CLASSIFYING SPACES OF COMPACT LIE
GROUPS AND FINITE LOOP SPACES

D. NOTBOHM

The basic problem of homotopy theory is to classify spaces and maps between
spaces up to homotopy by means of algebraic invariants such as homology or coho-
mology. Since their discovery, classifying spaces of compact Lie groups G, denoted
by BG, have been a very important part in homotopy theory. For example, they
appeared as target in the set of homotopy classes of maps [X, Y], because of their
central role in bundle theory. In the last decade, some striking progress was made
in the understanding of the homotopy theory of classifying spaces of compact Lie
groups. We mention some aspects:

It has been shown that, for a simple connected compact Lie group G, two self
maps of BG are homotopic if and only if they induce the same map in rational
cohomology.

It also has been proved that for a large class of simply connected compact Lie
groups G the mod-p cohomology with cup products and Steenrod operations com-
pletely determines the homotopy type of the p—adic completion BGI/,\ of BG (for
odd primes this contains all classical matrix groups).

Similar methods have also been used to obtain new results for Steenrod’s prob-
lem: which polynomial algebras can be realized as the mod-p cohomology of a
space?

The program of understanding ‘classical’ Lie group theory from the homotopy
point of view, i.e. to express Lie group theory in terms of classifying spaces, is
developed to a large extent and might lead to a complete classification of finite
loop spaces.

The study of maps between classifying spaces goes back to Hurewicz. For as-
pherical spaces X and Y he showed that

[X,Y] = Hom(m (X), m1(Y))/Inn(m(Y))

is a bijection. In particular this applies to classifying spaces of finite or more gener-
ally of discrete groups. Here, Hom( , ) denotes the set of homomorphisms between
groups and Inn( ) the group of inner automorphisms. Moreover, the homotopy
type of an aspherical space is determined by the fundamental group. This fed the
hope that, up to homotopy, every map between the classifying spaces of any pair
of compact Lie groups is induced by a homomorphism. However, in 1970, the first
counterexamples were constructed by Sullivan, namely self maps of BU(n), which
even in rational cohomology do not look like a map coming from a homomorphism.
Inspired by the Sullivan’s work, a careful investigation of Hubbuck, Mahmud and
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Adams gave necessary criteria for the effect that maps between classifying spaces
of compact Lie groups could have in rational cohomology.

The idea of developing Lie group theory in terms of homotopy theory goes back
to Rector. In his study of loop structures on S® and sub-loop spaces of finite
loop spaces first definitions of basic notions of Lie group theory appeared in terms
of classifying spaces, such as homomorphisms, subgroups, maximal tori and Weyl
groups.

The proof of the Sullivan conjecture by Miller and Carlsson and subsequent work
of Lannes was the break through for the recent fast development in this area. The
Sullivan conjecture states as follows:

0.1 Theorem. (Sullivan conjecture) [Mil] Let w be a locally finite group and K a
finite CW -complex. Then, the evaluation at a basepoint

map(Br,K) — K

15 a weak equivalence.

Lannes developed machinery for a purely algebraic calculation of the mod-p
cohomology of mapping spaces of the form map(BZ/p, X). Under some mild as-
sumptions his Tfunctor calculates H*(map(BZ/p, K);F,) as an algebra over the
Steenrod algebra only using the mod-p cohomology H*(X,TF,) as input. For ex-
ample, this led to a complete description of the mapping space map(BP, BG) for
any p-toral groups P and any compact Lie group G, due to Dwyer and Zabrodsky
[D-Z] and the author [No 2].

Based on this and a decomposition of BG into a homotopy direct limit of clas-
sifying spaces of certain p—toral groups [J-M-O 1], Jackowski, McClure and Oliver
set up a program for studying maps BG — BH for any pair of compact Lie groups
G and H. In the case of G = H being a simple connected compact Lie group the
program went, through and led to:

0.2 Theorem. [J-M-O 1] Let G be a simple connected compact Lie group. Then
two self maps f,g9 : BG — BG are homotopic if and only if f* = g* : H*(BG;Q) —
H*(BG; Q).

Lannes’ theory and the Jackowski—-McClure-Oliver approach also allowed the
homotopy type of the classifying space for a large class of compact Lie groups to
be characterized.

0.3 Theorem. [No 5] Let p be an odd prime. Let G be a simply connected compact
Lie group such that H*(G;Z) has no p—torsion, and let X be a space. Then, the
p-adic completion X;\ and BG;\ are homotopy equivalent if and only if H*(X;TFp)
and H*(BG;F,) are isomorphic as algebras over the Steenrod algebra.

The same result for G = SU(2) and G = SO(3) was proved by Dwyer, Miller
and Wilkerson for all primes [D-M-W 1], which was the first homotopy uniqueness
theorem. The same authors also proved Theorem 1.3 for primes not dividing the
order of the Weyl group W of G without any extra assumption on G beside being
connected [D-M-W 2].

From the homotopy point of view the essential property of a compact Lie group
G is the existence of a classifying space BG and a finiteness condition on GG, namely
that G is a finite CW-complex or a little weaker that H*(G;Z) is a finitely gen-
erated module over Z. Because completion always makes life easier in homotopy



theory, these facts led Dwyer and Wilkerson to the definition of p—compact groups.
For p—compact groups, the classifying space has to be p—complete, and the finite-
ness condition is expressed in terms of mod-p cohomology. The main examples
are given by completing a connected compact Lie group and the associated clas-
sifying space. A generalization of Smith—theory to actions of finite p-groups on
F,—finite p—complete spaces allowed Dwyer and Wilkerson to achieve the following
fundamental result in the Lie group theory of p—compact groups. It generalizes
well known facts about compact Lie groups. Here, a space is called [F,~finite if the
mod—p cohomology is finite.

0.4 Theorem. [D-W 5]

(1) For any p—compact group X, there exists a mazximal torus Tx of X and a
Weyl group W .

