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As a truism, Lie groups - in particular compact connected Lie groups - are very

The perhaps best known instance of this rigidity was formulated

in Hilbert’s fifth problem and proved by Gleason, Montgomery and Zippin in the
early fifties: It requires only very weak assumptions on the topology of a topological
group to get a Lie group(for a survey see [HJ).
Trying to distinguish two compact connected Lie groups, another kind of rigidity
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occurs. Very often, the rich structure of a Lie group is totally described by little
information. For example, simply connected compact Lie groups or compact con-
nected Lie groups up to the local isomorphism type are classified by pure combina-
torical data, namely the Dynkin diagram. Semi simple Lie groups are distinguished
by their normalizer of the maximal torus [C-W-W].

Similar phenomena seem to occur, if one considers the classifying space BG
of a compact connected Lie group G. Surprisingly, pure algebraic data, given by
cohomology or complex K-theory, is enough to distinguish BG as a space from
other spaces. That is what most of the paper is about.

p—adic completion of spaces makes life a lot easier. Most of the results are about
the p—adic completion BG]/;. For a large class of compact connected Lie groups,
‘global’ results are also obtained.

We are concerned with three concepts: The homotopy type, the p-adic type, and
the mod—p type of a classifying space. We will explain these concepts in detail in a
moment. The last two notions are purely algebraic. Each concept is weaker than
the preceeding one. The main theorems will say that, under certain conditions, the
first two are equivalent and characterize the homotopy type of BG;\. That is what
we understand by homotopy uniqueness.

We will use the following notation throughout: TG denotes a fixed maximal
torus of G, N(T)—G the normalizer of T, and W the Weyl group of G.

We say a p-complete space X has the mod—p type of BG, if there exists an
isomorphism

¢: H*(X;Z/p) — H*(BG;Z/p)

as algebras over the Steenrod algebra. Under this condition, with an extra as-
sumption for p = 2, Dwyer, Miller, and Wilkerson constructed a ‘maximal torus’
fr: BT'x— X of X, Tx a torus, and an action of W on BTx. With the trivial
action on X the map fr is Wg—equivariant up to homotopy. There also exists a
map BTg— BTx such that

BT — BTy
\ \

BG -5 X

commutes and is Wg—equivariant in mod—p cohomology [D-M-W 2]. Here, W¢; acts
trivially on BG and X. The dotted arrow indicates that the map only exists in
cohomology, but looks like being induced by a topological map. For details and
exact definitions, see section 7.

For a space X with the mod—p type of BG, we say that X has the p—adic type
of BG@, if there exist a Wg—equivariant map BTG;\ — X, and an isomorphism

AN * 7N * R/ 24
o)« H*(X;Z})) — H*(BG;Z}) ,

compatible with ¢ via the long exact sequence in cohomology associated to the



sequence Z7)—7Z7—Z/p, such that

BTg

N

BG------>X

commutes in p-adic cohomology. Roughly speaking, this means that the Wg—
actions on BT and BTx are conjugate over Z;\. On the other hand we can
understand this as a topological realization of

A
H*(X: 202 B (BG: 20— H* (BT6: Z1)

with W as Weyl group.
For every compact connected Lie group G, there exists a finite covering

K—G,xT — G,

where K is finite abelian, G is simply connected, and T is a torus. Such coverings
we call finite universal. Only the cover G4 x T' is uniquely determined, but not the
map. We could compose the covering with a self covering of 7. The factor G is
called the simply connected part of G.

Definition. Let G be a compact connected Lie group.
(1) BG is called p-torsion free, it H*(BG;Z) or, equivalently H*(G;Z), con-
tains no p-torsion.
(2) @ is called p—convenient if BG is p—torsion free and if

H*(BG,;Z/p) = H*(BTs,; Z/p)" .

(3) G is called pseudo simply connected, if G is a product of unitary groups,
and simply connected Lie groups which are not isomorphic to SU(n) (i.e.
we replace SU(n) by U(n)).

(4) @G is called pseudo projective if there exists a homomorphism Z(Gs)—T
of the center of G into a torus T, such that G = (G4 x T)/Z(Gy).

The center of a pseudo projective Lie group is connected. This condition is also
sufficient to characterize pseudo projective Lie groups. Both implications follow by
easy arguments from the definition.

If G := (Gs x T)/Z(Gs) is p—convenient and pseudo projective, then m1(G) =
mo(BG) & Ho(BG;7Z) is p—torsion free. This is equivalent to the condition that the
kernel of the homomorphism Z(Gs)—T is injective on p-torsion.

Now we are prepared to state our main theorems.



Theorem 1.1. Let G be a compact connected Lie group and let X be a p—complete
space with the mod—p type of BG.

(1) If G is p—convenient, there exists a compact connected Lie group H such
that BH has the same mod-p type as BG and X and such that X has the
p—adic type of BH.

(2) If G is p—convenient and simply connected, pseudo simply connected, or
pseudo projective, or if G is a product of unitary groups, then X has the
p—adic type of BG.

(3) If p does not divide the order of the Weyl group W, then X has also the
p—adic type of BG.

Theorem 1.2. Let G be a p—convenient compact connected Lie group or a product
of unitary groups. If X has the p—adic type of BG, then X and BG;\ are homotopy
equivalent.

Theorem 1.1 and 1.2 together imply the following corollary:

Corollary 1.3. Let G satisfy one of the following conditions:

(1) G is p—convenient and simply connected, pseudo simply connected, or
pseudo projective.

(2) @ is a product of unitary groups.

(3) p does not divide the order of W.

If X has the mod-p type of BG, then X and BG;\ are homotopy equivalent.

The condition of being p—convenient is essential for our proofs. A more natural
condition for theorems of this type would be given by conditions like BG is mod-—p
polynomial, i.e. H*(BG;Z/p) is a polynomial algebra, or BG is p-torsion free. For
odd primes we can weaken our technical assumptions.

1.4 Proposition. Let G be a compact connected Lie group. For p an odd prime,
the following conditions are equivalent:

(1) G is p—convenient.
(2) BG is p—torsionfree.
(3) BG is mod—p polynomial.

For p = 2, the spaces BSO(n), n > 3, and BGy are mod—2 polynomial, but
not 2—torsion free. BSp(n), n > 1, is 2—torsion free, but Sp(n) not 2—convenient.
Our methods do not cover the case G = Sp(n) for p = 2. But we can handle the
case of U(2), respectively the case of products of unitary groups, which are not
2—convenient in general.

If p does not divide the order of W, the Lie group G is always p-convenient. In
this case, H*(BG,Z/p) =2 H*(BTq,Z/p)V¢ and H*(BG4x BT, Z/p) = H*(BG,Z/p)
[Bo 2] [D].

The following table lists up the simple simply connected Lie groups and the
primes for which the group is p-convenient, p-torsionfree, or which satisfy the



condition (p, |[W¢g|) = 1.

Lie group ((p, |[Wg|) =1) p—torsion free ~ p—convenient
SU(2) p odd all p p odd
SU(n),n>3 p>n all p all p
Spin(n) p>n p odd p odd

Sp(n) p>n p odd p odd

Go p>5 p odd p odd

Fy p=5 p=5 p=5

Es p=>7 pP=>5 pP=>5

E; p>11 p>5 p>5

Es p>11 p>7 p>T

For the calculation of the p—torsion see [Bo 3|.
Products of p—convenient Lie groups are also p—convenient. We can characterize
the p—convenient Lie group in terms of finite universal coverings.

1.5 Proposition. Let K — Gs x T — G be a finite universal covering of the
compact connected Lie group G. Then G is p—convenient if and only if Gy is
p—convenient and K, := K NGy x {1} has order coprime to p.

After having studied the local problem, it is natural to ask for the analogous
global question. In some cases, we can offer a characterization of the integral
homotopy type of BG.

Theorem 1.6. Let G be a 2-convenient compact connected Lie group,such that
BG@G is torsion free, or let G be a product of unitary groups. Let X be a simply
connected CW—complex of finite type, such that H*(X;Z) is torsion free. If there
exists an isomorphism

K(Y) = K(BGQG)
as A\-rings, then Y and BG are homotopy equivalent.

Questions of this type were first studied by Dwyer, Miller, and Wilkerson. They
proved the analogous statement to corollary 1.3 for SU(2) and SO(3) at all primes
[D-M-W 1]. They also proved corollary 1.3 under the condition (3) [D-M-W 2.
McClure and Smith got the same result for U(2) at p = 2 [M-S]. For U(2), theorem
1.6 was already proved in [N-S 2].

The problem when proving theorems 1.1 and 1.2 is to pass from more or less
pure algebraic data to geometric information. Let X be a space of the mod—p type
of BG. Then, as mentioned above, there exists a maximal torus fr : BTx —X
and Weyl group action of Wg on BTX;\. The associated representation
L*Tx} = H?*(BTx;Z;}) of Wg is mod-p isomorphic to L*Tq) := H?*(BTg;Zp)
(see proposition 7.2). To prove theorem 1.1 we have to study the p-adic liftings of
the Wg—module L*Tg /p := H?*(BTg;Z/p).



The construction of a homotopy equivalence BGQ—)X (i.e the proof of the-
orem 1.2), is based on the mod—p decomposition of BG of Jackowski, McClure,
and Oliver [J-M-O] and on two ways to calculate map(BV, BG), V an elemen-
tary abelian p—group, by Lannes—theory [L 2] and by using the centralizer of V/
in G [D-Z][L 2]. The structure of BG which has to be taken into account is too
rich for constructing a map BG— X directly. The mod—p decomposition of BG
breaks BG;\ into simpler spaces, namely the classifying spaces of p-toral stubborn
subgroups (for the definition of stubborn see section 2). In section 2 we set up a
program which reduces the construction of a homotopy equivalence BGQ—)X to
a series of propositions and lemmas.

This program goes through for pseudo simply connected Lie groups and prod-
ucts of unitary groups. In the case of simply connected Lie groups, all necessary
propositions and lemmas should also be true, but the proofs are much harder. The
difficulties come from dealing with SU(n) (see proposition 6.7 and 12.1). In par-
ticular, N(Ty(,)), as a wreath product, is much simpler to handle than N (Tsy(x)),
respectively the Weyl group action of ¥, = Wy (,) = Wspy(n) on Ty(,),which is
induced from the trivial action on S!, is simpler than the one on Tst(n)-

Every compact connected Lie group G = (G5 x T)/K is the quotient of the
product of a simply connected Lie group G5 and a torus 7' by a finite abelian group
K. This classification allows to pass first from pseudo simply connected to simply
connected Lie groups, and second to general compact connected Lie groups which
completes the proof of theorem 1.2.

The paper is organized as follows: Section 3 contains background including, what
is needed from Lannes theory, [D-Z], and [No 1]. In section 4, p—convenient compact
connected Lie group are discussed and the propositions 1.4 and 1.5 are proved. For
later purpose we need information about the cohomology of Weyl groups in low
dimensions. These calculations are done in section 5. In section 6 we study p-toral
stubborn subgroups of pseudo simply connected Lie groups.

The construction of a maximal torus for spaces of the mod—p type of BG, as well
as the proof of theorem 1.1 is contained in section 7. The necessary calculations
about p-adic Weyl group representations are worked out in section 8 and 9.

For A an abelian p-toral group, there is a generalization of the main results
of [D-Z] and [No 1] contained in section 10: namely a calculation of the mod-p
cohomology of the components of map(BA, X), where X is a space with the mod—
p type of BG. The results of this section are independent of the previous ones,
but are already qouted earlier, e.g. in section 9. We put section 10 in this place
because we feel that the used arguments are similiar to the ones of section 7, but
more complicated.

This algebraic replacement of [D-Z] is necessary for constructing a normalizer of
the maximal torus of a space X of the p—adic type of BG, i.e. amap BN (Tg)—X
which looks cohomologically like BN (T)— BG. This is done in section 11 and
12.

After having formulated the classical Lie group theory like maximal tori, Weyl
groups, and normalizers for spaces with the p-adic type of BG, we construct a
homotopy equivalence fg : BGZ/,\—>X in section 13-14, first for pseudo simply
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connected Lie groups and products of unitary groups, then for simply connected
Lie groups, and finally in the general case. This finishes the proof of theorem 1.2.

In the last sections we discuss the integral homotopy type of BG and prove
theorems 1.6.

Whenever we deal with completions, we mean completion in the sense of Bous-
field and Kan [B-K].

We are grateful to C.Broto, H.W.Henn, and S.Priddy for discussions about parts
of this work, and to R.Oliver, who was a great help to detect mistakes in earlier
version of some proofs and to get several proofs organized.

2. The program.

For a space X with the p—adic type of BG the construction of amap f : BG—X
is based on the mod—p approximation of BG of [J-M-O] via p—toral subgroups of G,
i.e. extensions of a torus by a finite p—group. A p—toral subgroup P of G is called
stubborn if the Weyl group W (P) := N(P)/P, the quotient of the normalizer of P
in G by P, is finite and p-reduced, i.e. the intersection of all p—Sylow subgroups of
W (P) is trivial.

Let R,(G) C O(G) be the full subcategory of the orbit category O(G), whose
objects are homogenous spaces G /P with P stubborn and p—toral. Let EG denote
an acyclic free G-CW-complex.

2.1 Theorem [J-M-O 1]. Let G be a connected Lie group. The canonical map

holim FG xq¢ G/P — BG
—
Rp(G)

is a p—local equivalence.

Remark. A map X—Y is a p-local equivalence, if it induces an isomorphism
H*(Y;Zy))—H*(X; Zp)), where Z,) are the integers localised at p. Analogous-
ly we speak of mod—p and p—adic equivalences.

Because every p—toral subgroup P<—G is conjugate to a subgroup of N (T¢) [J-
M-O 1], the theorem is still true if we take the full subcategory of those objects G/P
of R,(G), where P is in N(T¢). This subcategory contains at least one object of
every isomorphism class of objects of R,(G). This full subcategory we call R,(G)
too.

Let X be a p-complete space with the p—adic type of BG, and let

ALgrx(v. A= o LA
¢, H (X,Zp)—>H (BG,Zp)
be an isomorphism of algebras such that

BTq

PR

BG---~"-->X
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is Wg—equivariant and commutes in p-adic cohomology. We set up a program to
construct a realization fg : BG—X of qﬁ;\. By theorem 2.1, we have

map(BG, X) ~ map(holim EG x¢ G/P, X)
Rp(G)
= holim map(EG x¢ G/P, X) .
Rp(G)

To get the desired map fg : BG— X, we first construct an extension

fn : BN(Tg)—X of fr : BTg—X, which looks in mod-p cohomology like
the map BN (Tg)—BG. The map fn is the homotopy theoretical version of the
normalizer of the maximal torus of X.

2.2 Proposition. Let G be a p—convenient pseudo simply connected Lie group or
a product of unitary groups and let X be a p—complete space with the p—adic type
of B@G.

(1) There exists an extension

BN(Tg)

| X

BT, 1T S x

(2) The map fn can be chosen such that the diagram

commutes in mod—p cohomology.

Proof. (1) is proved in section 11, and (2) in section 12. O

Now we are ready to begin with the construction of the map fg : BG—X. Let
P be a p-toral subgroup of G contained in N(T¢). We define a map fp : BP—X

by the composition BP— BN (T(;)ﬂ>X . Denote by {BP}r (g) the diagram
given by the Borel construction applied to the category R,(G). The collection
of the maps fp is a map

{BP}RP(G) — X

from the diagram to X, i.e. from any object to X. Because of the second part of
the last proposition the diagram { BP}r_()—X commutes in mod-p cohomology.
Surprisingly this piece of information is sufficient to prove the following proposition.
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2.3 Proposition. Let G' be a p—convenient pseudo simply connected Lie group or
a product of unitary groups. Then the diagram {BP}r (a)—X commutes up to
homotopy.

Proof. See section 13. [0

By theorem 2.1, ho_li)m EG x¢ G/P—BG@ is a mod—p equivalence. The homo-
Rp(G)

topy commutativity of the above diagram induces a map on the 1-skeleton of the

homotopy colimit to X. The question of extending this map to the total homotopy

colimit is decided by the obstruction groups
lim® m;(map(BP, X)) .
Rp(G)
where lim® is the i—th derived functor of the inverse limit functor [B-K] [Wo]. For

H
X = BG;\ these obstruction groups vanish, if G is simply connected [J-M-O 1],
or if G is pseudo simply connected, which is an easy conclusion (see the proof of
lemma 13.2). Therefore we compare the two functors

IL(X),IL(G) : Rp(G)—Ab
given by
II;(X)(G/P) := mi(map(BP, X) ¢,.)
IL;(G)(G/P) := mi(map(BP, BG;/;\)(Bip)g) .
Ab denotes the category of abelian groups. We remark that II,(G)(G/P) =
m1(BZp) is an abelian group as well as I1; (X )(G/P) (see section 13).

2.4 Proposition. If G is a p—convenient pseudo simply connected Lie group or a
product of unitary groups, there exists a natural transformation

T :1L(G) — II;(X)
which is an equivalence
Proof. See chapter 13. [
Now this proposition and lemma 13.2 imply that

Rp(G) Rp(G)

The obstruction groups vanish, and, for a pseudo simply connected Lie group or a
product of unitary groups, we get the desired map

f:BG—X .
By construction, f realizes the cohomological isomorphism
¢p : H*(X;Zy) = H*(BTg; Z,)"® = H*(BG; Z/p)

we started with, and hence is a homotopy equivalence.
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3. Background.

In this chapter we fix a prime p. The cohomology groups are always taken
with coefficients in Z/p and H*( ) always means H*( ;Z/p). We denote by K the
category of unstable algebras over the Steenrod algebra A,,.

Let V' be an elementary abelian p—group. An algebra A over A, is called of finite
type if A is finite in each dimension.

3.1 Theorem [L 2|. If X is a p—complete space and H*(X) of finite type, then
the canonical map

[BV,X] — Homyu,(H*(X), H*(BV))
is an isomorphism.

The evaluation map
BV x map(BV,X) — X

induces a cohomological map
H*(X) — H*(BV)® H*(map(BV, X)) .
J. Lannes studied the functor TV : K—=K which is the left adjoint of the functor
H*(BV)®zp, - Taking the adjoint of the evaluation map yields
TVH*(X) — H*(map(BV, X)) .

For any map g : BV—X, there is an associated direct summand Tg‘i H*(X) of
TV H*(X) which corresponds to the summand H*(map(BV, X),) of
H*(map(BV, X)). With respect to this splitting the above map is a direct sum of
maps with coordinates

Ty H*(X) — H*(map(BV,X),) .

