monic and have integral coefficents.

Proof. The identity R(f)-Ax = AxC(f) shows that all matrices are conju-
gate. Hence the characteristic polynamials are identical. It is a polynomial
over Z]/g\ for all p and over Q and has therefore integral coefficients. Obvi-
ously it is monic. [

2.2 Definition. Let f : X — X be an element of €3(X). Then we define
the characteristic polynomial x¢(¢) € Z[t] of f as the characteristic poly-
nomial of R(f) or of Cp(f). It is well defined because R(f) and C,(f) are

unique up to conjugation.

2.3 Lemma. For every element f € €y(X) the characteristic poynomial
X/ (t) is always of the form [[,(t* — a;), where Y k; =n and a; € Z is an
odd square.

Proof. Recall that €o(BG)) = R1X,, where R consists of the squares of
2-adic units or nonzero p-adic squares if p is odd. In particuliar, C,(f) =
o(yl) with L = (¢4,...,£,). Here, o is a permutation. The characteristic
polynomial of C(f) is of the desired form. To show that a; is always a
square, we first observe that an unstable Adams operation ¥* induces in 74
a multiplication by k2. Therefore, a; is always a square in Zl/j‘ for all p, and
hence a square over the integers. It is an odd square because only Adams
operations of odd degrees are realizable as self maps over BS®). [

Let f € eg(X) and x5 = [[(t% —a}) = [[(t* —a;)" (in the last expression
we just collected equal terms). Then there are two associated partitions of n

, namely P'(f) = {{1,....,¢,} and P(f) = {k171, ..., knrn}. We also associate
to every permutation o a partition P(c) given by the length of the cycles.

2.4 Lemma. If x; = [[.(t% — a;), then C,(f) = oo™, where P(o) is a
subpartition of P'(f). Every {; splits into a partition {my, ....,m;} where m;
occurs q; times and qg;m; = {;.

Proof. This follows from the calculation of x,« (t). O

2.5 Remark. The existence of roots of unity may cause a splitting in a
subpartition, e.g. H?Zl(tﬁ —wl) = t** — 1, where w is a primitive k-th root
of the unity. Because Z% contains no roots of unity besides +1, we have
P(o) = P'(f) for p = 2.

2.6 Lemma. If Cy(f) is a diagonal matriz, then Cp(f) also is a diagonal

matriz for every prime.

Proof. The assumptions imply that x¢(¢) = [[;(t — a;) is a product of
linear factors. Thus, the associated partition P’(f) is given by {1,...,1}.
By Lemma 2.4, all matrices C,(f) are diagonal.



2.7 Corollary. The kernel 60(X) is a subset of §o(X,p) for all primes.

Proof. Let f € 6o(X). Then Co(f) = o1 is a product of Adams operations
and therefore a diagonal matrix. By Lemma 2.6 all the matrices C,(f) are
diagonal. Thus, for all primes, we have f € do(X, p).

This result shows, as one have might expected, that most of the infor-
mation about the spaces in the genus of BG is concentrated at the prime
2.

Proof of Theorem 1. If f € §9(X), then the Z{-matrix Co(f) is di-
agonal. By Lemma 2.6, the Z)-matrix Cp(f) is also diagonal. Since the
characteristic polynomial x ; splits into linear factors in Z;\ for any prime p,
this monic integer-coefficient polynomial splits over Z as well. Recall that
the polynomial ring Z7[t] is U.F.D.(unique factorization domain). Thus all
Cp(f) are diagonal matrices over Z, indeed. Their main diagonals are the
same up to permutation. Finally Lemma 2.3 shows that each entry of the
main diagonal of Ca(f) is the square of an odd integer. [

3. Decomposition of spaces and a filtration on the genus of BG.

Recall G = (S83)". For any partition K = {ki,...,k.} of n, there is an
obvious inclusion

Oy : ngnus((BS?’)ki) — Genus(BG) .

(3

We say, that an element X € Genus(BG) has filtration K if X is in the
image of ®x. The space X is indecompasable if X does not have the
filtration K for any proper partition K of n. In this section we will discuss
the relation between the filtration of X and the monoid d(X) of self maps.