(2) If X is connected, the inclusion of the maximal torus induces an isomor-
phism H*(BX; Z)®Q = (H*(BTx; Z)@Q)"* . The representation Wx —
GI(H*(BTx;7) ® Q) is faithful and represents Wx as a pseudo reflection
group.

We think, that these are some of the high lights of the recent achievements in
the study of classifying spaces. The idea of this article is to describe developments
after the proof of the Sullivan conjecture.

We strongly encourage the reader to take a look at the very nice survey article
of Jackowski, McClure and Oliver [J-M-O 4] on a very similar topic. Parts of this
article are covered in their paper, in particular the discussion about decomposition
and maps between classifying spaces of compact Lie groups. Because this is needed
for an understanding of the later development, and because we like to keep this
article self contained, we also present this part of the homotopy theory of classi-
fying spaces of compact Lie groups, but much more briefly. For example we omit
completely the discussion about the computation of higher inverse limits.

At the end we add as appendix some remarks and facts about homotopy colim-
its, Lannes’ theory and Smith—theory for homotopy fixed—points, which we feel is
necessary for an understanding of this article by non experts.

1. Decompositions of classifying spaces.

In the analysis of maps between classifying spaces, decompositions into simpler
pieces have proved to be quite a powerful tool. By simpler pieces, we mean classify-
ing spaces of subgroups. There are two different types of such decompositions. One
uses centralizers of elementary abelian subgroups. The other is based on p-toral
subgroups. Both types are useful for different problems as we will show later.

The idea of decompositions or approximations of classifying spaces goes back to
Adams [Ad]. In his analysis of the effect, which maps between classifying spaces
may have in complex K -theory, he approximated p—toral subgroups by their finite
p-subgroups. This construction was extended by Feshbach to the case of finite
extensions of tori [Fe]. For any such extension N, he showed that there exists a

sequence
M, CMyCMsC...CN

of finite subgroups such that

hocg{lim BM; ~Tel(BM;) ~ BM,, — BN



is a homology equivalence for any kind of coefficients taken in a finite group. Here,
the group My, := |J; M; is a locally finite group and gives an approximation of BN
at any prime p.

This approach was extended further by Friedlander and Mislin [F-M1,2]. For
a compact Lie group G they showed the existence of a locally finite group with
similar properties. A locally finite group is the union of finite groups.

1.1 Theorem. ([F-M1,2]) Let G be a compact Lie group, and let q be a prime not
dividing the order of mo(G). Then there exists a locally finite group v and a map
B~ — BG which s a mod—p equivalence for any prime p different from q.

In general, the finite subgroups of v may not be subgroups of G and the restric-
tion of the map to the classifying space of a finite subgroup may not be induced by
a homomorphism. For G = U(n), and a prime p the approximation is given by a
map BGL(n,F,) — BU(n), where (q,p) = 1 and where T, is the algebraic closure
of the field I, of ¢ elements.

As a consequence of this approximation theorem, Friedlander and Mislin gener-
alized the Sullivan conjecture to the case of compact Lie groups. For a F,~finite p—
complete space X, they showed that the evaluation at a basepoint map(BG, X) —
X is an equivalence [F-M 2]|. The approximation was also used by Mislin to get a
complete classification of self maps of BSU(2) up to homotopy [Mis]. This was the
first case of such analysis beyond the ”simple” case of finite groups or tori.

Although decompositions via centralizers of elementary abelian subgroups or via
p—toral subgroups seem to be more useful in the study of maps between classifying
spaces, it would be of great interest to have an analogue of Theorem 1.1 for p—
compact groups. Examples of this form are given by calculations of Quillen on the
cohomology of general linear groups of finite fields [Qu 2.

Decompositions other than telescope constructions were first introduced by
Dwyer, Miller and Wilkerson. The pushout of the diagrams

SO(3)/D(8) —— SO(3)/0(2) BD(8) — BO(2)
(1) | |
50(3)/24 BZ4

is Fy—acyclic for the left side, and mod-2 equivalent to BSO(3) for the right side.
For the left side, this is not to hard to check by explicit calculations, and for the
right side, it follows because the Borel construction EG xXg —, as a homotopy
colimit, commutes with pushouts. Here, D(8) denotes the dihedral subgroup of
SO(3), O(2) the normalizer of the maximal torus and ¥4 the octohedral subgroup.

There exists a closely related decomposition of BSO(3) at the prime 2, given by
the diagram

2) S5 0 ESO(3)/(Z/2)*S ESO(3)/0(2) .

That is that the underlying category has two objects 0 and 1 and the morphisms sets
are given by End(0) = X3, End(1) = {id}, Hom(0,1) = ¥3/%5 and Hom(1,0) = 0.
Decomposition in this case means that of th right diagram is mod 2 equivalent to
BSO(3). Notice that the left space is equivalent to B(Z/2)%and the right to BO(2).
A cohomological calculation based on the spectral sequence of Theorem A.1 gives
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a proof. It also can be shown directly that the homotopy colimit of diagram (2) is
equivalent to the pushout of diagram (1).

Unlike the pushout diagram, the decomposition of BSO(3) via diagram (2) can
be generalized to compact Lie groups in essentially two different ways, which we
discuss next.

Decompositions via p—toral subgroups.

A p-toral group is a compact Lie group P whose component of the unit Py is a
torus and whose group of components P/ P, is a finite p—group. p-toral groups play
the same role for compact Lie groups as finite p-groups do for finite groups. For
example, every compact Lie group G has a p-toral Sylow subgroup S,G C G. It
has the same properties as a p-Sylow subgroup of a finite group; e.g. the group S,G
is maximal in the sense that every p-toral subgroup of G is subconjugate to S,G.
It is also characterized by the condition that the Euler characteristic of G/S,G is
coprime to p. Let Tz C G be a maximal torus of G and let N(Tg) — Weg be the
projection of the normalizer of Tz onto the Weyl group of G. Then, the counter
image of a p-Sylow subgroup S,Wq of Wg is a p-toral Sylow subgroup of G.