3.2 Theorem [L 2, 3.3.2]. Let X be a space, such that H*(X) is of finite type.
Let g : BV—X be a map. The map

Ty H*(X) — H*(map(BV, X)),)

is an isomorphism if TY.H*(X) is of finite type and one of the following three
conditions is satisfied:

(1) T)H*(X) is zero in degree 1.

(2) map(BV, X)), is 1-connected.

(3) There is a connected space Z with the property that H*(Z) is of finite type

and a map
Z — map(BV, X), ,

such that the associated map
V ryx* *
T,-H (X) — H*(Z)

is an isomorphism.



3.3 Theorem ([L 2, 3.4.3]). In addition to the assumptions of theorem 2.2 let X
be p—complete. Then the following conditions are equivalent:

(1) map(BV,X), is p-complete.
(2) Ty H*(X)—H*(map(BV, X),) is an isomorphism.

If we consider a collection S of maps BV — X, then of course we get a direct
summand TY. H*(X), where S* is the collection of the associated cohomological
maps. The theorems 3.2 and 3.3 are still true in this situation [L 2].

Let V be an elementary abelian p—group and let B VL>X —2,Y be a pair of maps,
such that the application of the Lannes functor calculates the mod—p cohomology
of the mapping spaces map(BV, X ) and map(BV,Y)gs. The following lemma,
whose proof is straight forward, describes the induced map

H*(map(BV, g)) : H*(map(BV,Y)ss) — H*(map(BV, X)y)

in terms of the T—functor.

3.4 Lemma. Under the above assumptions, the map H*(map(BV, g)) is given by
the application of the Lannes—functor, i.e.

H*(map(BV, g)) = TY (9) : H* (map(BV,Y)y5) — H*(map(BV. X); .

In the case of X being the classifying space BG of a connected Lie group G, the
functor TV can be calculated.

For a p—toral group P we denote by Rep(P,G) the set of representation classes
P—G, i.e. G-conjugacy classes of homomorphism P—(G. Passing to classi-
fying spaces gives a map Rep(P,G)—[BP, BG]. For a particular representation
p: P—G let C(p) denote the centralizer of p in G. The obvious product homo-
morphism Cg(p) x P—G has as adjoint on the level of classifying spaces the map
BCq(p)—map(BP, BG)p,.

3.5 Theorem ([L 2, 3.4.5]). Let V be an elementary abelian p—group. Then the
maps

TVH*(BG) — H*(map(BV,BG)) —  [[ H*(BCa(p)),
pERep(V,GQ)

and, if we choose a homomorphism p : V—@G,
Ty, H*(BG) — H*(map(BV, BG)p,) — H*(BCg(p))

are isomorphisms.

In [D-Z] and [No 1] mapping spaces are calculated, having the classifying space
of a finite p—group respectively a p-toral group as source.
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3.6 Theorem ([D-Z], [No 1]). For a p-toral group P and a compact Lie group G
the natural map
Rep(P,G) — [BP, BG]

is an isomorphism, and the map
BC¢(p) — map(BP, BG)p,

a mod-—p equivalence.
For a finite extension of a torus as target, there is a stronger result.

3.7 Proposition. Let p: H— N be a homomorphism from a compact connected
Lie group H to a finite extension N of a torus. Then

BCn(p) — map(BH, BN)p,

is a homotopy equivalence.

Proof. BN fits into the fibration
BT — BN — BW |,

where W := N/T, and where T is the toral part of N, i.e. the component of the
unit. Because H is connected, the image of p is contained in T. Let Iso(p) C W
be the group of those elements, which act trivially on the image of p. The Dwyer—
Zabrodsky construction induces a commutative diagram

II BT — BCn(p) — BW
weW/Iso(p)

{ { {
I map(BH, BT) oy, — map(BH,BN) — map(BH,BW),,
weW/Iso(p)

where ¢ denotes the constant map. Since the components of BCxn(p) are given by
Iso(p), the upper row is a fibration. The bottom row is a fibration, because every
map BH— BT is induced by a homomorphism [L-M-S]. The left and right columns
are equivalences, which follows from a short calculation respectively the Sullivan
conjecture [M]. Therefore, the middle column is an equivalence which proves the
statement. [

We work mainly with completed spaces. Hence, it is useful to know if the con-
sidered mapping spaces are complete.

3.8 Proposition [B-N]. Let G and H be compact Lie groups, H connected. Then,
for any map f : BG— BH, the component map(BG, BH];\)fI;\ is p—complete, and

(map(BG, BH)f);\ — map(BG, BH;\)pr

is a homotopy equivalence.

This leads to a result slightly stronger than theorem 3.6 (see also [J-M-O 1]).



3.9 Theorem. For any homomorphism p : P—G of a p-toral group P into a
compact connected Lie group G, the map

BCa(p); — map(BP, BG;\)BpQ

is a homotopy equivalence.

Now let 7 be a group acting on a space X. Let X™ denote the fixed-point set.
The homotopy fixed-point set X" is defined to be the mapping space map, (Ew,Y)
of equivariant maps. Here E7 is an acyclic free 7-CW-complex of finite type.
There is another description of X*™. Consider the fibration

(%) X — Enx, X — Br.

Note the one to one relation between sections in this bundle and elements in X7,
Thus, we can also define X*™ as the fiber of the fibration

XM — map(Br, En X5 X)see — map(Br, B)iq ,
where map(—, —)sec is the union of the components of the sections in the bundle
(*)For an elementary abelian p-group V acting on X, the multiplication
BV x BV— BV of the H—space BV induces an equivalence
a: BV — map(BV,BV);q .
This multiplication can also be used to construct a map

B:BV x X" — map(BV,EV xv X)ec

by defining 3(b, f) := f o a(b). Here f € X"V is interpreted as a section
BV —FEV xy X. The map S fits into the diagram

X — BV x XtV _ BV
() s J|
X — map(BV, EV Xy X)see ——— map(BV, BV )4

This is a trivialization of the fibration in the bottom line.
Let s : EV—X be an equivariant map respectively s : BV—FEV xy X a
section. Applying the Lannes functor T gives a map

(FF*) TY.H*(EV xy X) —— H*(map(BV,EV xy X)) .

The natural isomorphisms

H*(BV) —— TV, H*(BV) ——— H*(map(BV, BV):)
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and the canonical map H*(BV)——Z/p allow to apply the functor — @« (v Z/p
to (% % x). This yields a map

TY.H*(EV xv X) ®@u~(sv) Z/p — H*(map(BV,EV xv X)) ®@u-v) L/p -

Because of the equivalences in (*#) the right side is isomorphic to H*(X?V). Here
X"V denotes the component of s of the homotopy fixed—point set X"V In [L 2, §
4] the left side is used to define a functor

sec

HFY :Topy—K : X = HFY(X) :== T\, .. H*(EV xv X) @u~(Bv) Z/p

from the category of spaces with a V-action to the category K. By sec we denote
the set of homotopy classes of sections in the bundle EV xy X — BV, and by sec*
the set of the associated induced maps in cohomology. For any subset S C sec, i.e.
for any set of homotopy classes of homotopy fixed—points, there is an obvious map

HFY.(X) —— H*(X&).

3.10 Theorem ([L 2, 4.9.3]). Let X be a space with a V—action, such that H*(X)
is of finite type. Let S C mo(X"V) be a set of homotopy fixed—points. The map

HF.(X) — H*((X)5")

is an isomorphism, if H:Y (X) is of finite type and one of the following two conditions
is satisfied:

(1) HFY.(X) is zero in degree 1.
(2) (XM is 1-connected for each s € S.

3.11 Theorem ([L 2, 4.9.2]). In addition to the assumptions of theorem 3.10 let
X be p—complete. Then the following conditions are equivalent:

(1) X2V is p-complete.
(2) HFY.(X)—H*(X%Y) is an isomorphism.

3.12 Remark. Let K —>G—>/I_{v be an exact sequence of compact Lie groups.
The ‘extended’ classifying space BK := EG/K ~ BK of K carries a free H action,
and BK/H = BG. For any space X, which H acts trivially on, we have
map(BG, X) = map(BK /H, X)

= mapn (BK, X)

~ mapy (EH x BK, X)

= mapH(EH7 map(é\f{v X))

= map(BK, X)" .

This implies the following lemma:



3.13 Lemma. Let fx : BK—Xbe a map and map(BK, X)y, be simple, i.e the
fundamental group acts trivial on the homotopy groups.

(1) The obstructions for extending fx to a map fo : BG— X are contained in
the groups H**'(BH, W*(map(é\l/(, X)) (twisted coefficients).

(2) The homotopy classes of extensions BG—X are classified by obstructions
in H*(BH,, (map(ﬁf(, X)) (twisted coeficients).

Proof. Extensions BG— X are given by sections in the fibration

map(B\IJ(,X)fK — map(BH, EHXHmap(B\IJ(,X)fK) — BH . O

We finish this section with a purely algebraic result about the Lannes functor.
Let A be an unstable algebra over A, let W a finite group acting on A, and let
¢ : A—H*(BV) an A,-algebra map. We call

Iso(¢) :={w e Wlpow = ¢}
the isotropy group of ¢. Because H*(BYV') is an injective object in K, every map
¢ : AV — H*(BV) can be extended to a map ¢ : A—H*(BV).
3.14 Theorem [L 1].

TV (AY) = 11 TV AW I (T 4)1e0(@)
p€Homy (A,H*(BV))/W p€Homy (A, H*(BV))/W

or, in a compact version, TV (AW) = (TV A)W.

4. p-convenient compact connected Lie groups.

Let K — G i) H be an exact sequence of connected Lie groups, G and H
connected and K finite. We have associated oriented fibrations BK — BG i BH
and BK — BT ﬁ BTy.

4.1 Lemma. If BH is p—torsion free, then BG is p—torsion free.

Proof. By a theorem of Borel [Bo 3] BG is p—torsion free if and only if every
elementary abelian p—subgroup of GG is conjugate to a subgroup of T;. Let V' be
an elemetary abelian p—subgroup of G. Then, up to conjugation, ¢(V') C Ty, and,
up to conjugation, V C ¢~ '(q(V)) C ¢ ' (Tu) =Te. O

For any compact connected Lie group G there exists a finite covering
1—>K—>§:GS><T—>G—>1

of compact Lie groups, where G, is simply connected and 7' a torus (see for ex-
ample [B-tD]). Such coverings we call finite universal. The cover G is unique up
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to isomorphism, but the homomorphism G — G is not unique. We can choose a
finite self covering ' — T and can take the composition G4 XT — G4z xT — G.
Among the finite universal coverings of G there is a minimal one, characterized by
the condition that K — G3 x T  — (G is an injection. The minimal finite uni-
versal covering is a quotient of all the others.

Every finite universal covering establishes two associated commutative diagrams
of exact sequences of connected Lie groups:

K, — G, —— G,/K,:=0G,
| | |

(*) K —— G xT —— G
| | |

and

l l

—— G xT — G

l H

— 5 G, xT —— @G,

(**)

N e— X — 2

where K, := K N (G5 x {0}). Because H*(G,;Z) = 0, the sequence Gy—G—T
induces isomorphisms H(T;Z) = H'(G;Z) and H?(BT;Z) = H*(BG;Z). On the
other hand these isomorphisms determine the maps G—T and BG— BT, and
therefore, the fibration BG,— BG— BT.

If BG is p-torsion free, then, by lemma 4.1, BG, x BT and BG4 x BT as well
as BG4 and BG, are p—torsionfree. The order |K,| of K, is coprime to p, because
mo(BGs) &2 Ho(BGg; Z) =2 K.

4.2 Lemma. Let BG be p—torsion free. If G5 or G4 X T are p—convenient, then G
also is p—convenient, and

H*(BG;Z/p) = H*(BTg; Z/p)" .
Proof. Denote by E"*(Tg) and Ey’*(G) the terms of the mod—p cohomology Leray—
Serre spectral sequences of the oriented fibrations
Blg — BTg —— BT

| l |

BG, —— BG —— BT .
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By the above remarks G is p-torsionfree and the spectral sequences collapses, i.e
Ey"(G) = EZ*(G) and By (Tg) = B3 (Ta).
If G4 is p—convenient, we have

Ey'(G) = H*(BT;Z/p) ® H*(BGs; Z/p)
~ H*(BT;Z/p)® H*(BTg ; Z/p)"
~ (H*(BT;Z/p) ® H* (BG4 Z/p))"
~ B2 (Te)W .

Using the 5-lemma and an induction over the extension problems of the two asso-
ciated spectral sequences, one can show that H*(BG;Z/p) = H*(BTg)V. 0O

In [D] is discussed, whether the canonical map
H*(BTg; L))" ¢ @ Z/p—H*(BTa; Z/p)™" @

is an isomorphism. By the main theorem, proposition 6, and proposition 8 of [D],
this is an isomorphism in the following cases:

SU(n), n>3 all primes
Spin(n), Sp(n), n>1, G p>3

Fy, Eg, Eq p=>5

Ejg p>T .

If p is odd, the pair (G,p), G simple and simply connected, belongs to the list if
and only if BG is p—torsionfree. For p = 2 the space BSp(n) is 2-torsionfree, but
Sp(n) is not 2—convenient.

4.3 Proposition. Let p be an odd prime, and let G be a compact connected Lie
group. If BG is p—torsion free, then GG is p—convenient, and

H*(BG:;Z/p) = H*(BI;Z/p)"*
Proof. Let K—G 3 x T—(G be a finite universal covering of G, where G is simply
connected and 7' is a torus. We can split G5 = G1 X ... X G, into a product of simple

simply connected factors G;. By lemma 4.1 G is p-torsionfree. The arguments of
the proof of [Bo 2; 20.3] show that the map

H*(BH; Z,))—H*(BTy; L))"

is an isomorphism, if BH is p-torsionfree. The pairs (G;, p) belong to the above
list. We get

H*(BGy;Z/p) = H*(BGs; L)) @ Z/p
=~ H*(BTg,; Z(p))WGS ®@ZL/p
= H*(BTg,; Z/p)"°" .

Therefore G5 and G4 x T are p—convenient. By lemma 4.2 the statement follows. [
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Proof of proposition 1.4.
The equivalence of (1) and (2) follows from proposition 4.3 and the equivalence of
(2) and (3) from [Bo 1; proposition 5.2]. O

Proof of proposition 1.5.
Let K — G5 xT — G be a universal finite covering of G. Let W := W, = Wg.
The diagram (*) establishes a fibration BG; — BG — BT.

Let us assume that G is p-convenient and that the order of Ky = KNG, x {1}
is coprime to p. Because H*(BGy; Z/p) & H*(BGs;Z/p) = H*(BTg,;Z/p)", the
spectral sequence of the fibration collapses because of degree reasons. This implies
that H*(BG;Z/p) is concentrated in even degrees and that G is p—convenient.

If G is p—convenientthen G is p-convenient by definition. If the order of K is
divisible by p, the semi simple part BG has p-torsion. Lemma 4.1 applied to the
bottom horizintal row of (x*) shows that BG has p—torsion which is a contradic-
tion. [

For later purpose we are interested in centralizers of abelian p-toral subgroups
of compact connected Lie groups. The next statement handles this question and
has a purely albgraic analogous (see theorem 10.1).

4.4 Proposition. Let A be a p—toral abelian compact Lie group and G a compact
connected Lie group such that BG is p—torsion free. Then the following statements
are true:

(1) Rep(A,Ta) — Rep(A, Q) is onto.

(2) Rep(A,Tg)/Wa — Rep(A, G) is a bijection.

(3) For any homomorphism p : A — T¢ the centralizer C¢(p) is connected,
and BCgq(p) is p—torsion free.

Proof. The first statement follows from [Bo 3; 5.2]. The other conditions we prove
by induction on the number of topologically cyclic factors of A.

Let A= S! or A = Z/pF. Inparticuliar, be a toplogical cyclic compact p-toral
group. Then part (2) follows from the isomorphism between the orbit space T /W
and the set of conjugacy classes of elements in G (e.g. see [B-tD]).

Let p: A — T be an homomorphism and let g € Cg(p) =: C be a p-torsion
element or a generator of a torus. Then the group B :=< p(A), g >, generated by
p(A) and g is p—toral and therefore, as a subgroup of GG, subconjugated to Tz. We
choose h € G such that hBh~! C Tg. By (2) the conjugation by h on p(A) can be
realized by an element n € N(Tg). Now n~1h centralizes p and conjugates B into
T = Tc. That is that every p-torsion element of C' is subconjugated to T=. By
[J-M-O 1; Appendix] mo(C) is a finite p—group. Therefore the p—torsion elements
of G are dense in G. This implies that G is connected which is the first part of (3).

Now let V' C C be an elementary abelian subgroup. As a subgroup of G, the
group < p(A),V > is subconjugated to T. We can apply the same trick as above
to see that V' is subconjugated to T as a subgroup of C. By [Bo 3] every elementar
abelian p—subgroup of C is subconjugated to T if and only if BC is p-torsion free.
This finishes the proof for cyclic groups.



Any p-toral abelian group A splits into a product A = Agx A; such that A; = St
or Ay 2 Z/pF. Let p,p’ : A — Tg be two homorphisms which are conjugate in G.
By induction hypothesis pg := p|a, and pf := p’|4, differ on;y by an element in
Wea. We can assume that pg = pj. Then p and p’ correspond to homomophisms
a,a" Ay = Togpa,)) = Te which are conjugated in C' := Cg(p(Ag). By
induction hypothesis again a and o’ differ only by an element in W¢. This implies
part (2) in the general case.

The last two statements follow from the identity Cq(p) = Coy (pa,)) (P(A1)) and
the induction hypothesis. [

We finish this section with the following two lemmas.

4.5 Lemma. If G is p—convenient, the order of the cokernel of Z(G)—Tg"e is
coprime to p.

Proof. Let i : A—Tg"¢ be the p-toral part of T¢"W¢. By lemma 4.4 the centralizer
C := Cg(A) is connected and W = W¢. This implies that C = G and that
AcCZ(G). O

4.6 Lemma. Let Vz be the maximal elementary abelian p—subgroup of Tg. If
H*(BG;Z/p) = H*(BT4; Z/p)"e, then C (V) = Ta.

Proof. By lemma 4.4 C(V) is connected and of the same rank as Ti. Let We
be the Weylgroup of C¢ (V) which is also the isotropy group of the homomor-
phism Vg—G. Then We acts trivially on H*(BTg;Z/p) and H*(BG;Z/p) =
H*(BTq;Z/p)"e/We, This implies that H*(BG;Z/p) & H*(BTq;Z/p) is an in-
tegral Galois extension of degree |Wg/We|. But it is well known that this degree
is given by the Euler characteristic of G/T which is the order of W¢. Therefore
W is the trivial group which proves the statement. [

Remark. If p is odd the lemma is true for every compact connected Lie group G
[D-M-W 2].