3.1 Proposition. Let f € 00(X) and let xf(t) = Hle(t —a;)" be a
splitting into | pairwise coprime factors. Then the space X has filtration R
with R = {ry,...,r}. In particular, X ~ Xy x --- x Xy splits into a product
of | spaces X; with X; € genus((BS3)™).

Proof. Because f € 69(X) all the matrices Cp(f) are diagonal matrices
by Lemma 2.6. The characteristic polynomial therefore splits integrally
into linear factors. Moreover, after reordering the entries, i.e. chang-
ing the gluing map, we can assume that all the matrices C,(f) are iden-
tical and of the form [],¥%. Here, we have to interpret ¥* as a di-
agonal matrix in GL(r;,Z;)) with constant entries. The rational matrix
R(f) is also diagonalizable even over QQ, because x(¢) has only integral
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zeros. Hence, after changing again the gluing map, we also can assume
that R(f) = Cp(f). That is to say that Ax centralizes [], ¥%. Hence
Ax = (Ay---Ay) € [IGL(r;, Q") is a blockwise diagonal matrix. There-
fore X has filtration R. O

3.2 Proposition. A space X splits into { factors if and only if 6o(X)
contains the direct sum of £ copies of Nogq.

Proof. Let us assume that (Nygq)® C 60(X). Then we can find a map
[ € do(X) such that x(t) = Hle(t — a;)™ splits into ¢ pairwise coprime
factors. By Proposition 3.1, this shows that X splits at least into ¢ factors.

Now we assume that X splits into a product of £ spaces X1 X --- x X|.
Then Adams operations exist as self maps on each X; and so does N,4q.
Thus, (Nygq)*, as a set of diagonal matrices, is a subset of 6y(X).

On the way of proving Theorem 2 we need the following special case.

3.3 Lemma. A space X € Genus(BG) is indecomposable if and only if
90(X) = Nogq -

Proof. The monoid N,44 is always a subset of dp(X). First suppose X is
indecomposable and f € 0o(X). If f is not an Adams operation, then
the characteristic polynomial xf(t) = [[,(t — a;)™ splits into at least two
coprime factors. By Proposition 3.2, this would imply that X splits, which
is an contradiction. Hence N,4q = do(X).

Conversely, if X splits into at least two factors, then dg(X) contains at
least (Nogq)? as a submonoid. [

Proof of Theorem 2. Proposition 3.1 shows that if X; is a factor of
X € genus((BS®)"), then X; € genus((BS3)™) for some r;. Thus an
argument using Proposition 3.2 and Lemma 3.3 implies Part (1).

Let us assume that X ~ X; x --- X X, is a splitting into m indecom-
posables. By Proposition 3.2 there exists an inclusion (Npgq)™ C 6o(X).
We want to show that this is an isomorphism. Let f € dp(X). Let A;
be the gluing map of X;, and let A = A;---A,,. Then f establishes an
equation R(f)-A = A-C(f). The matrices Cy,(f) are always diagonal ma-
trices. Therefore, the matrix R(f) has the same block structure as A and
R =Ry x---x R,,, where each R; has the same size as A;. We can also
write C(f) = C1 X --- x Cp, where C; also has the same size. That is to
say that our above equation splits into the equations R; - A; = A; - C; which
establish self maps f; : X; — X;. The spaces X; are indecomposable. Thus,
by Lemma 3.3, the maps f; are Adams operations. Therefore f € (Nygq)™.
This proves part (2) as well as the one half of (3).

Now let us assume that do(X) = (Nygg)™. Then, by Proposition 3.2,
X = X; x---xX,, splits into m spaces. If one of these is not indecompsable,
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we could split X further into more than m factors. By Proposition 3.2 again
this is an contradiction, which finishes the proof. [

3.4 Proposition. Suppose that two spaces X and Y are contained in
Genus(BG). If there exists a map f : X — Y which is rationally an
equivalence, then X andY have the same filtration.

Proof. Let us assume that X has filtration R = {ry,---,r}; ie. X =
X1 X --- x X splits into £ factors. Then there exists f € do(X) such that
x¢(t) =11;(t—a;)" splits into [ pairwise coprime factors. By Proposition 1.5
there exists a map do(X) — do(Y’) which is given by conjugation. Therefore
the image g : Y — Y of f has the same characteristic polynomial. Hence,
by Proposition 3.1 Y has also filtration R. [

4. Determination of ¢y(X) with rank(X) = 2.

We investigate the type of the gluing map Ax for X € Genus(BS? x
BS?). For f € ¢y(X), the trace of f, denoted by tr(f), is defined as the
trace of the matrix R(f). Then the following two cases occur.