For any compact Lie group G, let O(G) denote the (topological) orbit category,
whose objects are homogenous spaces G/H with H C G being a closed subgroup
and whose morphisms are given by G-equivariant maps. Let O,(G) C O(G) denote
the full subcategory of all objects G/P, where P C G is a p—toral subgroup. Let
T : Op(G) — Top be the inclusion functor. Then, the Borel construction defines a
(continuous) functor

EGxgZI:0,(G) — Top.

Notice that the EG xo G/P ~ BP.
If G is a finite group, the category O,(G) is finite (and so is O). In this case,

the map hoco(lim EG x¢ T — BG is a mod-—p equivalence, since all higher inverse
p
limits in the associated spectral sequence of Theorem A.l vanish [Mis] and since

the inverse limit involved equals the mod—p cohomology of BG [C-E; XII, 10.1].

For compact Lie groups, the category Op,(G) is not finite and not even discrete in
general. For a generalization of the above result, the question comes up, which of the
p-toral subgroups cannot be got rid of in a decomposition of BG. This motivates
the notion of p-stubborn subgroups. More concretely, a p-toral subgroup is called
p-stubborn if the quotient N(P)/P of the normalizer of P by P is finite and does
not contain any nontrivial normal p-subgroup. Let R,(G) C Op,(G) denote the
full subcategory of all objects G/P where P is p-stubborn. This turned out to
be a finite category [J-M-O 1]. Restricting the above functor to this subcategory,
Jackowski, McClure and Oliver proved the following decomposition theorem using
techniques from the theory of transformation groups.

1.2 Theorem. ([J-M-O 1]) For any compact Lie group G, the map

hocolim EG xg T — BG
Rp(G)

is a p-local equivalence, i.e. induces an isomorphism in H*(—;Z,)) cohomology.
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Decompositions via centralizers of elementary abelian subgroups.

For any compact Lie group G, let A,(G) denote the Quillen category [Qu 1]
whose objects are nontrivial elementary abelian p-subgroups V' C G and whose
morphisms are given by restrictions of conjugations by elements of G. Actually,
Quillen also allowed the trivial group to be an object of A,P(G) but we exclude it.
Let

B:AP(G) — Top

be the functor given by the Borel construction (V) := EG xg G/Cq(V), where
Ca (V) denotes the centralizer of V' in G and where G acts on G/Cq (V) via left
translation. Starting from the opposite category of A,(G) makes 3 into a covariant
functor.

The projection G/C(V) — x to a point establishes a natural transformation
from (3 to the constant functor with value BG and a map h%co(lcigvz B8 — BG. These

p
constructions were used by Jackowski and McClure to get a decomposition of BG

into simpler pieces.

1.3 Theorem. ([J-M 2]) Let G be compact Lie group. Then the map

hocolim 3 — BG
Ap(G)

is a mod—p equivalence.

The proof is based on the spectral sequence of Theorem A.1. Using transfers
and Feshbach’s double coset formula [Fe], one first proves that
H*(BG;F,) = lim H* (B(—); F,) is an isomorphism. The proof of the vanishing of

Ap(G)
the higher deriveil functors of the inverse limit functor is also based on the existence
of a transfer for the functor H*(5(—);F,). This functor turns out to be a Mackey
functor in a sense closely related to the definition given in [Dr]. This extra structure
allows the proof to be completed.

This geometric decomposition was generalized by Dwyer and Wilkerson [D-W 3].
They formulated Theorem 5.1 in purely algebraic terms using mod-p cohomology
and also gave an algebraic proof of this theorem based on Lannes’ T—functor.

Let K denote the category of unstable algebras over the Steenrod algebra. For
any object R € K, Rector defined a category A(R) [Re 3]. The objects are given
by morphisms ¢y : R — H*(BV;F,) such that H*(BV;F,) is a finitely generated
module over R and such that V' is a nontrivial elementary abelian group. The
morphisms are given by commutative triangles

RN

H*(BV;F,) H*(BW;F,)

Lannes’ T—functor defines a functor
T7:AR) - K

given by T((ﬁv) = Tv(R, (bv)
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As a consequence of Lannes’ theory (see Appendix B), of a theorem of Dwyer
and Zabrodsky [D-Z] (see Theorem 2.1) and of a result of Quillen [Qu 1] (see 5.2),
passing to mod—p cohomology establishes an isomorphism A,(G) =2 A(H*(BG;F,)

of categories and a natural equivalence H*(3(—);F,) = 7. To reprove Theorem
5.1 in algebraic terms, Dwyer and Wilkerson also used the existence of a p-toral
Sylow subgroup P C G, which, by analogy to the p-Sylow group of a finite group,
has the properties that H*(BG;F,) — H*(BP;F,) is a monomorphism, that this
map has a left inverse as H*(BG;F, )-module homomorphism given by the transfer,
and that P has a central subgroup. Translating group theory notions into mod-p
cohomology we say that a morphism ¢y : R — H*(BV;F,) of A(R) is central if
Ty (R, ¢v) = R and that R has a nontrivial center if there exists a central morphism
in A(R). Now, Theorem 5.1 can be reformulated to

1.4 Theorem. ([D-W 3|) Let i : R — S be a morphism in K such that the
following holds:

(1) R and S are noetherian algebras.

(2) There exists a left inverse S — R of i which is both a map of R-modules
and a map over the Steenrod algebra.

(3) The algebra S has a nontrivial center.

Then lim 7= R and lim ‘7 vanishes fori > 1.
— —
A(R) A(R)

For any compact Lie group G, the mod-p cohomology H*(BG;F,) is noetherian
[Ve]. Hence, the first condition is also satisfied in the case of R = H*(BG;F,).

For objects of K with nontrivial center, it turns out that the center (which is
fixed under ”conjugations”) plays the role of an initial element in the category
A(R). This makes the proof in this case possible. For the general case, the higher
inverse limits of 7 defined on A(R) and on A(S) are compared. Using the exactness
of the T—functor, it can be shown that the higher derived inverse limits taken over
A(R) are a direct summand of the ones over A(S).