5. Subgroups of maximal rank and the cohomology of Weyl groups.

For studying the p-stubborn subgroups of the simple simply connected Lie
groups, which we will do in the next chapter, it is very useful to have a list of
subgroups of maximal rank satisfying certain conditions. For each prime p and
each p-convenient simple simply connected Lie group G, we choose two compact
connected subgroups H and K of G given by the following list. The first is maximal
of maximal rank and contains the second, which only is of maximal rank. The



number in brackets denotes the Weyl group index.

G P H K

Sp(n) podd  U(n) [27] U(n) [27]
SO(2n+1) p odd U(n) [2"] U(n) [2"]

SO(2n) p odd Un) 2" Un) [2"7Y

e p=3  SUB) [2] SU(3) [2]

G p=5  SU@B) [2] U(2) [o]

Fy p>5  SU3)xz/35U(3) [2°] Tr, [27-3%

E p>5  SU(2)xz,5U(6) [22-3%  S'xz,,U(5) [2*-37]
E; p>5  SU®)/zZ/2 [2°-37] U(7)/z/2 [2°-3?]
FEg p>7  SU(9)/Z/3 [27-3-5] U(8)/Z/3 [27-3%- 5]

This list is taken from [J-M-O, §6], where a complete list of all maximal subgroups
of maximal rank is given as well as the information about the Weyl group orders.
See also [B-S] where the local isomorphy type of the all maximal subgroups of
maximal rank is described. For p odd BSpin(n); ~ BSO(n);. All the subgroups
occuring in the list are quotients of compact connected Lie groups by a finite group
of order coprime to p.

5.1 Definition. For a homomorphism p : H—G between Lie groups we say
H is a mod-p subgroup of G, if H*(BH;Z/p) is a finite generated module over
H*(BG;Z/p).

If p is also a surjection we call p a mod-—p isomorphism of groups.

Remark. For a homomorphism p : H—G the group H is a mod—p subgroup iff
ker(p) is finite of order coprime to p [Q].

We collect the properties of the subgroups of the above list in the following
lemma.

5.2 Lemma. For every p-convenient simple simply connected Lie group G, G #
SU(n), there exist mod-p subgroups K—H—G of G satisfying the following
conditions:

(1) H is maximal of maximal rank and a unitary group or a product of special
unitary groups. The index [W¢ : Wy] of the Weyl groups is coprime to p.

(2) K is of maximal rank and a product of unitary groups or SU (p). The index
[Wq : Wk] is coprime to p. Moreover K—C¢ (V) is a mod—p isomorphism
of groups, where V. C Z(K) is the maximal p-elementary abelian subgroup
of the center Z(K) of K.

Proof. 1t is only left to show the last statement, namely K—Cg(V) is a mod-p
isomorphism of groups. All the other facts can be read of from the above list.



First we observe, that for a sequence L C M C G of connected subgroups of G
of maximal rank the index [W¢ : W] divides [Wq : Wi ).

Let p>5,G=FEs, H=SU22)x SU(6), V =Z/pxZ/p, H=H/(Z/2), K =
S x U(5), and K = K/(Z/2). V is a central subgroup of H too. The centralizer
Cry(Z/p x {0}) is connected ([B-S] or theorem 10.1) and containes S* xz /o SU(6)
by lemma 6.4. Using the complete list of maximal subgroups of maximal rank of
[J-M-O 1] and the above condition on the Weyl group orders it follows that H is the
only one containing S' xz /5 SU(6). Therefore C,(Z/p x {0}) = Ci(Z/p x {0})
and Cg, (V) = Cz(V) = K by lemma 6.4 again.

For F, and p > 5 lemma 4.5 proves the last statement. In all the other cases
V = Z/p and the argument using the Weyl group index relation can be applied. O

We end this section by listing the calculation of some cohomology groups of Weyl
groups in low dimensions. There are canonical Wg—actions on
LTgy = Hy(BTg; L), LTg/p* := Ha(BTs; Z/p"), L*Tgy := H?(BTg;Zy), and
L*Tg/pk = H2(BTg; Z/pk)

5.3 Lemma. Let G be a p—convenient connected Lie group.

(1) Ifp is odd all the groups
H'(We; Z/p*), H*(Wes; Z/pF), H*(Wa; Zyy), H?*(Wa; L),
Hl(Wg; L*Tg/pk) and H3(Wg; LTG;\)
are trivial.
(2) Ifpis odd and G pseudo simply connected, H*(Wq; LT /p*) = 0. we have
H'(Wg; L*Tg/2%) = 0.
(3) H3(X,;Z%) = 7/2 for n > 4 and vanishes otherwise.

Proof. We can assume that £ = 1. Because L*TU(n)I/,\ and LTy (p) g are induced by
the 1-dimensional trivial ¥,,_;—module,

HI(Sy; L*Tyy(ny /p) 2 HY (Sp_13Z/p) =2 H (L5 LTy (n)/P)
(0 for podd and 57 <2
HY (83 LTv(nyp) & HY (Z0-1; Zp)
0 , j7<3andpoddorp=2, =3, andn <4
{Z/? , j=3,p=2,andn>5

s

For the calculation of the mod—p cohomology and homology, see [Nal],[K-P]. This
proves (1) and (2) for G = U(n) and p odd and also proves (3).

Now let p be odd. The long exact sequences in cohomology, associated to the
exact sequences

(*) Z/p - L*TU(”)/p — L*TSU(n)/p
LTSU(n)]/g\ — LTU(n)]/g\ — Z]/g\
imply (1) for G = SU(n).
If G is p—convenient and simply connected, we choose a mod-—p subgroup H—G



of G such that H is a product of SU(n)’s and U(n)’s (lemma 5.2). Then,
H*(Wqg; L*Tq/p) — H*(Wu, L*T¢/p) = H*(Wy; L*Th /p)
H*(Wg;LTG;\) — H*(WH,LTG;\) EH*(WH,LTH;\)

are injections. A spectral sequence argument or a Kiinneth formula argument and
an induction over the number of factors of H reduces the calculation to the case
H =U(n) or H= SU(n), which we already proved.

For a general p-convenient compact connected Lie group, there are exact se-

quences
L*T/p — L*Tg/p — L*Tgs/p

LTESI/,\ — LTG;\ — LT;\,

where G is the simply connected part of G. The quotient G is p—convenient.
Moreover, L*T@/p = [*Tq, /p and LT@I/]‘ = [ Tg, ) because Gs— G, is a mod-—p
isomorphism of groups. (See section 4). Again, the associated long exact sequences
in cohomolgy complete the proof of (1).

Let p be odd and G pseudo simply connected. By lemma 5.2, we choose a
mod—p subgroup H—G, such that H is a product of unitary groups and SU(3)’s.
SU(3) can only occur, if p = 3 and G5 is among the factors of G. As already
shown H! (Wuny; LTy (ny/p) = 0, and H'(Wg,; LTg,/3) also vanishes. This follows
because Wg, & X3 X Xy and because ¥y acts non trivially on H' (X35 LTsy 3)/3) &
Z/3. This proves (2). O

6. p—stubborn subgroups of pseudo simply connected Lie groups.

In [O] is given a complete list of representatives of the conjugacy classes of p—
stubborn groups of the classical Lie groups, i.e. U(n), SU(n), Sp(n), and SO(n)
for all primes. We will recall these results for U(n) and SU (n).

Let ¥, be the symmetric group of order pFl. The permutations oy, ..., 0,_1 are
defined by

. i+ p" if i=1,....,(p—1)p" mod p"*!
Or (7’ = . . . 1 1
i—(p—1)p" if i=(@E-1p"+1,..,p""" modp"tt.
Ag, ..., Ag_1 € U(p") denote diagonal matrices with entries
(Ap)ii = ¢ T ¢ = eap(2rifp)
and By, ..., Br_1 are the permutation matrices of og, ..., Ok _1.

Definition. For each prime p and k > 0 the subgroups E,x C ¥,x and ng are
defined by setting

Epk = <0‘0, ...,O'k_1> = (Z/p)k and
Y =\-I,A., B, : AeS', 0<r<k—-1)cU®".

pk T



6.1 Remark. The matrices A, and Bj; satisfy the commutator relations
[A,, Bs]| =[A,, As] = [B;,Bs] =1 for r# s and [B,,A.|=¢(-1I.
Also ng sits in the central extension
1—S'—Th —(Z/p)**—1
and in the splitting extension
1—S' x (Z/p)*—T . —(Z/p)*—1 ,

where St x (Z/p)* = ng N Ty pr)-

A subgroup H of U(n) is called irreducible, if the associated representation is
irreducible.

6.2 Theorem ([O]).

(1) For any n > 1, an irreducible p-toral subgroup P C U(n) is stubborn iff it

is conjugate to an iterated wreath product of the form
P=TY By E,,

where ¢; = pt and n = pFttrt-tir,

(2) If P C U(n) is an arbitrary p—stubborn subgroup then it is conjugate to a
subgroup of the form P; X ... X P, where each P; is an irreducible subgroup
of U(n;) and where Y n; = n.

(3) A p-stubborn subgroup P C U(n) is irreducible iff Cy (V) = U(n),
where V' C Z(P) is the maximal p—elementary subgroup of the center of
P.

(4) A p-toral subgroup P C SU(n) is stubborn iff (P, Z(U(n))) is stubborn in
U(n) iff P = P'NSU(n) for some p—stubborn subgroup P’ C U(n).

Proof. Everything is proved in [O], but the third statement. That follows from the
first two properties. [

Remark. This theorem describes standard models for every conjugacy class of
p—stubborn subgroups in U(n) and SU (n).

6.3 Proposition ([J-M-O 1, proposition 1.6]).
(1) For connected Lie groups G and H, R,(G x H) = R,(G) x R,(H).
(2) For a finite covering A—G—G of " compact connected Lie groups, we
have R (G) Rp(G). In particular, P C G is p-stubborn iff

P=P/(PNA)CG is p-stubborn.
(3) If P C G is p—stubborn then C(P) = Z(P).

Information about centralizers of p-toral subgroups of mod-p subgroups is pro-
vided by the next lemma.



6.4 Lemma. Let p : G—G be a mod-p isomorphism of compact connected Lie
groups.

(1) For any p-toral subgroup P C_@ there exists a p-toral subgroup P C G,
which is mod-p isomorphic to P.

2) Cq(P)—C=(P) is a mod—p isomorphism.

( G

(3) Z(P)—Z(P) is a mod—p isomorphism.

Proof. Q := p~'(P) is toral, i.e a finite extension of a torus. The p-toral Sylow
subgroup P of ) maps onto P.

Cq(P)—C%(P) is a mod—p subgroup. Let [ be the order of the kernel of p,
let x € P, and let g € p~}(Cx(P)). Then ga'g™! = (gxg™')! = (za)! = 2!, where
a € ker(p). The map P—P : x — z! is a surjection because [ is coprime to p.
That is Cq(P)—Cx(P) is a surjection which proves (2).

(3) follows analogously by replacing G by P. O

The following lemma is the key to get control over the p—stubborn subgroups of
all p—convenient simple simply connected Lie groups, in particular of the
p—convenient exeptional Lie groups.

6.5 Lemma. Let G be a compact connected Lie group and P C G be p-stubborn.
Then P is p-stubborn in Cq(Z(P)).

Proof. P is contained in K := Cg(Z(P)). The normalizer Ng(P) of P in G nor-
malizes Z(P) and K. The intersection Ng(P) N K = Ng(P) is a normal subgroup
in Ng(P). Let @ be the intersection of all p-toral Sylow subgroups of Nk (P).
A conjugation by an element of Ng(P) permutes the p—toral Sylow subgroups of
Nk (P). Thus @ is normal in Ng(P). If @/P is not trivial, i.e P is not stubborn
in K, then P is also not stubborn in G. [

Now we are able to describe the p-stubborn subgroups of the simple simply
connected Lie groups. By im(p) we denote the image of a homomorphism p :
H—G between groups.

6.6 Proposition. Let P C G be a p-stubborn group of a p—convenient simple
simply connected Lie group G.

(1) If G # SU(n), G4, there exist a mod-p subgroup
p: H=2U(ny)X,...,xU(ng)—G

and a p—stubborn subgroup P’ = P X, ..., X Py, such that P; is irreducible
in U(n;), im(p) = Ca(Z(P)), and im(p|p) = P.

(2) For G = G5 and p = 3, P is stubborn in SU(3), and Z(P) = Z(SU(3)).
For G = Gy and p > 5 we have P =T, .

Proof. Let p : K—G be a mod—p subgroup of G satisfying the conditions of lemma
5.2 (2), and let K = im(p). Since the Weylgroup index [Wg : W] is coprime to
p, the groups G and K have isomorphic and G and K mod-p isomorphic p-toral



Sylow subgroups. Therefore any p-stubborn subgroup P C G sits in K up to
conjugation. By lemma 6.4 there exists a p-toral subgroup P’ C K with p(P’) = P
and p(Z(P') = Z(P). In the sequence

Z(P) = Co(P) 2 Cx(P) 2 Z(P)

all the groups are equal. The first identity follows from lemma 6.3. We get Z(P) 2
Z(K) and Cg(Z(P)) = C(Z(P)). By lemma 6.5, P is p-stubborn in C(Z(P)),
and by proposition 6.3, P’ is p—stubborn in Cx(Z(P’)).

For G # SU(n), G4, the group K is a product of unitary groups. The centralizer
of any subgroup of such a group always is of the same type. Thus Ck(Z(P')) =
U(ni) X ... x U(n,). By theorem 6.2 we have P’ = Py x, ..., xP, and P; C U(n;) is
irreducible p-stubborn because Cyry,,)(Z(F;)) = U(n;).

For G = G5 and p > 5 we have P = T, because (p,|Wg,|) = 1. For G = G,
and p = 3 we have K = K = SU(3). If Cg,(Z(P)) = Csus)(Z(P)) # SU(3) this
centralizer is isomorphic to U(2) or T, = Tsy(3). In both cases P = Tg = Tsy(s),
because |WCG2 (z(py)l < 2. This is a contradiction because W, has a normal
subgroup of order 3. Hence P is p—stubborn in SU(3).

Theorem 6.2 finishes the proof. [

For the proof of theorem 1.2, we need certain properties of p—stubborn groups.
With the help of the last proposition we can do this for a special class of compact
connected Lie group, namely pseudo simply connected Lie groups.

6.7 Proposition. Let G be a p—convenient pseudo simply connected Lie groupand
Te—G a fixed maximal torus. In the conjugacy class (P) of any p-stubborn sub-
group of G exists a representative i : PN (Tq)—G satisfying the following con-
ditions:

(1) Pr:=PNTg =S5 xV, where S is a torus and V an elementary abelian

p-group, and Z(P) C Pr.

(2) Ca(Pr) =1g.

(3) For any extension o : P—G of i : Pr—G, we have Cg(«) = i(Z(P)).

(4) The canonical map

mo(map(BP, BGy) pa|ppy=5i) — Hom(H*(BG;Z/p), H*(BP;Z/p))
is an injection.

Remark. By map(BP, BG;;\)BalspT:Bi we denote the components of

map(BP, BG}) given by maps Ba : BP— BG}), such that Ba|gp, ~ Bi. The
homotopy classes of these extensions are classified by obstructions in the groups
H*(BP/Prp;n.(map(BPr, BG})pi) (lemma 3.13). By (1) of the above theorem
follows that there is only one obstruction group, namely

H?(BP/Pr;my(map(BPr, BG})pi)) = H*(BP/Pr;m3(BTg))).

In the rest of this chapter we will prove this proposition in several steps.



Step 1. Let G = U(p*) and P = ng-

Proof of (1) and (2). For abbreviation we set I' := ng. The condition (1) follows

from remark 6.1, and I'r 22 (Z/p)* x S'. The j-th coordinate is generated by A;_1,
and the last coordinate is the the center of U(p¥). The inclusion i : Tp——Ty ) is
a splitting in 1-dimensional representations of the p*-dimensional representation
I'—U(p*). The j-th summand is given by the homomorphism i; : T'7—S?! defined
by

ij(ar, .y ag, A) = [[ 0D/ X ¢ = eap(2mi/p) .

S

All these 1-dimensional representation are pairwise nonisomorphic (see the next
lemma), which implies that Cy,x)(I'r) = Typry- O

6.8 Lemma. The two homorphism i;,i, : Tp—S" are equal iff j = I.

Proof. If i; = i, we have for all (a1, ...,ax) € (Z/p)*

k k
H C[(J’—l)/ps_l]ﬂs _ H C[(l—l)/ps_l]ﬂs
s=1 s=1

respectively

k k
YIG-10/p-as=) [(1-1)/p*""]-a; modp.
s=1 s=1
This condition is satisfied iff [(j — 1)/p*~'] = [(l = 1)/p*~'] mod p for 1 < s < k.
This implies 5 = [, because j,l < k. 0O
Proof of (3) and (4). Extensions Ba : BI—BU (p*)) of Bi : Blp—BU (p*) are
classified by obstructions in the groups H"(T'/I'r;m,(map(BLr, BU(p*)})) (see
lemma 3.12). Because of theorem 3.9 and (1), there is only one obstruction group
k k
H?(U/Tp; ma(BTypr))) = H?*(T/Tp; (Z))P"). Here T'/Tp = E,x = (Z/p)P acts
k
on Z;\p via the inclusion E,r<—¥,x and the permutation representation. In par-
ticular I' /T acts transitively on the standard basis of Z{D\pk. The canonical map
Z)[r/ I‘T]—>Z$7’k : 1 — ey is an isomorphism, where e; is the first basis vector of
the standard basis. Hence the obstruction group H?(TI'/T'r; (Z;\)pk) vanishes and

the two extensions « and /3 are conjugate. This completes the proof of (3) and (4)
as well as of step 1. [

Step 2. Let P C G = SU(p) be a standard p—stubborn subgroup.
Proof. By theorem 6.2 the only p-stubborn subgroups of SU(p) are Ty () (for
p >35), P =T NSU(p) and P, = (S'2Z/p) N SU(p). We have Pip =

(Z/p)? because T = S x Z/p and because Csy(p)(Pir) = Tsu(. For Py
we get Por = Tsy(p) and Csy(py(Por) = Tsy(p)- To calculate the extensions of



Z(

BP;7—BSU (p) we have only to consider the obstruction group H?(Z/p; Z;\p_l),
where Z/p acts on Zz’,\p_l via the action of ¥, on mo(BTsy (). The exact sequence
7P~ ' —7)P—17.)) of Z/p-modules induces a long exact sequence

1 LA 2 . Ap—1 2 LA
e — H(Z/p; Zp) — H*(Z/p; pr ) — H*(Z/p; pr) — ...

The left and the right term vanish. Hence there exists only one extension and
Csupy(Pi) = Z(F;). For the p-stubborn subgroup Tsy(, all the statements are
obvious. [

For the next step, namely the case of an arbitrary p-stubborn subgroup of U (p*),
we need some technical lemmas.