Case 1. Suppose there is f € €9(X) — Nygg with tr(f) # 0.
Take such an f. Suppose f is represented by R € Aut((BG)oy), C €
Aut((BG)") with RA = AC where A € Caut((BG")p) represents X. Since
tr(f) =tr(R) # 0 and rank(X) = 2, the 2 x 2 matrix C, must be diagonal
for all p:

AglRAp = diag(ai, Bg) ap, Bp € Z;\

The characteristic polynomial for f then has the form
Xsp(t) = (t —ri)(t —r)

for some odd squares r; and 7ry; replacing A, by A,7 if necessary (where 7
is the involution), we may assume r; = o2, 7o = 37 for all p, i.e.

Vp : A;IRAP = Cp = diag(ri, r2).

Since f is not an unstable Adams operation, r; # r9, and R is diagonaliz-
able; i.e.
U € GL(2,Q) with U™ RU = diag(ry,72).

Since also the columns of A, are eigenvectors for R with eigenvalues r; and
r9, respectively, they must be proportional to the columns of U;

A, =Udiag(Ap, 1tp)
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for some Ay, p,, € Qz/?\' Since the entries of both A, and U are p-adic units

for p >> 0, so are A\, and p,. Therefore \,p € (Q")*. An equivalent
representative for X is

U™'A = diag(\, 1) € GL(2,Q").

Case 2. Suppose tr(f) =0 for any f € eg(X) — Npga-
For f € €y(X) — Nogqg with tr(f) =0 we have

Vp : A;lRAp = diag(ozi, 55)7‘6”.

for some o = (ay), 8 = (8,) € Z"N (Q")* and €, = 0 or 1. Since tr(f) =0,
the characteristic polynomial has the form

xp(t) = (=)t +7)

for some natural number v € N. We may assume

B 0412):—55 if € =0
7= apBy, if e =1

Also, R is diagonalizable:
U € GL(2,Q) with U'RU = diag(y, —7)-
Suppose €, = 0. Then ag = —ﬂz sov/—1¢€ Z]/)‘ and p =1 mod 4. As
AJRA, = diag(y, —)
the columns of A, are eigenvectors for R, so
A, =Udiag(Ap, itp)

for some Ay, p1, € Q) (€ (Z))* if p>>0).
Suppose next €, = 1. Put

M, — <§,; P ) €GLR2.Q)

p
Then

(APMP)_lR(ApMp) = Mp_ldiag(a?ﬂ ﬁ;)TMp = diag(y,—)
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so again we conclude that
ApM, = Udiag(Ap, )
where A, p, € Q) (€ (Z))* if p >>0).
The matrix
diag(A\, ) if €, =0 (then p=1 mod 4
g f O i 60 )
diag(\, p) M it e =1

is another representative for X. Note that
1 1
we (2 5)-o(4 3)
ap  —ap 5 B

-1
, - . - _ 1 1
dzag()‘au)Mp b= dla’g()‘ﬂ 1aluﬁ 1) ) (% %)

so by absorbing the 371 into (), 1) we may always assume that M, has the

m —m

for some m,, € Q) (€ (Z)* if p>>0).

4.1 Lemma. Suppose ¢ 1 mod 4. If C,(f) = diag(a?, B?), then, for any
p, Cp(f) = diag(k?, (%) for some integers k,l € Z.

Proof. First let Cp, = Cp(f) , Cq = Cy(f) and R = R(f). Since ¢ # 1 mod 4,
we see tr(C,) = a?+ 3% # 0. This implies that C}, and R must be diagonal.
Here consider the characteristic polynomials. Since x(Cj;) = x(R) and the
the polynomial ring Q{I\ [t] is UFD, a? is contained in the localized integer
Zq)- Analogous results for the other primes enable us to see a? € Z.
Suppose that a? = +p{...pS" and that p is one of the p;’s (1 < i < 7).
When C, = diag(a?, 32), we can write oy, = p*u for some u € (Z}))*. Since

o = al = p**u?, we see each e; must be an even number. Therefore
e e e
a? = £(p? ..p ): It a? = —(p? ..p2 )?, then o? + (p? ...p°° )2 = 0.