This algebraic proof of the geometric decomposition theorem allows a general-
ization to a much larger class of spaces than just compact Lie groups. One only
needs that passing to mod-p cohomology controls a sufficient part of the homo-
topy theory of a given space (for explicit conditions see [D-W 3]). In particular,
decompositions of this type exist for p—compact groups (see Theorem 5.14).

The important role which the Quillen and the Rector categories play in the
homotopy theory of classifying spaces inspired Oliver to analyse inverse limits of
general functors from the Rector category into the category of abelian groups [O1 2].
He set up a spectral sequence converging against the higher limits and computed
the E?term in terms of the endomorphism sets of single objects. Because every
endomorphism of the Rector category is an isomorphism, the objects form a poset.
This gives rise to a filtration of the functor such that the quotients are nontrivial
only on one particular object. Then, the E?-term is given by the higher limits of
these atomic functors which turn out only to depend on the automorphism set of
this object. In particular, Oliver showed that, for any noetherian algebra K over
the Steenrod algebra and any functor F' : A(K) — .Ab, all higher limits vanish
above a certain degree.

2. Maps between classifying spaces.



Sullivan [Su] (for BU(n)) and later Wilkerson [Wi 1] (in the general case) con-
structed self maps of classifying spaces of connected compact Lie groups, which are
called unstable Adams operations. That is a self map f : BG — BG which, for
a suitable k € N, induces multiplication by k% in the rational cohomology group
H?(BG; Q). In this case we say that f has degree k. The name comes from the fact
that f induces in complex K—theory a map which looks like an Adams operation
of degree k. These examples destroyed the hope that, up to homotopy, all maps
between classifying spaces are induced by homomorphisms.

These examples also motivated Adams, Mahmud and Hubbuck [A-M 1,2] [Ad]
[Hub 1,2] to study carefully the effect maps between classifying space could have in
rational cohomology. Methods and results, which are available today and which are
consequences of the generalized Sullivan conjecture (Theorem C.1), allow a more
precise analysis of such maps. Results of great importance are those of Dwyer and
Zabrodsky [D-Z] and of the author [No 2].

In contrast to the above mentioned examples of Sullivan and Wilkerson, maps
BP — BG are always induced by homomorphisms if P is a p-toral group and G
a compact Lie group. To be more explicit, let Rep(P,G) := Hom(P,G)/Inn(G)
denote the set of representations P — G, i.e. the set of all homomorphisms P — G
modulo inner automorphisms of G.

2.1 Theorem. [D-Z] [Za 4] [No 2] Let P be a p—toral group and G a compact Lie
group. Then, passing to classifying spaces induces a bijection

Rep(P,G) — [BP, BG] .
Moreover, for any homomorphisms p: P — G, there exists equivalences
BCg(p(P)) = (map(BP, BG)g,)p ~ map(BP, BG))p,, -

The map is given by the adjoint of BCq(p(P)) x BP ~ B(Cg(P)) x P) — BG
induced by the homomorphism p. The second equivalence comes from the technical
dainty that in this case passing to completion and taking mapping spaces commute
(see [J-M-O 1, Theorem 3.2] and for a general statement [B-N]). In the first part
of the statement we have to divide out conjugations by elements of GG , because for
any compact Lie group inner automorphisms induce self maps on the classifying
space homotopic to the identity [Se]. For finite p—groups Theorem 2.1 was proved
by Dwyer and Zabrodsky, and in the general case by the author. Zabrodsky also
found a proof for tori.

For an outline of the proof let us assume that P is a finite p—group. The second
part of the theorem is a consequence of the generalized Sullivan conjecture (Theorem
C.1). Taking loops in the map BCq(p(p)) — map(BP, BG})p, gives the fixed-
point set G for the source and the homotopy fixed point set Gz’g\hp for the target.
Here, the group P acts on G via the homomorphism p and conjugation. For G¥
this is obvious, and for G’Z/;hp this follows from the observation that the loop space
Qmap(BP, BG)p, is equivalent to the space of sections of the pull back fibration
of the free loop space fibration ABG — BG along the map BP — BG and the
fact that the free loop space fibration is fiber homotopy equivalent to the fibration
EG xg G — BG where G acts via conjugation on itself. The proof of the first
part goes by an induction over the order of P. The starting point is given by
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the case P = Z/p. In this case Lannes’ theory is available and gives a way to
calculate [BZ/p, BG| in terms of representations. In the induction step it only
remains left to calculate the set of homotopy classes [BP, BG]. This is done using
obstruction theory and by describing [[g.,(p o) BCa(p(P)) and map(BP, BG) as
homotopy fixed point sets of Z/p-actions on suitable spaces, which we can apply
to the induction hypothesis. The step is based on the observation that any finite
p—group P fits into a short exact sequence 1 — Py — P — Z/p — 1.

In the case of P being a p-toral group, one uses the mod-p approximation of
P by its finite p-—subgroups to achieve a generalization of the generalized Sullivan
conjecture [No 1] and a proof of Theorem 2.1.

Theorem 2.1 also allows the following corollary.

2.2 Corollary. [No 2] Let T be a torus and G a compact Lie group. Then, passing
to rational cohomology induces an injection

[BT, BG] — Hom(H™*(BG;Q), H*(BT;Q)) .

And using this corollary we can reformulate a theorem of Adams and Mahmud
as

2.3 Theorem. [A-M 1| Let G and H be two connected compact Lie groups with
mazimal tori T and Ty . Then, for every map BG — BH, there exists a homo-
morphism « : T — Ty such that the diagram

BT 2% BTy

L,

BG —— BH

commutes up to homotopy. Moreover, if B : Tg — Ty is another homomorphism
with this property, then we have 8 = w' o a for some element w' € Wy

Adams and Mahmud actually proved that the diagram commutes in rational
cohomology, and that the last identity also holds in rational cohomology. But by
Corollary 2.2 this is an equivalent statement. This theorem also led to the notion
of admissible homomorphisms. A homomorphism a : T — T} is called admissible
if for each w € W there exists a w’ € Wy such that w’ o a = a o w (notice that
for every w € W the composition « o w satifies Theorem 2.3 if o does).