6.9 Lemma. Let P C U(p*) be a standard irreducible p—stubborn subgroup. Then
Pris normal in P, the qoutient P/Pr is an iterated wreath product of elementary
abelian p—groups, and the homomorphism P—; P/ Pr splits.

Proof. By theorem 6.2, P =T}, 1 Epri 2.... ! Eprs and

P/Pr = I‘gro / Fgro 7 Epr ... .0 Eprs which is an iterated wreath product of elemen-
tary abelian p—groups. The homomorphism I‘gro —)I‘gro / FgTOT splits by remark
6.1. Thus P— P/ Py splits. O

6.10 Lemma. Let o : Q—G be a homomorphism of an iterated wreath product
of elementary abelian p-groups into a compact Lie group. If H*(Ba;Z/p) = 0,
then « is constant.

Proof. By theorem 3.1 the statement is true for elementary abelian p—groups. Now
let @ = Qo (Z/p)*. By induction hypothesis the homomorphism
algox...xQe Qo X ... X Qo—>G is constant restricted to one factor, and hence

constant on the product. « splits over @ : (Z/p)*—G which is trivial too, because
H*(Ba;Z/p)=0. O

Step 3. P C U(p") is a standard irreducible p—stubborn subgroup.

Proof. By proposition 6.2, P = P’ E,~, where P’ C U(p*~") is also a stan-
dard irreducible p-stubborn subgroup. Therefore Pr = (Py)?" is a product of a
torus and an elementary abelian p—group. Since the splitting of Pr into the prod-
uct comes from the homomorphism U (pF~")P" —U(p¥), we have Cupr(Pr) =
(CU(pk—r)(PfII—'))pr = (TU(pk—r))pr = Ty(ry by induction hypothesis. This proves
the first two parts.

Now let o, 8 : P—U(p*) be two homomorphisms, such that H*(Ba;Z/p) =
H*(BB;Z/p) and Ba|gp, = BB|gp, = Bi|gp,, where i : P—U(p®) is the stan-
dard inclusion. Let

o, B+ (P —U(p")

be the restrictions of o and f.
We get Z(P') = Cy ey (P') = Z(UEF)) = 8" and (UE) = Cy gy (V),



where V. C (SY)?" = (Z(P'))’" C Pr is the maximal elementary abelian p—
subgroup. The homorphism o’ and 3’ split over

Oz”,ﬂ” . P/pr_><U(pk—r))pT ]
The induced maps in cohomology are determined by the application of the Lannes
functor T),. (remark 3.4), in particular H*(Ba") = H*(Bj").

The homomorphism o’ can be described by a (p" x p")-matrix with homo-
morphisms «;; : P/—sU(p*™"); as entries. The indices 4, denote the compo-
nents in the products. Analogously 3" is described by a matrix B with entries
Bi; : Pl—U(p*~");. By induction hypothesis Bay; ~ Bf;;, i.e a;; and 3;; are
conjugate (theorem 3.6), and

Cu (pr-r); (i) = Cypr—ry, (Bii) = Z(P]) = Z(U(p"~");) = S} .
We can assume that a;; = 3;;. Because P/ and P]f commute, the homomorphisms
aj, Bij split over the inclusion S} = Z(U(p*~");)—U(p*~");. Since o’'|p, =
B"|py, the homomorphisms a;; - B;;~" : P{—S5] factor over homomorphisms p;; :
(P'/Pp)i—Sj. and fit together to a map p : (P'/PL)P"—(SY)P". B can be
described by the composition

P A r roa'xp r oM r
(PP — (P x (P'/Pp)P" —— U x (S — U@,
where A is the diagonal composed with taking the quotient, and where p is given
by the canonical map S* x U(p*~")—U(p*~"). Because H*(Ba") = H*(BB")
and because p;; is constant, the composition

.. Bp* . r
H*(BU (pk=m)P") =, H*((BP'/P;)P") —— H*(BP'"")
is trivial. By lemma 6.9 and lemma 6.10 the homorphism p is constant. That is
that o’ = 8", and Cy(pry (') = Cpypr-ryor (@) = (Z(U (p*=7))P" = (S1)P".

The extensions Ba : BP = BP'1E,—BU(p*) of Ba/ : BP'P"—BU(p*))
are classified by the obstructions in the groups

H*(P/(P'""); wu(map(BP"™", BU(p")}) Bary)
(lemma 3.13). By theorem 3.8
map(BP'?", BU(pk);\)Ba, = BCypry(a))
= BCU(pk:fr)pT (a”);\
= (BZ(U@" "))
= (BS'))”"
The only obstruction group H? (Epr; Z;\pr) vanishes because Z;\pr is a free

E,r—module (see the proof of step 1). There exists one extension a of o/, and the
centralizer Cy(,x)(P) is given by the fixed-—point set

Cupey(P) = (Cypr—ryor (P'P) 77 = (SW)r = ST = Z(P) . O



Step 4. Let P C G be a p-stubborn subgroup of a pseudo simply connected Lie
group.

Proof. According to proposition 6.6 we choose a mod—p subgroup
p:H=H, x..x Hi—G

and a p-stubborn subgroup P’ = P; X ... X Ps, such that H; is isomorphic to a

unitary group or to SU(p), P; C H; is p—stubborn, P; C H; is irreducible if H; is

a unitary group, p(P') = P, and H—H := Cg(p|v) is a mod—p isomorphism of

groups, where V C Z(P) = Z(H) is the maximal elementary abelian p—subgroup.

Up to conjugacy P; C H; is the standard model of theorem 6.2. Py is a product of

a torus and an elementary abelian p—group, which is the statement of (1).
Because Pr D Z(P) DV, step 3 induces the sequence

Ty = |[Tu, = | [ O (P)) = Cu(P}) — Cg(Pr) = Ca(Pr)

which is a mod—p isomorphism by lemma 6.4. Thus, Cq(Pr) = T as required in

(2).

Let ag, g : P—G be two homomorphisms such that
H*(Bag;Z/p) = H*(BBg; Z/p) and ag|p, = Balpr = ilpy

Both, ag and SBg, split over homomorphisms a7, f77 : P—H = C (V). Applying
the Lannes functor T}, we get H*(Bas) = H*(BSz) (remark 3.4). By lemma 6.4
there exist lifts apy, By : P'— H of ag and Sg. Of course H*(Bayg) = H*(Bag)
and H*(BpByg) = H*(BBu). Now we are in a position to apply the methods of step
3. This implies Bay ~ By, Baj ~ B/, and hence Bag ~ Bfg. This proves
(4). The condition (3) is satisfied, because

Z(P') = Cu(an) — Cxlog) = Calac)

and
Z(P") — Z(P)

are mod—p isomorphisms by lemma 6.4 again and step 3. This finishes the proof of
step 4 as well as the proof of proposition 6.7. [

7. Maximal tori and Weyl groups.

In [R] the concept of maximal tori and Weyl groups of a finite loop space is intro-
duced (see also [NS 1,2,3], [R-S]). An algebraic version of this homotopy theoretical
definition is given in [D-W]. For our purpose the following definition is convenient.



7.1 Definition. A mazimal torus of a space X with the mod—p type of BG is a
map
fT:BTX4)X or fT;\:BTX;\%X,

where Tx is a torus, such that

(1) rank Tx = rank G
(2) H*(BTx;Z/p) is a finite generated module over H*(X;Z/p).

The Weylgroup of X is the group
Wy := {[w] : BTx),—BTx, : fryow=> fr)}

of homotopy classes of self maps of BTx.

The definition of the Weyl group might depend on the chosen maximal torus
fr: BTx—X. If p is odd or GG is 2—convenient, similar methods as in the proof
of [N-S 1; proposition 2.4] can be applied to show that any two maximal tori

fr ff: BTx —— X

fit into a commutative diagram

BTx) —— BTx)

I l lf%

X — X,

where ¢ is an equivalence. Therefore Wx is well defined up to ‘conjugation’.
Following ideas of Dwyer, Miller, and Wilkerson [D-M-W 2] we will construct
a maximal torus of X. This construction we recall in detail because later we use
similar methods in more complicated situations.
Now we assume that G satisfies the condition H*(BG;Z/p) = H*(BTg; Z/p)"e.
Let X be a p—complete space with the mod—p type of BG. By theorem 3.1 the
composition

H*(X;Z/p)-2 H*(BG; Z./p)— H*(BT; Z./p)— H* (BVa; Z/p) -

has a topological realization fy : BVg—X. Applying the Lannes—functor we get
the diagram

T} H* (X;Z/p) —  Ty¢ H*(BG;Z/p)
H*(map(BVg, X);,;Z/p))  H*(map(BVg, BG)ps,) — H*(BTq;Z/p) .

The last isomorphism comes from theorem 3.5 and lemma 4.5. The upper horizontal
arrow is an isomorphism. The space BT is 1—connected. Thus, T‘Jﬁg H*(X;Z/p)



vanishes in degree 1, and the left vertical arrow is also an isomorphism (theorem
3.2). The mapping space map(BVg, X)y, is p—complete by theorem 3.3. Among
the p—complete spaces, BTG;/)\ is determined up to homotopy by its mod—p cohomol-
ogy. The evaluation map e : BTx, := map(BVg, X) s, — X, defined by choosing
a suitable base point in BV, induces a map fr : BT X;\—>X which plays the role
of a maximal torus of X. Here T'x is a torus of the same rank as T(;.

The composition BVg X BVg—BVs—X of the multiplication of the H—space
BVs and fy has as adjoint the map

Bj : BVg—>map(BV(;,X)fV = BTx .

There exists an equivalence BT, —+BTx, which fits into the diagram

BVg = BVg
) !
BTG — BTX]/Q\
\ \
BG - X,

where the upper square commutes up to homotopy and the lower square in mod—p
cohomology. The dotted arrow means a map which only exists in cohomology, in
this case in mod—p cohomology.

The Weyl group W acts on BV and hence on map(BVg, X). The action on
the components of map(BVg, X) is determined by pure cohomological properties,
the action on Hom 4, (H*(X;Z/p), H*(BVg; Z/p)) (theorem 3.1). Up to homotopy
W fixes the map Bi : BV— BG and therefore the component map(BVg, X) .,
of map(BVg, X). We get an action of Wg on BTXZ/)\ such that fp ow ~ fr for
every w € Wg. All the spaces in the above diagram carry an Wg—action ( BG and
X the trivial action), and the maps induce equivariant maps in mod—p cohomology.

We collect the results in the following proposition

7.2 Proposition. Let G be a compact connected Lie group, and let X be a p—
complete space with the mod-p type of BG. If H*(BG;Z/p) = H*(BTq;Z/p)"V ¢
then there exist a maximal torus fr : BTX;\—>X , a Weyl group action of W on
BT, and a mod—p equivalence BT(;—>BTX;\, equivariant in mod—p cohomology,
such that the diagram

Bl — BTX;)\

\J 1
BG - X

commutes in mod—p cohomology. Moreover, H*(X;Z}) = H*(BTx; Z})"c.

Proof. Only the last statement needs a comment. It follows from the isomorphism
H*(X;Z/p) = H*(BTx;Z/p)"¢ and the Nakayama lemma. [



Remark. All but the last statement is due to Dwyer, Miller and Wilkerson and
is true under the weaker assumption Cg (V) = T, in particular, for all compact
connected Lie groups at odd primes [D-M-W 2.

To prove theorem 1.1 we have to study the Wg—modules

L*Tx)) = H*(BTx;Z,) and L*Tg; = H*(BTg; Z))

7.3 Definition. A Z)[Wg]-module L is called p-reducible if
P(L)"e ©Z/p= P(Lo Z/p)"* |

where P(—) denotes the symmetric part of the tensor algebra.

Proof of theorem 1.1.

The proof is based on results of the sections 8 and 9. By proposition 7.2 the modules
L*TX{,\ and L*TG;\ are p-reducible, and there mod—p reduction are isomorphic as
Z/p|Wg]-modules. Let G be p-convenient.

For p # 2 and G simply connected or pseudo simply connected, for p = 2 and
G simply connected, and for (p,|[Wg|) = 1 we can apply proposition 8.1. If G is
pseudo projective we can use proposition 9.5, and if GG is a product of unitary groups
we can apply proposition 9.9. This proves that in these cases L*T Gz/o\ = L*T Xz/v\ as
Z;)[Wg]-modules.

In the general case there exists a compact connected Lie group H, such that BH
has the mod—p type of BG and X, and such that L*Ty = L*Tx . This follows
from proposition 9.2.

We can identify BTy, respectively BTy, and BT, via this map. This proves
that X has the p-adic type of BG respectively BH. By the Nakayama lemma
follows that H*(X;Z)) = H*(BTy; Zy)"e. 0.

8. p—adic Weyl group representations, for simply connected Lie groups.

The action of the Weyl group W on the maximal torus BTg of a compact
connected Lie group G gives a Z))[Wg]-module L*Tg) := H?*(BTq;Z;). In this
chapter we will study the p-adic liftings of the associated mod-p representation
H?(BTg;Z/p) for a simply connected Lie group GG. The general case is discussed
in the next chapter.

Definitions and Notation. A Z;\[Wg]—module L is called simply connected, if
LWé = (. The module L®Z/p" is denoted by L/p*, and L/p** = Hom(L/p*,Z/p")
is the dual module of L/p* as a Z/p*[Wg]-module. GI(L/p*) denotes the isomor-
phisms and M (L/p*) the endomorphisms of L/p*. The symmetric part of the
tensor algebra of L is given by P(L).



8.1 Proposition. Let G be a compact connected Lie groupand L be a torsion free
L) [Wg]-module. Let

a:L*Tg/p —— L/p

be a Z,[Wg]-isomorphism. Then there exists a Z;)[Wg]~isomorphism
o: Tgh —— I,

which is a lift of @, if one of the following conditions is satisfied:

(1) p is odd, and G is p—convenient and simply connected or pseudo simply
connected.
(2) p=2, L is p-reducible, and G is p—convenient and simply connected.

3) (@ |Wel) =1.

For the proof we need several lemmas.
A Z}[Wg]-module L, which is free as Z;-module of rank n, induces a homo-
morphism
pr: Wag —— GI(L) = Gl(n, Zp).

We denote by pr (k) the homorphism associated to the Z/p*[Wg]-module L/p*.
The kernel of the restriction Gl(n,Z/p**")—Gl(n,Z/p*) is the group

ker == {id + p*A | A€ M(n,Z/p")} ,

where M (n,Z/p") =2 M(L/p") = Hom(L/p",L/p") = L/p"™* @ L/p" is the group of
n X n matrices over Z/p". The multiplication in ker is given by

(id + p* A)(id + p* B) = (id + p* (A + B + p*AB)) .

Thus, if 7 < k, the map A — id+pF- A induces an isomorphism M (n, Z/p*) = ker.
The lifts in the diagram

Gl(n,Z/p**tT)

|
pL(k)

We —— Gl(n,Z/p")
are classified up to conjugation by the obstruction group
H'(Wg: Hom(L/p", L/p")) ,

where W¢ acts on Hom(L/p", L/p") via conjugation and the homomorphism

Wa Pr ) Gl(n,Z/p"). To prove lemma 8.1 we have to calculate this obstruction
group.

Let G and H be two compact connected Lie groups. Then L*Tg) x L*Ty;) as
well as L*TG;\ and L*TH]/; are Wg x Wy—modules, where Wy acts trivially on
L*Tg; and Wg trivially on L*Tp),.



8.2 Lemma. Let G and H be two connected Lie groups.
(1) HY(Wg x Wy Hom(L*Ta /p*, L*Ta /p*))

~ HY(Wq; Hom(L*Tg /p*, L*Te /p*))

@ H'(Wy;Z/p*) © Hom(L*Te/p*, L*Te /p*)We
If p is odd the second summand vanishes.
2) H'(Wa x Wy Hom(L*Tg /p", L*Ty /p*))
~ (LT /p")We @ H' (Wy; L*Ty /p*)
© H'(We; LTa/p") © (L* T /p")"" .

If G and H are p—convenient and simply connected or if p is odd and G is p—
convenient and pseudo simply connected then both summands vanish.

(3) Hl(zn;HO?TL(L*TU(”)/pk,L*TU(n)/pk))
= H' (Sn—1;Z/p") & H' (Sn—2; Z/p")
(4)  Forn > 3 we have
H(Sn; Hom(L*Tsy(ny /0", L*Tsv(n) /")) = H' (Sn—2; Z/p") .

(5) If G is p—convenient and pseudo simply connected or simply connected, and
if p is odd,
H'(Wg; Hom(L*Tg /p", L*T5/p*)) = 0 .

(6) If (p,|Wel|) = 1, then H' (Wq; Hom(L*Tg /p*, L*Tg /p*) = 0.
Proof. The Hochschild—Serre spectral sequence and some easy calculations with the
coefficients establish the two isomorphism of (1) and (2) . If p is odd H*(Wy, Z/p*)
as well as HY(Wy; L* Ty /p”¥) vanish, and H'(Wg; LTg/p"*) vanishes if G is pseudo
simply connected. All this follows from lemma 5.3. Because W H is generaterd
by elements of order 2 the first group H'(Wpy,Z/p") vanishes for every compact
connected Lie group. If G and H are simply connected then (L*Ty /p*)V# =0 =
(L*Ty /p*)W# . These facts prove the vanishing of the summands which finishes the
proof of (1) and (2) .

The representation L*Ty )/ p = ind%:_lZ/ p* is induced by the 1-dimensional
trivial ¥, _;—module Z/p*. Therefore

Hom(L* Ty ny /0", L' Ty ny /9") & ind%r_ Hom(Z/p*, L* Ty /0")
= ind§Ll (L*Ty(n-1)/P" ® Z/p") ,
and
HY (Z,; Hom(L*TU(n)/pk,L*TU(n)/pk))
> HY(Sy—1, L' Ty(n1)/P") © H' (Sn-13Z/p")
~ HYY, 2 Z/p") & H (Sp_1:Z/p") .