This is a contradiction, since v/—~1 ¢ Z7 for ¢ Z 1 mod 4. O

4.2 Lemma. Let X € Genus(BS? x BS?) and X is indecomposable. Sup-
2
pose f,g € €o(X) are represented at p = 2 as follows: Co(f) = (% % ),

Cy(g) = (;22 BO ) If g is divisible by Y™ for some n # 1, then f = g.

Proof. Notice that the following product

0 a? 0 p2 ol
k2 . e2 = ’8 2 .2
o2 0 kg 0 0 kag
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2 2
is scalar, since X is indecomposable. It follows that % = kaé , and hence

a? = 55?2 and g% = %oﬂ. If k = ¢, then o® = 32 and hence f = g. We
now assume k # £. Since the product is diag(kl, kl), we see kl is a square.

Consequently either % or % contains square which is not equal to 1. Note

that
0 £q2 {0
Cp(g):(k_g kop) or (O _g)

p

This implies g is divisible by ¥". This contradiction completes the proof. [

4.3 Lemma. For any odd positive integer k there is X € Genus(BS3 x
BS3) such that eo(X) =< Noga, \/1k >.

Proof. Express the p part of a gluing map Ax by A,. Take

_ a b
Aplz (% g)

for some a # 0,b # 0. Then

0 1 0
(2 1)-a(2

-1
)4
for the fixed . Note that

«a % —b
Ap = a? — b2k (‘bk2 a )

and X is indecomposable. We see that A, - diag(s*,t*) - A;' € GL(2,Q) if
and only if s? = t2, since

s2 0 a b s?a  s%b
0o 2)° bk2  a | = | 262 t2a
a b . s2 0 . s?a  t2%b
wos)Looe) =00
a b t2 0\ _ [(t’a s
w o) o)=L

This shows €g(X) =< Nyggq, VF >. O

o Q




15

Proof of Theorem 3. Case 1. Suppose there is f € €p(X) — Nygg with
tr(f) #0. Then X = Y7 x Y5. If there is g € €y(X) — Nygq with tr(g) =0,
Lemma 4.1 implies that Cs(g) is not diagonal so that there is an essential
map between Y; and Y3. Thus Y7 = Y5 and hence ¢y(X) = ¢(BG) =
(Nodd X Nodd) X Y. Otherwise Y1 75 Y5 and GO(X) = Nodd X Nodd-

Case 2. Suppose tr(f) =0 for all f € eg(X) —Nygq. Then f2 = ¥ for some

k. Lemma 4.2 implies €g(X) =< Nygq, \/VF >.
Using Lemma 4.3, one can show that each of the monoids is realized as
eo(X) for some X € Genus(BG). O

5. Integrality of rational equivalences.

5.1 Lemma. For X,Y € Genus(BG), if eo(X,Y) is non-empty, then X ~
Y.

Proof. For f € ¢y(X,Y), we have an equation
R(f) - Ax = Ay -o- ([Jv™) .

where ¢ is a permutation. An argument similar to the one we used in the
introduction to show a result associated with a simple group will complete
the proof. [

Proof of Theorem 4. Let f € ¢y(X). Identify f as Cy(f) so that regard
[ as a monomial Z4—matrix relative to a basis B. Consider the subbasis
B, corresponding to X; (1 <1 < 's) so that

B = U(U‘Bi)

i=1

It is convenient to write as follows:

n;
UBi =81 B2l UBin

Let f be the image of f under the projection eg(X) — 0(X). Recall that
oo(X) is a subgroup of ¥,,. Suppose the order of f is m. For a subbasis
B, ;,ifee B, ; and f = fo---of, then f(e) = ke for suitable k. Fix
such a basis element eg € B; ;. We will inductively define m maps {f;} in
eo(X). Let f; = f and, for b € B, we define

b l- f(b) if fi_l(eo) e < %io,jo > and b € %io,jo
fi(b) = f(b) otherwise
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where < ‘B, j, > means the vector space spanned by B;, ;.. Let f, =
fm oo fi. Thus fy(eg) = (™ 'k -eg. For e € B;; we claim that
fi—1(eo) € < By, j, > if and only if f;_;(e) € < B, j, >. If not, we would
have f,(e) = ¢k - e for some ¢ < m — 1. This is a contradiction, since each
X; is indecomposable. Consequently C(f) is expressed as a block-wise
monomial matrix. Each non-singular block induces a rational equivalence.
By Lemma 5.1, we obtain the desired result. [