Actually, this is a stronger definition than the one of Adams and Mahmud.
They were interested in maps which exist after localisation at a set of primes and
compared them with linear maps between the universal covers of the maximal tori.

Based on Theorem 2.1 and Theorem 2.3, Jackowski, McClure and Oliver set up a
program to attack the classification of homotopy classes of maps between classifying
spaces [J-M-O 1]. This program splits into several steps, which we explain next.
For a much more detailed survey of this program we refer the reader to [J-M-O 4].
For the following G and H denote connected compact Lie groups.

Step 1: admissible homomorphisms.

By Theorem 2.3 every map BG — BH gives rise to a Wy —conjugacy class of
an admissible homomorphism. For an admissible homomorphism « : Tg — Ty, let
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[BG, BH],, denote the set of homotopy classes of maps BG — BH which all give
rise to the Wy—conjugacy class of a. Then we have [BG,BH| = [[_[BG, BH],
where we take the union over all admissible homomorphisms «. The question comes
down to a classification of all admissible homomorphisms and a study of the sets
[BG, BH|,.

Adams and Mahmud proved that a homomorphism « : Tg — Ty is admis-
sible if and only if Ba* : H*(BTy; Q) — H*(BTg;Q) maps the Wy—invariants
H*(BTy;Q)W# =2 H*(BH;Q) into the Wg—invariants
H*(BTg; Q)We = H*(BG;Q) [A-M 1], which gives a necessary and sufficient con-
dition to check the first part. The following steps deal with the second part of the
problem.

Step 2: Passing to completions.

If we want to use the mod—p decomposition of BG given by Theorem 1.3, we can
only analyse maps BG — BH;\ into the p—adic completion. Sullivan’s arithemitic
square [Su] [B-K] gives a way to pass forward and back between global data on the
one side and mod—p and rational data on the other side. Because BH is simply
connected and because BH is rationally a product of Eilenberg—MacLane spaces of
even degrees, these techniques allow a proof of

2.4 Proposition. [J-M-O 1, Theorem 3.1] Let G and H be connected compact
Lie groups. For each admissible homomorphism o : Tg¢ — Ty, the map

[BG,BH|, — [] [BG.BH}].
plWa|

1 a bijection.

If p does not divide the order |Wp| of the Weyl group Wy, then there always
exists an extension of o to a map BG — BH;\, unique up to homotopy (see
Theorem 2.6). This is the reason why we only have to take into account those
primes which divide |Wg|.

So we are left with the problem of calculating the sets [BG, BH,)|q-

Step 3 : R,(G)—invariant representations.

For this step we fix a prime p. Let N,(T¢) C N(Te) C G be a p-toral Sylow
subgroup of Gj; i.e. N,(Ti)/Te C We is a p-Sylow subgroup of Wg,.

For a map f : BG — BH, Theorem 2.1 provides more information than just
the existence of an admissible homomorphism. The restriction f|g Ny (Tg) = Bp
is homotopic to a map induced by a homomorphism p : N,(Tg) — H which is
unique up to conjugation in H (and this also is true for any p—toral subgroup).
In particular, for any pair P, P» C G of p-toral subgroups and subconjugations
cg; : P; = Np(T¢) and any subconjugation ¢g : P — Pa, the compositions pocg,oc,
and pocgy, are conjugate in H. That is to say that the homomorphism p establishes
an element

pi=(pp)€ lim  Rep(P,H).
G/PeERL(G)

Homomorphisms N,(T¢) — H with this property are called R, (G)-invariant rep-
resentations of N,(T). Every map BG — BH, which comes from an integral
map gives rise to such an R,(G)-invariant representation. Thus the problem is
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now: given an admissible map « : Tz — Ty, does there exist an extension to an
Rp(G)—invariant representation p : Np(Tg) — H 7 And if so, how many conjugacy
classes are there?

There is a lack of general techniques for doing this. But in the case of H be-
ing a classical matrix group like U(n), SU(n), O(n) or Sp(n), character theory is
sufficient to check if two homomorphisms are conjugate and therefore, if a homo-
morphisms N,(T) — H is R,(G)-invariant. If G is connected, every element of G
is subconjugate to T. Thus, if H is one of the above mentioned groups character
theory also tells us that there is at most one R, (G)-invariant extension of a given
admissible homomorphism.

Finally we have to pass from R, (G)-invariant representations to actual maps.

Step 4 : From R,(G)-invariant representations to actual maps.

For this step we fix a prime p and a R, (G)-invariant representation
p: Np(Tg) — H respectively an element p = (pp)g/p €  lim  Rep(P,G). Let
G/PER,(G)
map(BG, BH Ié\) , denote the union of all components given by the counterimage of p
under the obvious map [BG,BH] —  lim  Rep(G). Using the decomposition
G/PER,H(G)
of BG of Theorem 1.3, we get map(BG, BH))), ~ map(h%co(lé)m EG xqZ,BH)),,

and applying Theorem A.2 establishes a spectral sequence calculating the homotopy
of map(BG, BH))),. Let

7 : R, (G) — p— groups  and I? : R,(G) — Ab
denote the functors given by
75 (G/P) := my(map(BP,BH)) B, ) = m,(BCu(pp);) -

(Note that for any p-toral subgroup P C G the group of components of the cen-
tralizer Cy(pp) is a finite p—group if mo(G) is one. [J-M-O 1; Proposition A.4].)
Now Theorem A.1 and Corollary A.2 take the form

2.5 Theorem. [J-M-O 1] Let p: N,(Tz) — H be a R,(G)-invariant representa-
tion. Then, there exists a spectral sequence

EYS:= lim? 1§ = 7, ,(map(BG, BH}),
G/PERL(G)

which strongly converges. In particular, the map Bp has an extension f : BG —

BH;\ if lirr(ﬁ+1 I1? vanishes for alln > 1, and there exists at most one extension
G/PER,L(G)

if lign I1? vanishes for all n > 1.