The exact sequence
0 — Z/p* — L*Tym)/p* — L*Tsym)/p" — 0
splits as sequence of Z /p*~modules and induces an exact sequence
0 — Hom(L*Tsy ) /p" . L*Tsu(n)/P*) — Hom(L*Ty () /p", L*Tsun)/P")
— Hom(Z/p*, L*Tsu(n)/p") = L*Tsym)/p* — 0 .
Because of lemma 5.3, the associated long exact sequence in cohomology shows that
H'(Sy; Hom(L*Tsy(n) /p" . L* Tsu(n) /P"))

=~ HY(Sn; Hom(L*Ty () /p", L*Tsv(ny /P"))
=~ H'(Sp—1; Hom(Z/p", L* Tsym) /1"))
~ HY(S,_1, L*Tyn—1)/P")
~ HY (S, _0;Z/p") .

This proves (3) and (4).

To prove (5) we choose by remark 5.2 a mod—p subgroup H—G of G, such

that the Weyl group index is coprime to p and such that H is a product of unitary
groups and special unitary groups. The restriction

H'Wg; Hom(L*Tg /p®, L*Tg /p*)) — H*(Wy; Hom(L*Ty /p*, L* Ty /p*))
is an injection. Let H = H; x ... X H, be the splitting into the factors; i.e H; =
SU(n;), n; > 3, or H; 2 U(n;). If pis odd HY(Wy,;Z/p*) = 0, and, by (1), (2),
(3), and (4),

H'(Wy; Hom(L*TH/pk,L*TH/pk))
= @ Hl(WHi; HOm(L*THi /pk’ L*THi /pk))

=0

which finishes the proof of (5).
The statement (6) follows because Hom(L*Te/p*, L*Te /p*) is a Z)-modul and
(p, \Wgl)=1. O

8.3 Lemma. Let G and H be 2—convenient compact connected Lie groups. If G
is simply connected then

H'(Wg x Wi Hom(L*Tg /4, L*Tg/4))
— H'(Wg x Wy; Hom(L*Tg /2, L*Tg/2)
is the trivial map.

Proof. The only 2-convenientcompact connected Lie groups are qoutients of a prod-
uct of SU(n)’s, n > 3 and a torus. Hence W and Wy are products of symmetric
groups. Because of the last lemma we have only to show that

HY (S, 2/4)— H (S, 2/2)
is the trivial map. This is obvious, because Hy(3,;Z) =7Z/2. O

Now we are in the position to prove proposition 8.1.



Proof of proposition 8.1.

Proof. The two Z)[Wg]-modules L*Tg/ and L induce two homomorphisms
pLTeh, PL W —— Gl(n; 7)) .

By assumption
pL*TGQ (1)7 pL(l) : WG B Gl(nv Z/p)

are conjugate. We can assume they are equal. Because the obstruction groups
HY(Wg; Hom(L*Tg/p, L*Tg/p)) vanish for p odd and for (p,|Wg|) = 1 (lemma
8.2), all the lifts

prrey (k) pr(k) : W —— Gl(n; Z)%)

are conjugate. Thus, PL*Ta ) and py are conjugate. This proves 8.1 under the
assumption (1) and (3).
Next we consider the case G = SU(n), n > 3, and p = 2. We denote by

det : 3, —Z% the composition of PL*Tsy(ny) and the determinant. For n > 4 the
group HY(X,,_2;Z/2) 2 Z/2, and for n = 3 the group vanishes; i.e. for n = 3 there
is no obstruction and the lift p L*Ta) (2) is unique up to conjugation, and for n > 4
there are two lifts of pr-754 (1), given by pr-71(2) and pr-144 (2) @ det. But these
two lifts can be distinguished by looking at the invariants

P(L*Tsy(ny/4)" svemd @) and pLT8U () /4) 00 Tsump D200

as a short calculation of the invariants of degree 6 shows. We assumed that L/4 is
p-reducible, and hence, L*Tsy(,)/4 = L/4.

If G is simply connected and 2—convenient G splits into factors G = G X ... X G,
where G; = SU(n;) and n; > 3. In this case, L/4 = Ly X...x L, by lemma 8.2, where
L;isaZ/4[Wg, X ... x Wg, ]-module. Because L is 2-reducible, L; is 2-reducible
as Wg, X Wg-—module, where H = (3 x ...G,. In the commutative diagram

P(I)WorxWu % p(L,)We

. ! I
P(Ty/2)Wer<Wn 2, p(T,/2)We

d and S ® Z/2 are isomorphisms, and vy ® Z/2 is an injection, hence also an iso-
morphism. This shows that L, is 2-reducible as Wgmodule. Therefore, by the
above argument, L*TGI;‘ =~ I, as Wg-modules, and « is an isomorphism by the
Nakayama lemma.

The Weyl group Wy must act on L; via a homorphism

W » CGL(fl)(WG) = CGL(L*TG1/4)<WG) ~7/4.



o

That is to say that Wg acts via scalar multiplication. A non trivial action of W
on L; contradicts the fact that the map « in the diagram (x) is an isomorphism.
Thus L*Tg, /4= L, and L*Tg/4 = L/4 as Wg—module.

Now, for an induction argument, we can assume that

L*Tg/2" 2 L/2%, prergp(k) = pr(k),  and k>2.

The two lifts pr-154 (k +2) and pr(k + 2) differ by an obstruction in
H'(Wg; Hom(L*Tg /4, L*Tg /4)). Because the map
H'(We; Hom(L*Tg /4, L* T /4)) —— H'(Wg; Hom(L*Ts/2, L*Tg/2))
is trivial (lemma 8.3) the two lifts pr-rg(k + 1) and pr(k + 1) are conjugate,

ie. L*Tq/2Ftt = L/2F1 and L*Tg) = L as Z}[Wg] modules. This proves part
(2). O

9. p—adic Weyl group representations, for general compact connected
Lie groups.

In this section we use the same notation as in the last one. G denotes in this
chapter a compact connected Lie group. Uniqueness results about the p-adic liftings
of the Weyl group representation L*T¢ /p are not true in general. In remark 9.6
we consrtruct a counterexample. Nevertheless we can describe all torsion free p—
reducible p-adic representations L of W which are lifts of L*T¢ /p. The results to
be applied in section 7 are the propositions 9.5 and 9.9.

Any compact connected Lie group G fits into an exact sequence
G,—G—T, where G is simply connected and where 7T is a torus. If G is p—
convenient G, is also p—convenient, and G3;—G is a mod-—p isomorphism of groups
(see section 4). Moreover, L*Tg,, = L*Tg 1 and L*Tg, /p = L*Tg_/p.

9.1 Lemma. Let G be a p—convenient compact connected Lie group. Let L be
a torsion free p-reducible Z))[Wg]-module. If L/p = L*Tg/p as Z,[Wg]-module
then there is an exact sequence

1 — LT — L — L*Tg,; — 1
Proof. The qoutient L/L"¢ is torsion free because L is. Thus, applying the functor
®Z/p to the exact sequence

0 — LW — L — L/LWe — 0,
establishes the diagram

0 — LYe /p — L/p —> (L/LYe) /p — 0

l l l

0o— /W — Lip —  (L/p/L/p)Ye —0

|= |= |=

0 — (L*Tg/p)Ve — L*Ig/p — (L*Tg/p)/(L*Tg/p™Ve) — 0



of exact rows. The exact sequence G,—G—T establishes the isomorphism
(L*Tq/p)"e =2 L*T/p. Because G is p-convenient we have

(L*Tap | L*Tap") /p = (L*Ta /p) [ (L*Ta /p"e) = L*Tg /p= L*Ta, /p -

The two lower rows in the diagram are isomorphic by assumption. The two upper
rows also are isomorphic, because L is p—reducible We have LW¢ = L*T, N and, by

proposition 8.1, we get L/LW¢ =2 L*Tg 7 as Z)[Wg]-module. That is there exists
an exact sequence

0 — L'T}) — L — L*'Tg,; — 0
of Z;)[Wg]-modules as desired. [
Remark. If

Extw,(L*Tg,, L*T)) = H' (Wa; Hom(L*Tg, )y, L*T)))
= H'(Wg; LTg,}) ® L* TpA =0,

then L = L*Tq]) as Z})[Wg]-modules. Thus, proposition 8.1 is true if (p, [Wg|) = 1,
as already shown, or if G4 is a p—convenient simply connected Lie group , which
contains no factor isomorphic to some SU(n), i.e. G is also pseudo simply con-
nected.

Next we will study the group of extensions Extw,(L*Tq,;, L*T)") or, more gen-

erally, the extensions Fxty, (L*T(;p , L*TA) for a compact connected Lie group G
and a torus 7. We denote by GrExt(T, G) the set of exact sequences G—G'—T
of compact connected Lie groups dividing out the usual equivalence relations for
extensions. There is a canonical map

L : GrExzt(T,G) —  Extw,(L*Tg,,L*T))
(GG -=T) (L*T’\—>L*TG”\—>L*TGP)
9.2 Proposition. Let G be a compact connected Lie group. If the inclusion
Z(G)—Ta"e has a cokernel of order coprime to p the map L is a surjection.

Remark. By lemma 4.4 the assumption of 9.2 are satisfied if G is p—convenient.

Proof. Let E : L*T)— L—L*Tg) be an exact sequence. Because

Exty, (L*Tq)), L*T’\) = Hl(Wg,HO’I’)’L(L Tgy, L*T})')) is a finite group we can
choose an injective self map o : L*T)—L* T’\ with finite cokernel K such that
o (E) splits. Therefore, there exists a commutative diagram

LTy — L — L*Tg),

| dl |

LT — LT & L*Tg) — L*Ta)

! !

K — K .



The equivariant maps L*T) —K = H?(BBK;Z)) and L*T)' & L*Tg)—K =
H?*(BBK;Z}) are induced by homomorphisms K —T and K—T x Tg;. Because
K is a finite abelian p-group and because H*(BK,Z/p) is a finitely generated
H*(BT;Z/p)-module, both homomorphisms are injections [Q]. We have K C T X
TeWe, and hence K maps into Z(G) € TWé. The compact connected Lie group
G’ := (T x G)/K fits into an exact sequence G—G'—T'. By construction we get
an isomorphism of extensions, namely

L'T) — L  — L*Tg)

| l H

L*T]g\ — L*TGIQ — L*TG;\ .
Because L*TGI/J\ is torsionfree the functor ®Z/p induces maps
a: Extw, (L*Tay, L*T})') — Extw,(L*Ta/p, L*T/p)
B: Extws(L*Ta,, L*T/p) — Extw,(L*Ta/p, L*T/p) .

The exact sequence
q
L*T) — L*T) — L*T/p,

where m is the multiplication with p, and the projection q¢ : L*TGZ/)\—>L*TG /p
establish the diagram

Extwg (L*Ta), L*T))

Eaxtwg (L*Ta), L*T))

qT* \
B

Eaxtw, (L*Tay,, L*T/p) _ _~ Eatwe (L*Ta/p, L*T/p)

da

The map my is given by multiplication with p in the Ext-group, and (3 is a left
inverse of ¢, i.e. Bqf; = id. The commutativity of

L*'T) — L — L*Tg)

o H

L'T/p — L' — L*Tq)

| o=l

L*T/p — L/p — L*Tg/p

shows that Bqr. = o and ¢f,a = gr«. This implies the following lemma:



9.3 Lemma. ker(a) = ker(qr«) = im(my).

Next we will show that the p-adic lifting of the Weyl group representation
L*T¢/p is unique for another class of Lie groups, namely for pseudo projective
p—convenient Lie groups. We introduce the following definition.

Definition. An extension
E: L*T)—L—L*Te) € Extwg(L*Tol, L*T))
is called initial if, for every other extension E € Extyy, (L*Tgy, L*T)), there exists
a self map g : L*T) — L*T' such that E =g.E.
The next lemma produces initial extensions.

9.4 Lemma. Let G, be simply connected. If G € GrExzt(T, Gy) is pseudo projec-
tive the extension

E:L'T) — L*'Ts) — L*Te,))
is initial.
Proof. By proposition 9.2 every extension E' : L*T )} —L—L*Tg, ) is induced by
a group extension G;—G’'—T or alternatively by an exact sequence

K—G,xT—GqG,

where the composition K — G4 x T—T is an injection. The inclusion K—Z(G)
can be extended to

K — Z(Gy)
Lo
T — T.

This establishes a finite covering G’—G. By construction we get

L'T) —  L*Tg) — L*Tg,)

J ! |

L*TZ;\ — L*Tgl;\ =L — L*TGS;)\

which shows that E is initial. O

Remember that a compact connected Lie group is pseudo projective if Z(G) is
connected.

9.5 Proposition. Let G be a p—convenient simply connected Lie group, and let
G € GrExt(T,G) be pseudo projective. Let L be a torsion free p-reducible
Z)[Wg]-module, and let @ : L/p—L*Tg/p be a Z/p[Wg]-isomor-

phism. Then there exists a Z;)[Wg]|-isomorphism

a:L — L*Tgh



which is a lift of &.

Proof. Let Eg : L*T)— L*Tg,,— L*Tg,; be the sequence associated to G, and
E: L*Tzf\ —>L—>L*TGS]/3\ the sequence associated to L (lemma 9.1). The difference
FE, := E— Eg is mod—p trivial. Thus, by lemmma 9.3, there is an extension E5 such
that Ey = m,(Ez). The map m : L*T— L*T" is the multiplication with p. The
exact sequence E¢ is initial (lemma 9.4). Hence E3 = a«(FEg) and E1 = mya«(Eq)
for a suitable homomorphism a : L*T —L*T,". This yields

EG : L*T];\ — L*TG;\ — L*TGS;\

| l !

Eg+E,: LT} ® L*T) — L*Tg) ®L, — L*Tg,) @ L*Tg, )

1 | |

L*T) — — L*Tg,) @ L*Tg, )
H T I
E: L*T) — L —  L*Ta) .

where the three lower rows represent the sum Fg + E; = E and where A is the
diagonal map. Therefore E = (id + am).(E¢q), and, because id + am = id mod p,
the map L*TG;\—>L is an isomorphism. [l

9.6 Remark. Let Z/p — Z/p?> = Z(SU(p?)) and Z/p—S! be the standard in-
clusions, and let G = (SU(p?) x S')/Z/p. G is a p—fold cover of U(p?). This fits

into
BZ/p J— BZ/p

l l

BSU(p?) — BG —— BS!
| | [
BSU(p?) — BU(p?) — BS!
and establishes
L*Slz’g\ — L*TG;\ — L*TSU(pZ)I/)\
r] | |
L*Slg\ 5 L*TU(pZ)z/a\ 5 L*TSU(pZ);\’

where f* is multiplication by p. Therefore, by lemma 9.3, the upper row splits after
applying the functor ®Z/p. That is to say that L*Tg/p = L*Tsyp2)/pHL*S' /p as
¥,2—modules. Because G is p—convenient BG and BSU(p?) x BS! have the same



mod-p type, but not the same p-adic type. This is the generic example of compact
Lie groups having the same mod—p type but different p—adic type, i.e. all examples
come from p—fold coverings.

For p = 2, the last proposition only covers the case of products of unitary groups
U(n), n > 3, which are all pseudo projective, but not the group U(2) which is not
2—convenient. Nevertheless, with one extra assumption, the same statement is still
true for products of all unitary groups at p = 2 as we will see. First we consider
the case of a product of U(2)’s.

9.7 Proposition. Let G = U(2)" and let L be a torsion free 2-reducible Z5[W¢g]—
module. Let
a:L*Tg/2 — L)2

be a Z%[W¢]-isomorphism. Then there exists a Z5[W¢|—-isomorphism
a:L*Tqg — L

which is a lift of a.

Proof. The two representations L*T and L establish homomorphisms pr,, pr-1,, :
Wea — GI(2r,Z%). Because L is 2-reducible and because P(L)W¢ /2 2 P(L/2)We
is a polynomial algebra, the 2-adic invariants P(L)"¢ are also a polynomial algebra
as well as P(L)"¢ @ Q = P(L ® Q)W¢. Therefore the rational representation
oL : Wa — Gl(2r, Q) represents W¢ as a pseudo reflection group. We can choose
S1y.-y8p € (W) 2 (Z/2)" which generate Wi and which are pseudo reflections
with respect to pr. The only pseudo reflections in the image of Wg in GI(2r, Z%
are given by the generators of the Weyl groups of the factors of G. Therefore, after
reordering, the element s; generates the Weyl group of the i-th factor.

Let W’ C W be the subgroup generated by ss,...,s,.. The fixed—points of a
pseudo reflection acting on a Z%—module or Q) —module has codimension 1 or codi-
mension 0. Therefore, tk(LW') > 2r —r 4+ 1 = r + 1 and rk(L/LV') < r — 1.
Here rk( ) denotes the rank of free modules. We notice that the qoutient L/LW" is
torsion free.

In the commutative diadram of exact rows

0o— Y — L — L/LW' — 0
0o— IV/2 — L)2 — (L/LY") /2 — 0

0 — L/éW’ — L/)2 —  (L/2)/(L)2Y) — 0

o ul o

0 — L*Tg/2W'" — L*Tq/2 — (L*Tq/2)/(L*Ta/2V') — 0




the right vertical composition of maps is an epimorphism. Hence, rkzsL/ LV =
rky o(L*T6/2)/((L*T/2)W') = r — 1. This implies that
(L/LY") /2 — (L/2)/((L/2)"") is an isomorphism as well as LW /2 — (L/2)V".
According to the splitting G = U(2)" we choose a basis B = {T1, ¥y, ..., Tr, ¥, }
of L/2 characterized by the properties s;(Z;) = T; and s;(y;) = ¥y, for i # j and
the property s;(zZ;) = ;. By the above considerations there exist lifts @1,y € LW
of 71 and 7, such that sy(x1) = y1. Analogously we can choose lifts x;,y; of T;
and g, for all ¢ such that B = {z1, y1, ..., , Y } is a basis of L, such thats;(z;) = v;
and such that, for i # j, s;(z;) = x; and s;(y;) = y;. This implies that there exist
a Z5[Wg]-isomorphism L*Tg — L which is a lift of @. O

Let X be a space with the mod—p type of BG x BH. The assumption that GG
and H are p—convenient is too strong for what follows. We only assume that

(*) H*(BG;Z/p)= H*(BTg:Z/p)"° and H*(BH;Z/p) = H*(BTy; Z/p)"™ .

Let BTx—X be the maximal torus of X, let Vg C T and Vg C Ty be the
maximal elementary abelian p-subgroups of the maximal tori 7 and T, and let
g : BVg—BVy x BVg—X be the obvious map (see section 7). The isotropy
group of g is Wg. Hence, for Y := map(BVy, X),,

H*(Y;Z/p) = H*(BTx;Z/p)"V¢ = H*(BTg x BTy;Z/p)"e
(theorem 10.1). In particular, H*(Y;Z/p) is concentrated in even degrees, and
therefore, H*(Y; Z,)—H*(Y;Z/p) is a surjection.