Remark. There are essential self-maps of an indecomposable space X
which are not rational equivalences. Here is an example: When BS® —

X 4 BS3 is a fibration and X o+ BS? x BS3, the space X must be inde-
composable, since S? is a simple Lie group. It is not hard to construct an

essential self-map of X as a composite map X 4 BS? s X.

For f € €y(X), the induced Z4—matrix Ca(f) is monomial. With respact
to a suitable basis, i.e. up to Aut(BGY%), we can write

D,
Dy
Cs (f) =

D,

where each D; is an n; X n; monomial matrix of the following form for
1 <m-—1:
0 a;

1 0
and D,, is a diagonal matrix. Consequently, taking a suitable representative
for Ax, we may assume that Cq(f) has the above form.

5.2 Lemma. Let P(x) € Z[z]. If P(z) = [[;_, Pi(z) where each P;(z) is
a monic polynomial over Q, then P;(x) € Z[x] for any i.

Proof of Theorem 5. Since X is indecomposable, we see x; = [[;_, (t" +
b;)% with ny > ng > --- > n,, where each a;, which is an entry of the above
monomial matrix D;, is equal to one of {—b;}’s. It suffices to show b; € Q.
The coefficient of ¢(25=1"¢~"r)_term, which is the second largest term of
Xf is eyb,. Since e,b, € Z, it follows that b, € Q. Inductively, we see that
each b; € Q. Consequently a; € Zs) for all i. Since x; € Z[t], Lemma 5.2
implies a; € Z. Thus Cs(f) is a Z—matrix O
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6. Some results about 0((X) , the types of rational equivalences.

If X € Genus(BG), then we obtain the short exact sequence of the
monoids
(So(X) — GO(X) — O'()(X)

Here 0¢(X) is a subgroup of the symmetric group ¥,,. For example, we see
o0o(BG) = %,. It is natural to ask if any subgroup of ¥,, is realizable as
oo(X) for some X € Genus(BG). The answer is no. We will show that if
A, C €p(X), then X, C eo(X).

Let p : A,—GL(n,Z) be the permutation representation and let U
belong to GL(n,Q)). We recall that U~'p(x)U is a monomial matrix for
any x € A, if and only if the set of columns of U, say {uy,---,u,}, is
A, —invariant up to scalar multiplication. Let < u; > denote the Qg—line
containing u;. Then the set of lines {< u; >,---,< u, >} is invariant
under the A,-action. We will determine all of the A, —invariant sets S =
{< vi >+ ,< v, >}, where {vy,---,v,} is linearly independent. To
do so, we first investigate the orbits A, < v > for v € " Qz/)\ with
|A,- < v > | <n. Of course such a orbit can be a part of S.

6.1 Lemma. For positive integers {n;} we have nq!---ng! < ((Z:f=1 ng) —
k+ 1)

Proof. If k = 1, both sides are ni!. So this statement holds. If k& = 2,
then (ny +no — 1)1 = (ng +ng — 1)(ny + no — 2)---(n1 + 1) > nalngl.
Assume now that the statement holds up to £ — 1 with & > 2. Then
nal-ong! = ngleonpo g < (0K ) — (B— 1) 4+ 1)ng! < (08 ) —
(k=1) +n)!l = (i ni) —k+ 1)1 O

6.2 Lemma. Suppose n > 5 and {ey,---,e,} is the canonical basis of
p" Q{;. If |[Ay- < v > | <n, then up to permutation < v >=< €1 > or <
ae, + bey + - - - + be, > for some a and b.

Proof. It v.=3""_, A\;e; and k of the coefficients {\;}7_; are zero, then the
isotopy subgroup (A;)<v> is included in (X x ¥,,_) N A,. Hence

|An|
|(An)<v>|

n!