G/PeRL(Q)

The strong convergence follows from the fact that there exists an N, depending
only on G, such that the n-th higher limit of any functor defined on R, (G) vanishes
for n > N [J-M-O 1].

Now one has to face the analysis of the spectral sequences, i.e. in the first place
the calculation of the higher limits. Although this looks like a very difficult and
hard question, Jackowski, McClure and Oliver developed techniques to attack this
problem successfully in many interesting cases (see [J-M-0 1,2,3]).

We demonstrate the power of this machinery in two cases.
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2.6 Theorem. [J-M-O 4] If G is connected and if (p,|Wq|) = 1, then any admis-
sible homomorphism o : T — Ty has an extension f : BG — BHz/)\’ unique up to
homotopy.

Proof. Actually this was already proved by Adams and Mahmud [A-M] with dif-
ferent methods. For a proof, the present theory can be used as follows. Because
(p, [Wq|) =1, we have Tz = Np(T), and the category R,(G) consists only of the
object G/T¢. The set of endomorphisms is given by W¢. Hence, for any admissible
homomorphism « : T; — T, there exists a unique R, (G)-invariant representation
p=ca:Ny(Te) = Te — H. The higher limits are isomorphic to the cohomology
groups HP (Wg; ’/Tq(BTGZ/)\)) and vanish for p > 1. The associated spectral sequence
of Theorem A.1 collapses, which finishes the proof. [

The other case, which is much more difficult and much deeper concerns integral
self maps. Using their machinery, Jackowski, McClure and Oliver proved the fol-
lowing beautiful classification theorem for self maps of classifying spaces of simple
connected compact Lie groups.

2.7 Theorem. [J-M-O 1] Let G be a simple connected compact Lie group. Then
there exists a biyjection

® : [BG, BG] — {0} [[(Out(@) x {k > 1: (k. [Wal) = 1} .

For two self maps f,g: BG — BG, the following conditions are equivalent:

(1) f and g are homotopic.
(2) The restrictions f|pr, and g|pr, are homotopic.
(3) The induced maps H*(f; Q) and H*(g; Q) in rational cohomology are equal.

Moreover, for each map f: BG — BG and each prime there exist equivalences

BZ(G);,, ~ map(BG, BG)y, ~ map(BG, BGy)» -

Outline of the proof. The first step consists of a characterization of all admissible
homomorphisms T — T, which is due to Hubbuck [Hub 2] and Ishiguro [Is].
Hubbuck showed that, for G simple, every self map of BG looks in rational co-
homology like a composition of a map induced by an outer automorphism and an
unstable Adams operation of degree > 0. Ishiguro proved that, for a connected
compact Lie group G, every unstable Adams operation BG — BG has a degree
coprime to the order of the Weyl group. Putting these facts together and passing
to rational cohomology establishes the map ® of the statement.

The existence of unstable Adams operations of any degree coprime to |[Wg|
was shown by Sullivan [Su], Wilkerson [Wi 1] and Friedlander [Fr|. Hence, the
map & is surjective, and it only remains to show that rational cohomology detects
homotopy classes of self maps, or, what is sufficient, that rational cohomology
detects homotopy classes of unstable Adams operations. One has to distinguish
between the degree 0 and degrees > 1. We only consider the latter case; the first
one can be treated similiarly.

The associated admissible homomorphism of an unstable Adams operation of
degree k > 11is given by ay, : Tg — T : t — t*. In the next step one has to show
that up to conjugation there exists at most one R,(G)-invariant representation
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pr © Np(Tg) — G. For most of the classical matrix groups this follows from
character theory and in general this is done in [J-M-O 1; Proposition 3.5].

After passing to completions as described in Step 2, one finally has to calculate
the higher limits

li(gp 7q(map(BP, BG;\)B(pHP) = li(gp Wq(BCg(pk(P));\) .
G/PERL(G) G/PERL(G)
The equivalence is a consequence of Theorem 2.1. Using the fact that, for p-
stubborn subgroups P C G, the centralizer Cq(pr(P)) is equal to the center Z(P)
of P [J-M-0O 1; Lemma 1.5] and using general techniques developed for the calcu-
lation of higher limits of functors on R,(G), Jackowski, McClure and Oliver were
able to prove the vanishing of all higher limits under consideration and to show
that  lm 7 (BCa(pr(P)),) = mq(BZ(G)p). Hence, the associated spectral
G/PERL(G)

sequence of Theorem A.1 collapses. This proves the statement. (For more details
see [J-M-O 1,4].) O

I For any connected compact Lie group G, Jackowski, McClure and Oliver
applied the same method to self maps BG — BG which induce an isomorphism in
rational cohomology. There also exists a complete characterisation of all admissible
maps in terms of Dynkin diagram symmetries or outer automorphisms and unstable
Adams operations [J-M-O 3] [Mgl] [No 4]. The analogous statement as in Theorem
2.7 is true [J-M-O 3]. In particular, homotopy classes of rational self equivalences
are detected by rational cohomology as well as by the restriction to the maximal
torus.

Based on Theorem 2.7, different proofs for the same results about rational self
equivalences of classifying spaces of connected compact Lie groups are given by
Mgller [Mg@2]| and by the author [No 4].

For general self maps, the classification problem is much harder, because that in-
volves the classification of all maps between classifying spaces of connected compact
Lie groups. In their work, Jackowski, McClure and Oliver constructed examples
contradicting all reasonable conjectures one could make; e.g. they found a pair
of non homotopic maps f,g : B(SO(3) x SO(3)) — BSO(25), whose restrictions
to BN(T¢) are homotopic. Hence, homotopy classes of maps between classifying
spaces cannot be detected by any cohomology theory in general.