9.8 Lemma. IfG and H are two compact connected Lie groups satifying () then
L*Tx is p-reducible as Wg-module.

Proof. We have H*(BTx;;, ) & P(L*Tx}) which is the symmetric part of the tensor
algbra of L*Tx /. This induces maps

H*(Y;Z))/p — P(L*Tx )" /p — P(L*Tx /p)"® = H*(Y;Z/p) .

The composition is an isomorphism. This implies the statement. [J
Now we are in the position to prove the following result.

9.9 Proposition. Let G be a product of unitary groups. If X is a space with the
mod-2 type of BG, then L*Tx /) & L*Tg; as Wg-modules.

Proof. The group G = G’ x G" splits into a product, where G’ contains all factors
isomorphic to U(2) and G all the other factors U(n), n > 3. Then L*Tx?% is
2-reducible as Wg/—module (lemma 9.7), and L*Tx5"W¢' has as Wgr—module the
mod-2 type of L*Z(G") & L*Tgn% . Moreover, Z(G') x G"" is pseudo projective, and



therefore, L*Tx4We' = [*Z(G")) @ L*Tgnb as Wgn—modules (proposition 9.5).
Now we consider the diagram of exact sequences

0 — L*Ten) — L*Tx? s L*TXD/L*Tenh  — 0
0 — L*Tgrn/2 — L*Tx /2 — (L*Tx%/L*Tgr)/2 — 0
0 — L*TGN/2 — L*TGr/Q@L*TGH/Q — L*TG//Q — 0.

The middle arrow is also an exact sequence because L*Tx% /L*Tn? is torsion free.
Moreover, the analogous diagram for the polynomial algebras of the modules shows
that L*T'x % /L*Tgn% is 2-reducible as W —module. By proposition 9.7 this implies
that L*Tx % /L*Tgnl & L*Tey as We—modules.
L*Tx can be considered as an element in
E.rtwg, XWen (L*Tglé\, L*TGHQ) ~ fqt (War x Wen; Hom(L*T(;rQ, L*Tgué\))
& LTngWG' & HI(WG/I; L*TGug\)
@D Hl(WGr; LTGIQ) & L*TGHQWG”
=0.
This follows by lemma 8.2 and because H!(Wg:; LTgiy) = HX(Wen; L*Tgnb) = 0.
Finally we get L*Tx% & L*Ty @ L*Tgny = L*Tgh as WG-modules. O

10. Mapping spaces.

In this section G is a compact connected Lie group satifying the condition
H*(BG;Z/p) = H*(BTg;Z/p)é. Let X be a space with the mod—p type of
BG. In section 7 we constructed a maximal torus fp : BTx—X, respectively
fr: BTX{O\—>X , with Weyl group W such that the diagram

BTa) —=» BTx)

{ {
BG;\ —3 X

commutes in mod—p cohomology. In this chapter we always work with mod—p
cohomology and define H*( ) := H*( ;Z/p).

Let A be an abelian p-toral group. Then W acts on map(BA, BTx). This
action induces a map

[BA, BTX]/;]/WG —— [BA,X].
For a map g : BA— BTx we define
Iso(g) :={w e Wglwog~g}

to be the isotropy group of g. The composition of ¢ with the maximal tori of X is
also denoted by g.



10.1 Theorem. Let G be a compact connected Lie group such that H*(BG; Z/p)
H*(BTg;Z/p)Ve. Let X be a space with the mod—p type of BG, and let A be an
abelian p—toral group. Then the following hold:

(1) [BA,BTxj,] — [BA, X] is a surjection,

(2) [BA,BTx,]/Wg — [BA, X] is a bijection.

(3) For any g : BA—BTx},

H*(map(BA, X),) = H*(map(BA, BTXg)g)fw(g)

and map(BA, X), is p-complete.

10.2 Remark.

(1) By 10.1 (1) there exists for any map g : BA—X a lift ¢’ : BA— BTx,,
which, by 10.1 (2), is unique up to conjugation by elements of the Weyl group.
Thus Iso(g’) C W¢ is uniquely determined up to conjugation by g.

(2) The isomorphism of 10.1 (3) is induced by the maximal torus BTx ) —X.
Of course, BG]/; satisfies the assumptions of the theorem. Let X have the p-adic
type of BG. Part (3) and theorem 3.8 induce canonical isomorphisms

H*(map(BA, X)) = H*(map(BA, BG))4) = H*(map(BA, BG),) .

(3) Let ¢ : BA— BT be a map and g ~ Ba for a suitable homomorphism
a: A—T¢ (theorem 3.6). mo(Cq () is a p-group [J-M-O; A.4]. Therefore, by 10.1
(3), the centralizer Cg(a) is connected and p—convenient, and We,, (o) = Iso(g).

(4) Theorem 10.1 is true under some weaker assumptions as the proof will show.
We only have to assume that X is a complete space with maximal torus f : BTx ;\ —
X and Weyl group Wx such that H*(X;Z/p) = H*(BTX;\;Z/p)WX; ie. it is
not necessary that X is of the mod p—type of the classifying space of a compact
connected Lie group.

We can reformulate theorem 10.1, using the identity
H*(map(BA, BTX;\))WG o H H*(map(BA, BTX;,\)Q)ISO(Q)
g€[BA,BTx]/Wg
This identity is in anology to theorem 3.14.

10.3 Theorem. Under the assumption of 10.1, the maximal torus BTx,—X
induces an isomorphism

H*(map(BA, X)) = H*(map(BA, BTX;\))WG ’

and map(BA, X) is p-complete, i.e. every component is p—complete.

For the next statement, we assume that X has the p—adic type of BG and that
there exists an extension
BN(Tg) —— X



of the maximal torus BTg— X, such that the diagram

BN(Tg)

7N

BG-------->X

commutes in mod—p cohomology. For any abelian abelian p-toral group A and any
map g : BA — BT, theorem 10.3 establishes the following sequence of isomor-
phisms

H*(map(BA, X)4) = H*(map(BA, BTXQ)Q)WG
=~ H*(map(BA, BTg))g)"®
=~ H*(map(BA, BG;\)Q) ,
and therefore, a dotted arrow map(BA, BG), ---+ map(BA, X),

10.4 Proposition. For any map g : BA— BT, the diagram

map(BA, BN (Tg))g

— T

map(BA,BG)y— — — — — — — — — — — — — > map(BA, X),

commutes in mod-p cohomology.
In the rest of this chapter we will prove theorem 10.3 and proposition 10.4.
10.5 Lemma. It is sufficient to prove 10.3 and 10.4 for finite abelian p—groups.

Proof. Let A be a p-toral abelian group. We denote by Ay C A the elements of or-

der p* and define A, :=|J Ag. Then Ay is a finite p—group. The map BA,,— BA

is a mod-p equivalence, which implies that map(BA, X ) ~ holim map(B A, X) and
H

map(BA, BTx) ~ holim map(BAy, BTx). The inclusions BA;_1— BAj, induce
F

a commutative diagram

. — map(BAy, BTx,;)) —— map(BAy_1, BTx) —— ...

l !

. ——  map(BAk, X) —— map(BAg_1,X) —— ...

By theorem 10.3 for finite abelian p-groups we have H'(map(BAy, BTx))) =
H'(map(BAg, X)) = 0.



al

The two function spaces map(BA,, BTx,) and map(BA,, X) are p-complete.
Hence, both mapping spaces are also 1-connected [B-K; 1.6]. The Milnor sequence
for calculating components of homotopy inverse limits therefore reduces to

[BA, BTx)] — lim [BAy, BTx))]
H

l l

o

[BA, X] —— 1<£n [BAg, X]
The obvious map
[BA, BTxpl/We — lim ([BAg, BTxp/We)
is a bijection. That is to say that
H°(map(BA, X)) = H(map(BA, BTX;\))WG
Letg: BA— BTYx 1/9\ be a map and denote by gj, the restriction g|pa, . The sequence
. D Iso(gk—1) D Iso(gr) DO ...

stabilizes, since W is a finite group. We can choose k' (big enough), such that
Iso(g) = Iso(gy) for k > k'. Thus

map(BAgs1, X)g,,, —— map(BAg, X),

k+1 k

are mod—p equivalences and therefore equivalences for k£ > k’ because all the spaces
are p—complete. This implies

H*(map(BA, X)g) = H*(map(BAg, X)g,,)
> H*(map(BAw, BTx})g,,) 20
~ H*(map(BA, BTx})g)"*9)

which finishes the proof of first part of the statement.
To prove 10.4, we consider a map g : BA— BT. According to remark

10.2 (3), we can speak of the centralizers C(gx) and Cq(g) = (), Ca(gk), which
are compact Lie groups. The sequence C(gr+1) C Ca(gx) stabilizes. Again we can
choose k' big enough such that Cg(g9) = Ca(gr) and, analogously, Cn(r,)(g9) =
CN(Te)(9x’)- Theorems 10.1 and 3.6 and the above considerations show that the
maps

map(BA, BN (Tg))y — map(BAw, BN (Tg)),,,

map(BA, BG)y, ——  map(BAy, BG),,,

map(BA, X), —  map(BAp, X)g,,



are mod—p equivalences which reduces 10.4 to the case of a finite group. [

Let A be a finite abelian p—group. We can choose a subgroup Ay C A of index
p and get an exact sequence

1 — A > A > Z[p > 1.

We will prove 10.3 and 10.4 for a finite group A by an induction over the order of A.
In remark 3.12 we defined BAg := FA/Ag ~ BAp which carries a free Z /p—action.
To this end we introduce the following notation and abbreviations:

MX :=map(BA, X)

(
MX,:= map(BAO, )
MT := map(BA, BTx})
MTy := map(BAq, BTx})
W .=Wgqg.

Then MX = MXo"2/P and MT = MTy"2/P. Because the actions of W and Z/p
on MTy commute the group W acts on the Borel product EZ/p xz /, MTy.
Now let us assume that 10.3 and 10.4 is true for Ag.

10.6 Lemma.
(1) The fibration

MTO _— EZ/p Xz/pMTO _— BZ/p

is fiber homotopic trivial.
(2) H*(EZ/p Xz, MXo) = H*(EZ/p Xz /p MTy)W

Proof. (1) Every map go : BA0—>BTX]/3\ is, up to homotopy, induced by a ho-
momorphism. For every gy we can choose an extension ¢ : BA—)BTX]/; such
that glpa, = go. Z/p acts trivially on MT := |J, map(BA, BTx,), and on

EZ[p Xz, MT = BZ/p x MT. By theorem 3.9 the restriction from BA to BA,
induces a homotopy equivalence

MT — MTy .
Moreover, this map is Z/p-equivariant, and fits into a commutative diagram

MT —— BZ/px MT —— BZ/p

l J |

MT, — EZ/pxy/, MTy — BZ/p



of homotopy equivalent fibrations, which proves (1).
(2) By the assumptions H*(M Xo) = H*(MTy)". Moreover, this is a direct
summand in H*(MTp) considered as vector spaces. The diagram

MT, —— EZ/pxy, MT, —— BZ/p

l ! H

MX, —— EZ/pxy, MXo —— BZ/p

and (1) show that both fibrations are oriented and that all differentials in the
associated Serre spectral sequences are trivial. For every n we have
H"(BZ/p; H*(M X)) = H* (M Xo)
~ H*(MTy)W
~ ["(BL/p; H*(MTo))" .
The isomorphism between the first and last group is compatible with the inclusion

H"(BZ/p; H*(M X,))—H"™(BZ/p; H*(MTyp)) because W acts on the space level.
Applying the 5-lemma to the extension problems yields the desired isomorphism

H*(EZ[p Xz, MXo) 2 H*(EZ/p X7, MTo)" . O

Proof of 10.3 for A a finite abelian p—group.

By induction hypothesis H*(M Xy) = H*(MTy)". To calculate MX = M X ""/?
we apply the Lannes functor for homotopy fixed—point sets (see section 3). Because
MT is p—complete and H'(MT) = 0, the W-equivariant map

HFZ/P(MTy) — H*(MT)

is an isomorphism (theorem 3.10). Using this fact and theorem 3.14 we get

i~ TsZe/Cf(H*(EZ/p X7 /p MTy)W) ®u=(Bz/p) L/D

= T2 (H*(BZ/p) ® H (MTo)") @+ (52/p) L/

~ (T/P(H*(BZ/p)) @ T*/P(H*(MTo)") @1~ (51 L/p
~ H*(BZ/p) @ T*/*(H*(MTo))" ®u-(2/p) L/P

~ g (MT)V |

HF?/?(MXo) = T,/ H*(EZ/p xz/p MXo) @n-(Bz/p) Z/P

where sec* denotes the cohomological maps induced by sections in the bundle

EZ/p Xz, MTy. The third isomorphism follows from lemma 10.6 which says that
the bundle EZ/p x MTy — BZ/p is fiber homotopic trivial. The fourth isomor-
phism follows because T' commutes with tensor products and because every section



in the trivial bundle BZ/p x MTo — BZ/p is given by a pair (idpz/p, g) of maps
where g : BZ/p — MTy. Hence HF”/p(M X,) vanishes in degree 1. By theorem
3.10 again

H*(MT)W = HF2/P(M Xy) —— H*(MX)

is an isomorphism, and by theorem 3.11, M X is p-complete which finishes the
proof of 10.3. O

Proof of 10.4 for A a finite abelian p—group.
Let g ~ Ba : BA—BT; be a map and denote by S,N(T¢) C N(T¢) a p-toral
Sylow subgroup. Then Cg(a) is connected (remark 10.2) and

Cs,,N(TG)(a) - CN(Tg)(a) = N(TCc(a))

is an inclusion of index coprime to p and therefore, also a p—toral Sylow subgroup.
In particular,

H*(BCn(1y)(a)) — H*(BCs, n(1s)())

and, by theorem 3.6,
H*(map(BA,BN(T¢))) — H*(map(BA, BS,N(1¢)))

are injections. In order to prove 10.4 it is sufficient to replace N(T) by S, N (T¢).
BCs, n(rg)(@)) =~ (map(BA, BS,N (Tg))y); are p-complete (theorem 3.9), and

map(BA, BSpN(T(;))g;\ ~ map(BA, BSpN(Tg)Z/)\)g;)\

~ (map(B Aoy, BSpN(Tg);\)QOQ)hZ/p
~ (map(BAg, BS,N(Ti)) o) 2/P

gop/gp

is the homotopy fixed—point set of a p—complete space. Therefore and because of
theorem 3.11

HF,!"(map(BAo, BS,N(T6))gy) = HE;!" (map(BAo, BS,N(T6);)g05)
= H*(map(BA, BSpN(TG);/)\)g,’,\)
= H*(map(BA, BS,N(1q))g) -

The diagram
(*)
H*(map(BA, BS,N(Tg)),)

/\

H*(map(BA, X),) H*(map(BA, BG),)




comes up by repeated applications of the functor HF%/P to the commutative dia-
gram

H*(BS,N(Tc))

T T

H*(X) H*(BG)

That is that the diagram () also commutes (remark 3.4) which finishes the proof
of 10.4. O

11. The normalizer of the maximal torus I.

Let G be a p—convenient compact connected Lie group, and let X be a space of
the p—adic type of BG. In this section we construct an extension of the maximal
torus

fT : BTG — X

to a map
fN : BN(Tg) — X

of the classifying space of the the normalizer N(T¢) of Tg.
The space BN (T¢) is a two stage Posnikov system given by the fibration

BTG — BN(Tg) — BWG .

We have to find a suitable element in map(BN(Tg), X) ~ map(BTg, X)"We (re-
mark 3.12); i.e. a section in the bundle

EWea Xwg map(l/ﬁg,X)fT — BWq .
The obstructions are lying in
H*tY(BWg; . (map(E\T—C/;, X)) = H*(BWg; LTg))
(twisted coefficients). The isomorphism follows from theorem 10.1 and the identity

m2(BTg)) = Hy(BTg; Z))) = LTg;. By lemma 5.3 the obstruction group vanishes
for odd primes which is sufficient to prove the following statement for odd primes.

11.1 Proposition. Let G be a compact connected Lie group, and let X be a space
with the p—adic type of BG. If p is odd and G is p—convenient or if p = 2 and G is
a product of unitary groups, there is an extension

BTo—1" -~ x

| A

BN(Tg)



of the maximal torus BTg—X to BN (Tg)—X.

Because the obstruction group does not vanish for p = 2, we need a different
approach. The proof in this case is postponed to the end of the section.
Choosing a fixed—point of the Wg—action on BT the evaluation at this fixpoint

map(BTG;\, X)pr — X

is equivariant with respect to the trivial action of W on X. The group W¢ acts
freely on the product BTg) ~ EWg x map(BTg;, X)s.. We get a well defined
map on the orbit space Y := (EWg x map(BTg;), X)y,)/Wg and an extension

BTGZ/)\ ~ map(BTG;\, )éTfT —X

|

Y

We will show that Y is nothing but the fiberwise completion BN (1¢), of BN (1)
of the fibration BT¢—BN (T)—BW¢ (see [B-K; 1.8]). By construction Y fits

into a fibration
BTg), — Y — BWg .

We will consider a more general situation. Let W be a finite group, acting on a
torus 7' via homomorphisms. Fibrations of the form

BT) — Y — BW
can be classified by homotopy classes of maps
BW—>BHE(BT;\) ,

where HE(BT}) is the monoid of self equivalences of BT [St]. Denote by
SHE(BT}) the component of the identity. Then GI(LT})) = no(HE(BT})) is the
group of the components. The Dwyer—Zabrodsky map

A A
BT) — SHE(BT))

is a homotopy equivalence. Considering BT as a group the map is given by mapping
each element to the associated left translation. Therefore, it is a homomorphism of
monoids. Moreover, it is W—equivariant because W acts via homomorphisms. We
get an W—equivariant equivalence

N A
BBT) —BSHE(BT)) .

Up to homotopy, the composition BW — BHE(BT,)) — BGI(LT}) is in-
duced by an homomorphism which is given by the action of W on BT{D\ associated



to the fibration. The difference between two clasifying maps
¢,% : BW—BHE(BT})) with the same action on BT is measured by an ob-
struction class

d(¢,v) € H*(BW;m3(BSHE(BT)) = H*(BW;m(BT)) = H>(W; LT})
for lifting homotopies in the fibration
BSHE(BT)) —BHE(BT}) — BGI(LT?) .