__2

=z kl(n—Fk)!
2

_[(n
- \k
Thus |A,- < v > | < n implies k =0,1,n — 1.
If t =n—1, then < v >=< e; > for some 7. So we’re done. Suppose

|Ap-<v>|=
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k = 1. Without loss of generality, we may assume v = A\je; + Agses + -+ +
An—1€n—1. Note that A,_1 C (Ap)<vs since [A,- < v > | < n. We will
consider two cases.
Case 1. n is even.
Notice that, since the cycle 7= (12 ---n—1) € (A)<v> We see 7-V = av
for some nonzero elements « in Q;,\, and 7-v = A\jea+Ases3+- - -+, _0€,_1+
An—1€1. Hence a); = X;—1(2 < i <n—1) and ar; = A\,—1. This implies
that if 8 = I, then A; = 87'A; and "~ = 1. Thus < v >=< e; + ez +
oo+ " "%e,_1 >. Since (1 2)(3 4) € (4,)<v> and n > 6, we can show
B =1 using an analogous result.
Case 2. n is odd.
Since 7=(12 ---n—2) € (An)<v>, we can show Ay = A9 = --- = A, _o.
The element (1 2)(n —2 n —1) € (A,)<v> enable us to see Ay = \,_1. We
therefore conclude that < v >=< e;+es+---+e,_1 > up to permutation.
It remains to show the case k = 0. For v = \1e1 + A\ses +---+ A\, €,, We
consider the set of the n—1 coefficients {1, Ag, - -+, A\,—1}. Suppose this set
consists of k elements {1, -, pr}. Let n; = card{A\;|\; = pu;} (1 <i<k).
Notice that if o € ¥,,_; and - < v >=< v >, then o-v = v. Hence, using
Lemma 6.1, we have the following:

Ap- <V > | T [(An)<v>| Z |(En)(<v>1|)'_ 2 |(Z(3n)<1‘3'>|
1 1 n—1): 1 (n—1):
2 31 8n1 V= 30t 2 3 k)

%(n—l)z —k+1).

Consequently if k& > 3, then |[A,- < v > | > n since n > 5. We may
conclude that the set of all coefficients {A1, Ag,---, A\, } contains at most
two elements. It is not hard to show < v >=< ae; + bes + - - - + be,, > up
to permutation. This completes the proof. [l

6.3 Lemma. Letp:Y¥,—GL(n,Z) be the permutation representation and
let U belong to GL(n, Q). If U= p(x)U is a monomial matriz with entries
m Z]/)‘ for any x € A, then U~ tp(y)U is a monomial matriz with entries
also in Z3) for any y € ¥,,.

Proof. According to Lemma 6.2, the matrix U can be taken as

a1

or
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up to permutation. Suppose first that

(051
U =

Qnp

Let 7 = (i j)(k ¢) € A,,. Then the (i,j)-th entry of the monomial matrix
U~1rU is equal to z—i Since det(U~'7U) = 1, any entry of U™17U is
a unit in Z7. Consequently for any j there is a unit u; € Z; such that
a; = ajuj. Hence U = andiag(l,ug, -+, Uy). If Uy = a—llU € GL(n,ZQ),
then U~tp(y)U = Uy 'p(y)Us € GL(n,Z) for any y € %,,.

Next suppose

a b ... b
v=|%
b ... b a

Then U~ 1p(y)U = p(y) for any y € ¥,,. O

Proof of Theorem 6. Note (RA = AC equation) that R(zx)Ay = Agx for
x € A,. We recall that two Q-representaions are similar if and only if they
afford the same character, since char(Q) = 0. Thus there is Q € GL(n,Q)
such that Q~'zQ = R(x) for any z € A,,. Consequently QA belongs to
the centralizer of the alternating group, and hence of the symmetric group.
Notice, for other p, that Cp(x) = A; 'Q7'zQA, is a monomial matrix
with entries in Z) for any x € A,. Lemma 6.3 shows that if Cp(y) =
A'Q7'yQA, and R(y) = Q™ 'yQ, then R(y)Ap = ApCy(y) for any y €
Y,,. This means ¥, C €o(X) since Cp(y) € GL(n,Z7). O
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