What is known beyond this point ? One can look at self maps BG} — BG)) of
completed classifying spaces. For connected compact Lie groups similar results are
obtained. The ”completion” of Corollary 2.2 and of the Adams—Mahmud theorem
(Theorem 2.3) are proved by Adams and Woijtkowiak [A-Wo] and by Smith and
the author [N-S 1], the completion of Theorem 2.6 by Woijtkowiak [Wo 3] and the
completion of Theorem 2.7 is due to Jackowski, McClure and Oliver [J-M-O 3].

Mgller studied self maps of classifying spaces of nonconnected compact Lie groups
[Mg@3]. Every compact Lie group G gives rise to a fibration Fib(G) : BGy —
BG — Bm := Bmy(G). Every self map f : BG — BG establishes a self map
Bp : Bt — Br which is induced by a homomorphism. A rational self equivalence
of BG is defined to be a fiber self map (f, Bpy), such that f|gg,; BGo — BGy
induces an isomorphism in rational cohomology. Let eg(BG) denote the monoid
of all vertical homotopy classes of rational self equivalences of BG. By definition
there is a monoid map

eo(BG) — eg(BGy) x End(m)
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where End(—) denotes the set of endomorphisms of a group, and where eg(BGj)
is actually the monoid of ordinary homotopy classes of rational self equivalences.
The second coordinate of the map takes image among homomorphisms because a
vertical homotopy induces a pointed homotopy on the base.

Let g := f|Bg, be the restriction on the fiber. The pull back via Bp establishes
an induced fibration Bp*Fib(G). Mgller also constructed a fibration g, Fib(G) by
imitating the push out for groups. Let eg a(BGo, Bm) C eg(BGo) X End(m) be the
subset of all pairs (g, p) such that Bp*Fib(G) and ¢.Fib(G) are fiber homotopy
equivalent fibrations. Mgller proved the following classification result for rational
self equivalences of nonconnected compact Lie groups.

2.8 Theorem. [Mg3| For every compact Lie group G , there exists a short exact
sequence of monoids

1 — H'(m(G); Z(G)) — €g(BG) — eg,c (BGo, Bro(G)) -

The action of my(G) on the center Z(G) is induced by conjugation. Using the
analogue of Theorem 2.7 for connected compact Lie groups, this gives a complete
classification of homotopy classes of rational self equivalences of classifying spaces
of compact Lie groups.

More recently, Jackowski and Oliver used the method described to analyse maps
BG — BU(n). In fact, they stabilized such maps in the same sense as is done for
honest representations in U(n). They defined

K(BG) = Gr(][[BG, BU(n)))

n>0

as the Grothendieck group of the monoid [[,[BG, BU(n)]. The monoid structure
is inherited from the Whitney sum of vector bundles. There is also a multiplication
which comes from the tensor product of vector bundles. Of course, this definition
makes perfect sense for topological spaces, and, if X is a finite CW-complex, then
we have K(X) = K(X) = [X,Z x BU].

For every prime, restriction to a p-toral subgroup P establishes a map

R:KBG) — [[ K@BP).

PCG
all primes

Using Theorem 2.1 , for p-toral groups, we can identify K(BP) with the represen-
tation ring R(P). Let Op(G) C O(G) denote the full subcategory of the objects
G /P, where P is a p—toral group for some prime. So, what is the image and the
kernel of R 7

Passing from homomorphisms to maps between classifying spaces and from
BU(n) to BU gives rise to a sequence of maps

R(G) — K(BG) — K(BG).
from classical representation theory to K(BG) and to complex K-theory.

Let Ir(G) denote the augmentation ideal of R(G). Then, Atiyah [At 1] (for
finite groups) and Atiyah and Segal [A—S] (for general compact Lie groups) showed
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that Ir(G)—adic completion induces an isomorphism R(G)?R(G) 5K (BG). How

does the group K(BG) fit into this picture? Functorial properties establish a com-
mutative diagram

R(G)
(3) agl
K(B

The following statement, due to Jackowski and Oliver, answers the above ques-
tions.

R(G)Ty )

s

Ac
ag
Ba
) — s K(BG)

IR

G

2.9 Theorem. [J-O] For every compact Lie group G, the map R induces an iso-

morphism K(BQG) = lim R(P). Furthermore, in diagram (3), we have ker(Ag) =
O»(G)

ker(ag) and Bg is a monomorphism.

The kernel of Ag is known. It is given by all representations of G whose restriction
to p—th power elments of GG is trivial. For example, for connected compact Lie
groups, Ag as well as @ are monomorphisms. Jackowski and Oliver also computed
the image of B¢ and identified it with the formally finite elements of K(BG) (see
[Ad]). These are elements of K(BG) which are mapped on 0 by A—operations of
large degree.

As usual, when proving a statement about homotopy classes of maps, the full
mapping space has to be considered. There is a parallel construction leading to
a Grothendieck group K(BG) := Gr([],, map(BG,BU(n)). The disjoint union
L1, map(BG, BU(n) gets a monoid structure from the map BU(n) x BU(m) —
BU(n + m) which is induced from the Whitney sum of vector bundles. Then
Jackowski and Oliver used a refinement of the above general approach to calculate
the homotopy groups of K(BG). These calculations give a proof of Theorem 2.9.

Jackowski and Oliver also looked at real vector bundles over classifying spaces
of compact Lie groups and got similar results as in Theorem 2.9 [J-O].