Notice that H?(W; LT}) = H*(W;T); which, forgetting the completion, describes
the equivalence classes of group extensions T'— H — W.

Let s : BW— BHE(BT}) be the classifying map of the fibration
BT)—B(T x W);—BW.

Definition. By Fib(BW, BT})) we denote the set of fibrations divided out the
equivalence relations given by

BT,’J\ s Y s BW
BT;\ » Y5 > BW .

11.2 Lemma. The map

Fib(BW, BT)) —  HYW;LT)
(¢: BW—=BHE(BT})) d(s, ¢)

is a bijection.
Proof. Every cohomology class can be realized as an obstruction. [

11.3 Corollary. The canonical map

B : GrEzt(W,T) —  Fib(BW,BT))
T—-N—-W — BT;,\—>BN;—>BW

is a surjection.

Proof. Group extensions are described by cohomology classes in
H?*(W;T) = H*(W;LT). The canonical map H*(W;T)—H?(W;LT}) is a sur-
jection and reflects the map B on the cohomological level. [J



11.4 Remark. Obviously there is an integral version of corollary 11.3. That is
that
GrExt(W,T) — Fib(BW, BT)

is a bijection.

Now let us assume that G = G; x G5 is a product of unitary groups. Wg acts
trivially on the centers Z(G) and Z; := Z(G;), which are all tori. The canonical
map

Fib(BWq, BZ1})) — H?(Wg, LZ1))

is a bijection and establishes a map
Fib(BWg, BZl,/,\) — Fib(BWg, BTGl]/o\)

given by the inclusion 27 —Tg,.
The inclusion S' = Z(U(n))—Ty ) induces
3 LN 3 . 1N
H3(S,; Z0) 2 H3(S,; LS')
— H?(S; LTy(nyp) & H (Sn_1; LS')) = H3 (3,15 Zp)

This composition is given by the restriction and therefore an isomorphism for n # 4
and a surjection for n = 4. In dimensions < 2 this restriction induces an isomor-
phism for n # 2,4 and a surjection in all cases.

Now a spectral sequence argument shows that

H*(Wa; LZypy) — H*(We; LTa, )

and
Fib(BWg, BZlg) — Fib(BWg, BTGII/,\)

are surjective. They are isomorphisms, if G; has no factor isomorphic to U(4) or

U(2).
11.5 Lemma. Let G be a product of unitary groups. Let

BTGQ —Y — BWg € Fib(BWGaBTGé\)

be a fibration such that H*(Y;Z/2)—H?*(BTg4%;7Z/2)V¢ is a surjection. Then
there exists an equivalence of fibrations

BTgé\ — Y — BWg

H l |

BTgé\ — B(TG X Wg)g — BWG .

Proof. Let G = U(n1) X...xU(ng). By corollary 11.3 there exists a group extension

E : T — N — Wqg



such that
BTgy — BNy — BWg

H Lo

BTgé\ — Y —— BWg

is an equivalence of fibrations. We have to show that BNS ~ B(Tg x W¢g)S.
The isomorphism

H2(Wg; Tg) = @ HQ(WG; TU(ni))

establishes group extensions
E; : TU(ni) — N; — Wg .

F is given by the semi direct product, i.e N = Tg x W, if and only if F; is
isomorphic to the semi direct product for all i. Moreover, we have a map

BTz} —— BN{ — BWg

l l |

BTy(n,)s — BN;$ — BWg
between the two fibrations.
H%(Y;Z/2) & H?*(BNS;Z/2)—H?(BTg;7Z/2)"¢ is an epimorphism. That is
to say that the differential
d?: H(BWg; H*(BTg;Z./2)) = H*(BTg; 2./2)V¢ — H3*(BWg;Z/2)
of the Leray—Serre spectral sequence is trivial. Because
H°(Wa; H*(BTy(n,); 2/2)) — H°(Wa; H*(BTg; 2/2))
is an injection the differential
d* : H*(BTy(n,); 2/2)V° — H?(BWg;Z/2)

is also trivial.
By the above remark there is a commutative diagram

BS%» — Y, —— BWg

l J |

BTU(ni)é\ — BNig — BWg .



Because the action of Wg on BS! is trivial the classifying map of the top fibration
lifts to a map BWo—BSHE(BS')) ~ BBS). This map is totally determined
by the first transgression

d*: H*(BS'%;7%) — H*(BWg; Z%)

in the Serre spectral sequence of the 2—adic cohomology and, because H3(BX,,; Z%)
and H3(Wg;Z%) are annihilated by 2, also by the differential

d*: H*(BS'};7/2) — H3*(BZ,;Z/2) .

Now we first assume that n is odd. Then H?(BTy(,);Z/2)"¢ = H*(BS',Z/2),
and the above transgression is given by the differential

d* : H*(BTy )5 25)"¢ — H?*(BWg; Z%)

which, by assumption, vanishes. Thus, the fibration BS')—Y;— BW( is trivial,
and the fibration BTU(ni)Q — BN,;5 — BWg is given by the fiber wise completion
B(TU(ni) X Wg)g.

Now let n; be even, and let G = U(n;) x G;. Let Sl—>TU(m) be the inclusion
in the last factor and Z/2—S! the standard inclusion. Then

O, (Z/2)/CTu(ni) (Z/Q) =0Cn; (Z/2)/TU(ni) =Xn—1 X Gy,

and S'—Cn(Z/2) is central. We define N; := Cy;,(Z/2)/S* and get a commuta-
tive diagram of fibrations

BTym,—1yy —  BN;§  —— BY,,_1 x BWg,

T T |

BTU(ni)é\ — BCN,(Z/2); — BX,,—1 x BWg,

H l l

BTU(ni)é\ — BNZ'S — ani X BWGi
A comparison of the two lower rows shows that the transgression
d* : H*(BTy(n,); Z/2)"" = *V6: — H*(BS,,_1 x BWg,;Z/2)

is trivial, and a comparison between the two upper rows implies that the differential
of the top fibration

d* : H*(BTyn,-1); Z/2)7i=*We: — H?*(BY,,,_1 x BWg,;Z/2)

is also trivial. Because n; — 1 is odd the top fibration is given by the semi direct
product.



ol

On the level of the cohomology groups, describing the group extensions, the
above construction goes along with the maps

H*(Sh, xWeys Tumsy) — H* (Sn,—1 X Wa,3 Tums)) — H* (S0, X Wey s Tuni—1)) -
The composition

H?*(Sh_1;R) — H*(S,;R") — H*(Sp_1; R"Y)
— H*(Sp_1; R"™Y) = H*(S,_2; R)
is given by the restriction. This is an isomorphism for n = 4,2, n > 6, and R = S*!
or R = 7Z/2 [Na]. Hence, by a spectral sequence argument follows that the above
composition is an isomorphism for even n;’s.

Passing to the obstruction groups, describing the associated fibrations, we see
that

BTU(ni)g\ —>BN¢C2> — ani X WG,-
is given by the semi direct product if and only if the fibration
BTU(ni—l)é\ —)BNZ'; — ani—l X WGi

is given by the semi direct product which we already proved. [
Now we are in the position to finish the proof of proposition 11.1.

Proof of proposition 11.1. It is only left to consider one case, namely G is a
product of unitary groups and p = 2. The composition of maps

BTgh — Y — X
shows that H*(Y;Z/2)— H*(BTg45;7Z/2)¢ is surjective. By lemma 11.5 the

fibration
BTgé\ —Y — BWG

is given by the fiberwise completion of the classifying spaces of the exact sequence
Ta —Tgx Wg —Wes .

The observation T x Wg = N(T) completes the proof. [



12. The normalizer of the maximal torus II.

In this section G is a compact connected Lie group which is p—convenient for p
odd and a product of unitary groups for p = 2. Let X be a space with the p-adic
type of BG.

In section 11 we constructed an extension fy : BN(Tg)—X of the maximal
torus fr : BTg— X, which fits into the diagram

BTz —B% BN (Ts) BZ~ Ba
N :
fr N%
X 5
where the outer triangle commutes in p—adic cohomology. We consider the question,

whether the inner triangle commutes in mod-p cohomology.
The extension BN (Tg)— X induces a lift in

H*(BN(Tg); Z/p)

(*) / J{Bi*

H*(BG;Z/p) —2> H*(BTa; Z/p) -

Here we work in the category of unstable algebras over the Steenrod algebra. The
lift @ is given by the composition

H*(BG;Zfp) —— H*(X:Z/p) —s H*(BN(Te)Z/p),

where ¢ is an isomorphism. The map Bi* : H*(BG;Z/p)—H*(BTq;Z/p) is
induced by the standard inclusion. Another lift comes from the standard inclusion
Bi* : BN (Tg)—BG.

For any homomorphism 1 : Wg—T¢"Ve, we define jy : N(Tg)— N (Ta) to be
the automorphism

A idx m
N(Tg) E— N(TG) X Wag —— N(Tg) X TGWG S N(Tg) ,

where A is the diagonal composed with the projection on W and p the multipli-

cation. Obviously, jy|r, = id|r,, and N (Te) 24N (T )—=@ induces another lift
in the diagram (x). We will prove the following statement:

12.1 Proposition. Let G be a p—convenient pseudo simply connected Lie group
or a product of unitary groups, and let

a: H*(BG;Z/p) — H*(BN(Ic);Z/p)
be a lift of H*(BG;Z/p)—H*(BTq;Z/p).
(1) Ifp is odd then a = Bi*; i.e. there is only one algebraic lift, given by the
standard inclusion.
(2) Ifp =2 there exists a homomorphism 1 : Wg—Tg"'¢ such that

a = Bj;,Bi*; ie a can be realized by an self automorphism of N(Te)
composed with the standard inclusion.



12.2 Corollary. Let G be a p—convenient pseudo simply connected Lie group or
a product of unitary groups. Then there exists an extension fy : N(Tg)—X of
fr : BT¢— X such that

BT;Bi* —= BN(Tg) 2- = B@

fn
fr

I

|

v

X 3

commutes in mod—p cohomology.

Proof. By proposition 11.1 we choose an extension fy : BN(Tg)—X of fr :

BTg—X. If p is odd we can directly apply the above theorem.

If p=2 we have fA,*¢~' = B Jy,Bi* for a suitable homomorphism
Y : Wg—Te"We. By construction jy, is an isomorphism. Hence fy := f]’VB(jlz H
satisfies the statemant. [

For the following we assume that G = U(ny) x ... x U(n,) is a product of
unitary groups. We fix a lift a : H*(BG;Z/p)— H*(BN(T); Z/p) of the standard
inclusion into H*(BT¢;Z/p).

The next lemma says that, for the proof of proposition 12.1, it suffices to look
at compositions

a Bj*
H*(BG;Z/p) —— H*(BN(Tc);Z/p) —— H*(BV;Z/p)
for every elementary abelian p-subgroup j : V— N (T¢).

12.3 Lemma. Let G be a product of unitary groups. Then H*(BN(Tq);Z/p) is
detected by elementary abelian subgroups.

Proof. |G-L-Z]. O

Every element 2 € N(Ty(p)) can be written in the form x = (Ay,..., A7), A; €
St and 7 € . Let 0 € ¥, be the permutation represented by the cycle (1,2, ..., p),
let Vo C N(Ty(p)) be the group generated by (1,...,1;0), and let Vi C N (Ty ) be
the subgroup generated by diag(w, ...,w), w = exp(2wi/p). Here diag( ) denotes the
canonical element in Ty, C N(Ty(py). Then Vi x Vo—=N(Ty(p) is a subgroup.

12.4 Lemma. The elements
(Ay ey Ap; )y (WAL, .y wAp; o), (Mg, ...,)\p;al), (Lyeeey pi;0)
are conjugate in N(Ty ) if (I,p) =1 and pP =[], Ai.

Proof. Choose a; = 1 and a; = a;j—1 A1~ ', Then (avy, ..., ap; 1) conjugates the
first element into the last one. ¢ and ¢! have the same cycle type. They are conju-
gate in 3,,. With these operation we can construct all necessary conjugations. [

For abbreviation, we set
Hy (k) = U(p)" x (S")"7* € U(n) |
Wi (k) := (Vi x Va)* x (Z/p)" Pk ¢ H,(k) c U(n) ,
Vi (k) := (V1)* x (Z/p)"~PF = W, (k) N Tymy C Ha(k) C U(n) .



12.5 Lemma. Every element © € N(T) of order p is conjugate to an element in
a suitable subgroup

VVn1 (kl) X o X Wnr(k,«) C N(TU(nl)) X o X N(TU(nr)) = N(Tg) .

Proof. x can be written in the form [[.(A\i;7:), \i € Ty(,,) and 7 € ¥y, 7
is represented by a product of cycles of length p. An application of lemma 12.4
finishes the proof. [

Let j : V—N(T¢) be an elementary abelian p-subgroup of N(Ty). By the
theorems 3.1 and 3.6 the map Bj*a can be realized by a homomorphism py : V—G
which is unique up to conjugation. The character x,, (z) depends on the chosen
element * € N(Tg) and on a, but not on the subgroup V containing z, nor on
the homomorphism py. Therefore x(x) := xq.(x) := Xx,, (z) is well defined for all
elements © € N(T¢g) of order p. By Tr(x) we denote the trace of the associated
matrix, given by N(Tg)—G = U(n1) x ... x U(n,). Now we are prepared for the
proof of theorem 12.1.

Proof of proposition 12.1 for G a product of unitary groups.

Let G = U(ny) X ... x U(n,). Let j : V'—N(T¢) be an elementary abelian
p—subgroup of N (7). Because G is a product of unitary groups, it is a question
of characters to determine py:. Thus we have only to consider cyclic subgroups of
order p.

Let © € N(T¢) be an element of order p. Up to conjugation

v € Wi = W, (k1) % oo x Wy (ky) —— N(Tg)

for suitable kq,...,k.. We choose ki,..., k. minimal; i.e x is not contained in a
group W, (1) x ... x W,_(l,) of the same form such that [; < k; for all i and at
least for one ¢ there is strict inequality. Because the cohomological restriction of
a: H*(BG;Z/p)—H*(BN (T¢);Z/p) to H*(BTg; Z/p) is the standard inclusion,
we can assume that pw, . |vy , i the standard inclusion, where Vy i := Vj,, (k1) X
e X Vi (k).

We set

HNJ( = Iin1 (kl) X ... X Hnr(kr) = C(;(V) .

Applying the Lannes functor T, to
H*(BG;Z/p) — H*(BN(Ig);Z/p) — H*(BTg;Z/p)
gives

H*(BHN,i;Z/p) — H*(BN(Tn);Z/p) — H*(BTw;Z/p)= H*(BTg;Z/p)



(theorem 3.5) which shows that pw, , can be taken to have image in Hy .
x € Wi i can be thought of having the form

x=(21,.., Tp)
T; = (£1, o Lio), o (1,0,150), A0 (4), oo Any—pi; (1)) € Wi, (Ks) -

-

~

k; times
We also consider y = (y1, ..., y») with

yi =((1,..,1;0),....,(1,...,150),1,...,1) € W,.(k;),

vV
k; times

and write pwy . (y) = (B1, ..., By) € Hy,x with

B; = (Al(i)’ ) Akz(l)a ﬁl(i)’ ) /Bni_pki (7')) € Hni (kl) ’
where A;(i) € U(p) and B;(z) € S*. This implies

pWN,K(a:) = (Dla ""DT)
D; = (A1(3), ..., Ak, (3), B1(0)A1(2), .o, Bri—phs () An;—pk; (7))
— Bidiag(L, oo, 1, M(6), ooy Ay (1)) -

Since y; and y! := y;diag(w, ...,w, 1, ..., 1) (w pk;—times) are conjugate in N(THM (k)
(lemma 12.4), x(y) = x(y1,---, Y, ---, Yr-)- This shows that Tr(A;(i)) = 0.
Analogously follows that Tr(A;(i)) = 0 for all j and i.

We first assume p is odd. Since y; is conjugate to (y;)? in N (THni(k;i)) and
yidiag(1, ..., 1,w) to (y;)*diag(1,...,1,w), we get >_. B;(i) = >~ 3;(i)* and
B —pk; (1) (w — 1) = B, —pk; (i)?(w — 1). This implies Bri—pk; (1) = 1. An analogous
argument shows that 3;(¢) =1 for all j and 1.

Let m; : G—U(n;) be the projection onto the [-th factor. Because pw, vy x
is the standard inclusion, it follows immediately that

x(z) = meWNﬁK('T) = Z)‘j(l) )

which is the character of the inclusion

V(e)oWykx — G — Uny),

where V'(x) is the cyclic group of order p generated by x. Thus, mpwy j is
conjugate to mi|y (,) and pwy J = pyv(z) is conjugate to the standard inclusion.
Now we assume p = 2. We have x(z) = Tr(pwy (%)) = >_; ; B (1) A;(2). If we
permute the \;(7)’s for a fixed ¢ the new element is conjugate to x in N(T). We can
vary x to realize different values for the A;(¢)’s. Therefore, 3;(i) = 3;(¢) for all j and



I. As elements of order 2, 3;(i) = 1. This implies that pwy . (v) = (D1, ..., Dr)
with
D; = (A1(3), ..., Ak, (1), €i(2)A1(3), ..., &5 () Ay —pi; (7)) -

The function &; : Wg—{+1} is constant on conjugate elements and multiplica-
tive if restricted to an 2-elementary abelian subgroup. We choose for every i a
transposition 7; € 3J,,, and set

Z(Ti) = (21, ---Zr) , 2 € N(TU(nz))
diag(1,...,1) if j#i
T (1,...,1;7) if j=1.

We define a homomorphism

=) Wa=][]Sn, — Tc"e =[] 5"

j=1 k=1

by setting

sign(o) if ej(z(m)) = —1
iy, — S Lo .
%,k J { +1 lf 6j(2(7’k)) =+41.
Again we denote by m; : G—U(n;) the projection on the [-th factor, and by
V(x) C W the subgroup generated by x. Then, by construction, mpy () and

the map V(2)N(Tg) 25N (Tg)—G-=5U(n;) have the same character for all
x € N(Tg). That is to say that both homomorphisms are conjugate. To finish the
proof we can proceed as for p odd. [

In order to prove theorem 12.1 in the other case, namely for a p—convenient
pseudo simply connected Lie group G, we will use the mod—p subgroup H—G of
G given by proposition 5.2. Unfortunately, for p = 3, H might have a factor SU(p)
besides unitary groups. We have to prove the theorem for products of unitary
groups and SU(p)’s. For odd primes the p—toral Sylow subgroup of N(Tsy () is
Tsu(py ¥ Z/p. Thus, lemma 12.4 is still true.

If we define
H,(0) :=Tsy(p) C SU(p)
H)(1) = SU(p)
W;(l) =V x Vo C SU(p)
W, (0) :== Tsypy =: Vp(0)
(1)

few minor changes make the proof work. Only the replacement of lemma 12.3 needs
some comments.



12.6 Lemma. Forp odd, H*(BN (Tsy(p)); Z/p) is detected by elementary abelian
subgroups.

Proof. We consider the Gysin sequence

o = H*7*(BN(Tsu(y)); Z/p) — H* (BN (Tv(y)); Z/p)

Bi* d
—— H*(BN(Tsu(p)); Z/p) — H* ' (BN(Typ)); Z/p) — ...

of the fibration .
S' — BN(Tsy(p)) — BN(Tyq)) -

Let x € H*(BN(Ty(p)); Z/p), such that d(z) # 0. We choose an elementary abelian
p-subgroup V— BN (Ty (), detecting d(x). Let (V, Z(U(p))) be the group gener-
ated by V' and the center Z(U(p)) of U(p). Then W :=(V,Z(U(p))) N N(Tsu(p))
is an elementary abelian group, fits into the fibration

S' — BW — B(V, Z(U(p))) ,

and detects z.

If d(x) = 0 then « = Bi*(y) for y € H*(BN(Ty(p)); Z/p). Because S' 1 Z/p is
the p—toral Sylow group of N (Tt (,)), the spectral sequence of B(S 127 /p) shows
that every class in H*(BN (Ty(p); Z/p) is detected by W, (1) which, for p odd, is
contained in SU(p), or by (Z/p)? C Ty (py. In the first case W,(1) detects z, and
in the second case (Z/p)P~1. O

Proof of theorem 12.1 in the p—convenient pseudo simply connected
case.

We can assume that p is odd because every 2-convenient pseudo simply con-
nected Lie group is a product of unitary groups. By lemma 5.2, there is a p-
elementary subgroup i : V—Tg—G of G, such that H := Cg(V) is mod—p
isomorphic as group to an product of unitary groups and SU(p)’s. Moreover the
index
[N(Tg) : N(Tg)] is coprime to p. Applying the Lannes functor T, to a lift
a: H*(BG;Z/p)—H*(BN (1¢); Z/p) establishes a commutative diagram

H*(BG;Z/p) —— H*(BN(Tg);Z/p) —— H*(BTw;Z/p)

l l H

b
H*(BH;Z/p) —— H*(BN(Ty);Z/p) —— H*(BTu;Z/p) ,
where b = T},. (a). The composition in the bottom line is induced by
BTH;,\ — map(BYV, BTG;\)BZ- — map(BYV, BG;\)Bi ~ BH;)\ ,

which can be considered as the standard inclusion (see remark 3.4). The two left
vertical arrows are injections, and b is induced by the standard inclusion. Therefore,
a is also given by the standard inclusion. [



13. The map BG — X part I: G pseudo simply connected.

In this section G is a p-convenient pseudo simply connected Lie group for p
odd, and a product of unitary groups for p = 2. For p = 2 this includes the case of
pseudo simply connected Lie groups. As usual, X is a space with the p-adic type of
BG. We will prove theorem 1.2 in these cases, i.e we have to prove the propositions
2.3 and 2.4.

By the propositions 11.1 and 12.1, there exists a triangle

BN(Tg)

e o \

BGN- - - - - S

commuting in mod-p cohomology. As in section 2 R,(G) is the orbit category of
p—stubborn subgroups of G contained in N (7). For any p-stubborn subgroup

J N(Tg) — G of G, we defined in section 2 a map
fp:=fnoBi,: BP — BN(Tg) — X .
The collection of these maps gives a diagram
{BP}r, () —X

commuting in mod-p cohomology because of the diagram (x)
As first step we show that this diagram commutes up to homotopy, which is the
statement of proposition 2.3.

Proof of proposition 2.3.
Let ¢4 : G/P—G/P' be a map of R,(G) given by a conjugation. We have to

show that
BiP fN
BP —— BN(Tg) ——

&l H

Bip: In
BP! —— BN(Tg) ——

commutes up to homotopy. Without loss of generality we can assume that, ac-
cording to a fixed chosen maximal torus and normalizer T— N (T) —G, the
subgroup P is the special representative of the conjugacy class of P;i.e. P satisfies
proposition 6.7. Moreover, we can think of o := i¢p/cy as being a homomorphism
such that fyBa and fyBip induce the same map in mod—p cohomology, and ip is
conjugate to o in G. Under these assumptions, we will show that fy Ba ~ fnyBip.

The intersection Pr = P N T is an abelian group. The restrictions «|p, and
ip|p; are conjugate in G, and hence, by theorem 10.1 (i) (see also remark 10.2 (i)
), also conjugate in N (7). That is that fyBip|p, and fyBalp, are homotopic.
The following proposition, the analogy of proposition 6.7 (iv), shows that the ex-
tensions of fyBip|p, to maps BP— X are classified by mod-p cohomology. This
finishes the proof. [



13.1 Proposition. For any p-toral group P satisfying the hypothesis of proposi-
tion 6.7, the canonical map

mo(map(BP, X) ) — Hom(H*(X;Z/p), H*(BP;Z/p))

glBpr~=fnBip|BPy
is an injection.
Proof. We have to relate map(BP, BG) to map(BP, X).

The intersection Pr = P N T is a normal subgroup of P, because P—~N (1)
normalizes T and P. The quotient Q := P/Pr acts on BPp ~ BPp and on
map(BPr,—) ~ map(BPr,—). By remark 3.12 map(BP,—) ~ map(BPr, —)"?.
We define ip, :=ip|p,. The diagram
(%)
map(BPT, BN(TG))BipT

/ \

map(é}z’,BGl/,\)BiNBipT e map(é\/PT,X)fNBipT
commutes in mod—p cohomology (proposition 10.4). By the theorems 3.9 and 10.1
map(E\/PT,BG;\)BiNBiPT ~ BTg, ~ map(g\p’l/“,X)fNBipT ;
and by proposition 3.8
map(BPr, BN(T&)) pip, ~ BT .

The diagonal maps in (*) are Q—equivariant, because the components are fixed, and
mod-p equivalences. Taking homotopy fixed-points we get

(+%)
map(BPr, BN(Tc))}?,

/ \

map(éﬁv, BG;\)hQ map(BEw, X)’;Q

BinBipy, NBip,,

Both diagonal maps are also mod—p equivalences, because an equivariant mod—p
equivalence between 1-connected spaces induces a mod—p equivalence between the
homotopy fixed—point sets.

The components of map(éﬁp, BGQ)%?N Bip, ar€ distinguished by mod-p coho-
mology (proposition 6.7). The triangle

BN(Ts)

SN

BG-------->X



commutes in mod—p cohomology. Any map in map(EPVT,X )l}gBiPT has a lift to

BN (T¢). The obstruction groups which classify the extensions up to homotopy
(see remark 3.12 and lemma 3.13)

H?*(Q; mo(map(BPr, X) jxBip,)) & H*(Q; ma(BTg))
=~ H*(Q; ma(map(BPr, BG)) piyBip, )

are isomorphic. The isomorphisms of the obstruction groups follow from 10.1. All
this together implies that the components of

map(BPr, X)’}Q ~ map(BP, X)

NBip,, glepp=fnBipy

are also distinguished by mod—p cohomology. [l

Proposition 2.3 establishes a map from the 1-skeleton of the homotopy colimit
ho_li)m BP to X. In order to extend this map to the homotopy colimit, we have to

Rp(G)
calculate the obstruction groups
@i+1 mi(map(BP, X) ¢,) i>2
Rp(G)
for extending this map on the 1-skeleton to the homotopy colimit. %iinj is the j—th

derived functor of the inverse limit functor. This we will do by comparing the two
functors

IL;(X),IL(G) : R,(G) — Ab,
given by
IL(X)(G/P) :=mi(map(BP, X) ¢)
IL;(G)(G/P) := mi(map(BP, BG})ip) -
That is we have to contruct a natural transformation between the two functors

which is an equivalence. The existence of this transformation is claimed in propo-
sition 2.4.

Proof of proposition 2.4.
The triangle (#*) induces for every p—stubborn subgroup P<—G homotopy equiv-
alences

map(BP, BG))pi, +— (map(BP,BN(Tg))pip)y — map(BP, X)yBay

which depend on the chosen lift ip : BP—BN (1) of ip : BP—BG. Two lifts
only differ by a conjugation ¢, (theorem 3.6). We already proved that fyBip ~
fncgBip. Therefore the above equivalence induces well defined isomorphisms

I(G)(G/P) — L(X)(G/P) .
which are compatible with the maps in R,(G). O

The following lemma fills the last open gap of the program of section 2 and
completes the proof of theorem 1.2 for pseudo simply connected Lie groups and
products of unitary groups.



o/

13.2 Lemma. .
lim? TL(X)(G/P)=0  i,j>1.
Rp(G)

Proof. Because of proposition 2.4 we have to calculate gnj II;(G)(G/P).

Rp(G)
G = G’ x G" splits into two factors; G” is simply connected and G’ a product of
unitary groups. Since R,(G' x G") 2 R,(G") x Rp(G") ( proposition 6.3), we have
IL(G) = 11;(G") x I1;(G"). We have

lim7 T, (G") = 0

Rp(G')

lim7 T1;(G") =0

Ry (G")

lim7 II;(G)=0  fori>2.
<_

Ry (G)

The last two equations follow from [J-M-O 1; theorem 4.8], and the first from the
fact that centralizers in unitary groups are always products of unitary groups, and
therefore II1(G’) = 0. O

14. The map BG — X part II : The general case.

After having proved theorem 1.2 in the pseudo simply connected case we com-
plete the proof of theorem 1.2 in this section. First we assume that G is a p—
convenient simply connected Lie group. Then G = G’ x G” splits into two factors,
where G’ := SU(ny) x ... x SU(n;) is a product of special unitary groups and G"
a product of the other simply connected Lie groups. There exist exact sequences

—/

K—G x(SY —Umn)x..xUm) = G

and _,
K—Gx(SHY — G xG" = H,

where K :=Z/nqy X ... Xx Z/n;. Now let X be a space with the p—adic type of BG,
and let fr : BTg—X be the maximal torus of X.
We consider the composition

fi == froBi:BK, — BTg x (BS')! — X x (BS")",

where K, is the p—Sylow subgroup of the abelian group K. Because K, C G x (S 1yl
is a central subgroup, the evaluation map

map(BKp, X x (BS'))) 5 — X x (BSY)')



is a mod-p equivalence (theorem 10.1). Moreover, the evaluation map is a homotopy
equivalence, because both spaces are p—complete (theorem 10.1).
We can think of BK), as a group which acts freely on

EBK, x map(BK,, X x (BS")'?) ~ X x (BS")"}" .
We define the p—complete space Y by the fibration
BK, — X x (BS")!) — (X x (BS")"))/BK, =: Y .

We have BTy ~ B(Tg x (S')!/K))) ~ BTg) x (BS")")/BK,. Thus, the above
fibration fits into the commutative diagram

BK — BGx (BS')) —s BH

H T T

BK — BTg x (BSY)! — BTy

l l l

BK, — X x (BSY)!) — Y

BTy —Y is a maximal torus. The Weyl group action of Wg on BTg x (BS!)
commutes with the action of BK,. Therefore Wg = Wg acts as Weyl group on
BTy—Y. Analogously to the proof of proposition 4.2 follows that H*(Y;Z;) is
p-torsionfree, that H*(Y;Z/p) = H*(BTy;Z/p)V# = H*(BH;Z/p), and, by the
lemma of Nakayama, that H*(Y;Z)) = H*(BTg; Z))"" = H*(BH;Z}). That is
to say that Y has the p—adic type of BH. We collect these considerations into the
following proposition.

14.1 Proposition. Let G be a p—convenient simply connected Lie group, and H
the associated pseudo simply connected Lie group. Let X have the p—-adic type of
BG. Then there exists a p-complete space Y with the p—adic type of BH, and a
diagram




which commutes in p—adic cohomology.

Now we are ready to prove theorem 1.2. We do this in several steps, first for
simply connected Lie groups, then for products of simply connected Lie groups and
tori, and finally in the general case.

Proof of theorem 1.2 for simply connected Lie groups.
Let X be a space with the p—adic type of BG, and let Y be the space constructed
above. We can think of X as the fibre of the map

Y = (X x (BS"Y)/BK, — (BS")'/|BK,, =: BT,
as well as of BG;\ as the fibre of
A A
BH) —s BT .

By section 13, there exists a homotopy equivalence BH];\ —Y, which can be ex-

tended to
BGQ — BH;\ — BTZ;\

X—>Y—>BT1;\.

Obviously BG{,\ — X is a homotopy equivalence. [

Proof of theorem 1.2 for products of simply connected Lie groups and
tori.

Let X be a space with the p-adic type of BGs x BT, where Gy is a simply
connected Lie group and T a torus. The projection BG,) x BT)'— BT, corre-
sponds to a map X — BT, which has an canonical left inverse s : BT,) — BTgq, |, X
BT}~ X. The fiber X, of X— BT} has the p-adic type of BG,. Thus we have
BG)y ~ X,. By theorem 10.1 map(BT)', X)s ~ X. The adjoint

A AN
BG,) x BT} — X

of
BGS;\ ~ X, — X~ map(BT;\,X)s
is a mod—p isomorphism and hence, a homotopy equivalence. []

Proof of theorem 1.2 in the general case.
Let G be a p—convenient compact connected Lie group and X a space with the
p-adic type of BG. The finite covering

K—G;xT — G,
G5 simply connected and T a torus, establishes a fibration

BK, — BG,) x BT} — BG} ,



Y

where K, is the p-Sylow subgroup of K. This fibration is classified by a map
BG)—BBK,. Since H*(BG;Z/p") = H*(X;Z/p") for all r, there is a corre-
sponding map X —BBK), classifying the fibration

BK, —Y — X .

This fibration fits into
BK, — BGS;\ X BT;\ — BG]/J\

| T T

BK, — BTGS;\ X Bng\ — BTG;\

| l |

BK, — Y — X.

The Weyl group Wg = Wg, acts as Weyl group on BTG, x BT))—Y. The
space Y is p-complete and of the p-adic type of BG, x BT;. This follows from
a comparison of the Serre spectral sequences for p-adic cohomology of all three
horizontal fibrations and implies that BGs x BT and Y are homotopy equivalent.
Moreover, this equivalence fits in a diagram

BK, — BG,, x BT} — BG)

* H 5

BK, — Y — X

We have to fill in the arrow in the right collumn.
The canonical G—equivariant homotopy equivalence

X — map(E\K{p,X)c ,
c: BT(;—>X the constant map, induces equivalences
map(BG, X) = X" ~ map(é\f(p, X)?G ~ map(BGsI/,\ X BTZ;\, X)g|BKpgC
(see remark 3.12), where we take in the last mapping space only the components of
those maps whose restriction to BK), is trivial up to homotopy. This implies that

there exists a map BG)—X making the diagram (x) commutative. Moreover,
this map is an equivalence. [

15. The integral homotopy type.
In this chapter we prove theorem 1.6.



1

Proof of theorem 1.6.

Let X be a 1-connected CW-complex of finite type. If H*(X;Z) is torsionfree the
A-ring structure of K (X) completely determines the algebra H*(X;Z/p) as well
as the Steenrod algebra action on H*(X;Z/p) for all primes p [At]. Therefore, if
H*(X;Z) and H*(BG;Z) are torsion free,

H*(X;Z/p) = H"(BG; Z/p)

as algebras over the Steenrod algebra. If in addition G is 2—convenient or G is a
product of unitary groups we can construct maximal tori

fT]/g\ : BTX]/; — X;\

and Weyl group actions of Wi on BT X, for all p. Moreover, H*(X;Z}) =
H*(BTx; Z]/;)WG . All this follows from proposition 7.2.
Using the results of [At] a Chern character argument shows that

K(X;Z)) = K(BTx);Z))"e .

K(—; Z;\) denotes complex K-theory with p-adic coefficients. By [Wil] there exist
A-ring maps

-

: K(BTXZ/)\; Z;\) — K(BTGZ/;\; Z;\)
(B K(BTG;)\;Z;\) — K(BTX]/;; Z;\)
such that
K(X)Z)) = K(BTx);Z))"e¢ — K(BTxp;Z))

=) ) ol tu
K(BGNZY) = K(BTg);Z))We — K(BTg)L)).

By an argument analogous to [A-M; 1.7] ¢ and ¢ differ from the identity only by
an element of the Weyl group. Thus, ¢ and v are isomorphisms. Because K-theory
classifies maps BTg,,—BG)) up to homotopy [No 1] [N-S 1], the representations
of Wg, given by the action on BTg and BTx), are conjugate over Z,. That is to
say that X' has the p-adic type of BG. By theorem 1.2 we get X' ~ BG?.

The rationalizations Xg and BGg are homotopy equivalent, because BGg is a
product of rational Eilenberg-McLane spaces and because

H*(X;Q) = K(X)®Q= K(BG)®Q= H"(BG;Q) .

Hence X is in the p-adic genus of BG. The finite universal cover G; x T—G does
not contain any Sp(n) or Spin(n), n > 3, as factor. Therefore, in this case complex
K—-theory classifies the adic genus [No 2; remark 5.4, theorem 1.8 and the proof].
Since K(X) 2 K(BG) this implies that BG ~ X. O
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List of notation.

map(X,Y)
map(X,Y)y
Fib(B.F)
BG

im(p), ker(p)
Rep(G, H)

S,G
Z(G)
CG(H)a CG (,0)

N¢(H)
GrExt(G,H)

L/p

AN
LP
X--»Y

group of order p

integers localised at p

p—adic integers

mod—p completion in the sense of Bousfield and Kan
fiberwise completion

mapping space

the component of map(X,Y) associated to the map f
set of equivalence classes of fibrations F—F—B
classifying space of the group G

image and kernel of a homomorphism between groups
set of representations from G to H,i.e. conjugacy classes
of homomorphisms G—H

p—toral Sylow subgroup of a compact Lie group G
center of the group G

centralizer of a subgroup H or of the image of a
homorphism p in G

normalizer of H in G

set of equivalence classes of exact sequences

H— K—G of groups

L®Z/p

p—adic completion of a module L, or L ® Z]/g\

o

map which exists only in cohomology as H*(Y) — H*(X)

and which is waiting for a topological realization

For a compact connected Lie group GG, we denote by

L*Tg

the maximal torus of G

the Weyl group of G

the normalizer of Ty

the maximal elementary abelian p—subgroup of T
Hy(BTg; Z)

H*(BTg;7.)