3. The Steenrod problem : Realizations of polynamial algebras.

Steenrod posed the question, which polynomial algebras over F,, appear as the
mod—p cohomology of a topological space [St]? Examples are provided by clas-
sifying spaces of connected compact Lie groups. For a connected compact Lie
group G the mod-p cohomology H*(BG;T,) is polynomial for almost all primes
(in particular for primes coprime to the order of the Weyl group and in several
cases for all primes). If this is the case, a result of Borel [Bo 1] tells us that, at
least for odd primes, the inclusion of the maximal torus 7 — G induces an iso-
morphism H*(BG;F,) &2 H*(BTg;F,)"Ve. For primes not dividing the order of
Weg, a straightforward calculation of a Serre spectral sequence shows that the map
BN(Tg) — BG is a mod-p equivalence. This observation led Clark and Ewing
to a construction of several exotic examples of spaces with polynomial cohomology
[Cl-Ew]. They considered finite pseudo reflection groups W — Gi(n, Zj), whose
order is coprime to p. That is the map is a monomorphism and W is generated by
pseudo reflections. And a pseudo reflection is a linear map of finite order, which
fixes a hyperplane of codimension 1. Every such group induces an action on the
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Eilenberg-MacLane space K := K(Z)",2). Then, the mod-p cohomology of the
Borel construction EW xy K is given by the invariants and is polynomial by a
theorem of Chevalley [Ch]. Here, exotic means that these spaces are not equivalent
to the completion of a classifying space of a compact Lie group.

Later Adams and Wilkerson gave criteria which ensure that a polynomial al-
gebra on n-generators over the Steenrod algebra is isomorphic to the invariants
of a pseudo reflection group W — Gl(n,F,) acting on the polynomial part Py
of H*((BZ/p)";F,) [A-W]. For odd primes, Dwyer, Miller and Wilkerson showed
that, for a polynomial algebra P = H*(X;F,) given by the mod-p cohomology
of a space, these conditions are always satisfied and that the associated pseudo
reflection group W — Gl(n;F,) always lifts to Gl(n; Z;)) [D-M-W 2].

3.1 Theorem. [A-W]| [D-M-W 2| Let p be an odd prime. Let P b a polynomial
algebra over the Steenrod algebra. If P = H*(X;TF,), then there exists a pseudo
reflection group W — Gl(n,; Z7)) such that P = (Py)W.

Based on this result, Dwyer and Wilkerson proved the following realization and
uniqueness theorem for plynomial allgebras.

3.2 Theorem. [D-M-W 2| Let P be a polynomial algebra over the Steenrod algebra
generated by elements of degree coprime to p. Then there exists a p—complete space
X, unique up to homotopy, with H*(X;F,) = P.

All these algebras are realized by the examples of Clark and Ewing. For a proof
of the uniqueness see the proof of Theorem 4.2.

Theorem 3.1 also shows that, for odd primes, a solution of Steenrod’s problem
asks for a classification of pseudo reflection groups over the p-adic integers. Clark
and Ewing gave a complete list of all p—adic rational irreducible reflection groups
W — GI(U) where U is a vector space over the p-adic rationals. So, slightly
changing the problem, one might ask for a realization of these irreducible p—adic
rational pseudo reflection groups. Notice that the classifying space of every simple
connected compact Lie group realizes one of the irreducible pseudo reflection groups,
but not every of these spaces has polynomial mod-p cohomology.

Besides the Clark—-Ewing spaces, computations of Quillen on the mod-p group
cohomology of general linear groups over finite fields of characteristic coprime to
p [Qu 2] and adhoc constructions of Zabrodsky [Za 1] gave further spaces whose
mod—p cohomology is polynomial. In these cases the order of the associated pseudo
reflection group is not coprime to p, which makes constructions much more difficult.
The examples of Quillen and Zabrodsky as well as the examples we discuss next
realize irreducible pseudo reflection groups.

More recently, Aguadé [Ag] and Dwyer and Wilkerson [D-W 4] approached
the Steenrod question using ideas from the decomposition theorems for classify-
ing spaces. Aguadé looked at diagrams similar to the decomposition diagram of
BSO(3) (see Section 1, diagram (2)). For a pair of groups H C G he considered the
category C(G, H) with two objects 0 and 1 and morphism sets given by End(0) = G,
End(1) = {1}, and Hom(0,1) = G/H and Hom(1,0) = (), constructed a ”nice”
functor C(G, H) — Top into the category of topological spaces and took the homo-
topy limit of F. The Bousfield-Kan spectral sequence of Theorem A.1 gives a tool
to compute the mod—p cohomology of the homotopy colimit. Hopefully all higher
limits involved vanish.
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3.3 Theorem. [Ag| Let H C G be a pair of finite groups. If, for any F,[G]-module
M, restriction induces an isomorphism H*(G,M) = H*(H, M), then there exists
a functor F : C(G, H) — Top such that H*(F(0);F,) =: P is a polynomial algebra
generated by elements of degree 2, such that H*(F(1);F,) = P and such that
H*(hocolim F;F,) = P%.

C(G,H)

Aguadé applied his result to several cases of the Clark—Ewing list, covering the
examples of Zabrodsky and producing some new spaces with polynonial mod—p
cohomology. He also reconstructed the classifying spaces of the exeptional Lie
groups Eg, E7, Eg at those primes which do not appear as torsion primes in the
integral homology of the particular group.

Dwyer and Wilkerson chose an approach based on the algebraic decomposition
via centralizers of elementary abelian subgroups (Theorem 1.3 and Theorem 1.4).
They found a space whose mod-2 cohomolgy is given by the Dickson invariants in
dimension 4.

3.4 Theorem. [D-W 4] There exists a space X with

H*(X;Fy) & H*((BL/2)% F) /%) = D(4) .

Outline of the proof. The idea of the proof comes from the fact, that there exists
an algebraic decomposition of D(4) over the Rector category of D(4) (Theorem
1.4) and that the topological realization should give a topological decomposition
of such a space. For each object ¢ : D(4) — H*(BV;Fy) of the Rector category
As(D(4)), a calculation of the pieces Ty (D(4);¢) of the algebraic decomposition
shows that these algebras are given by the mod-2 cohomology of BCgynr)(V)
for a suitable inclusion V' C Spin(7). Here, V is an elementary abelian 2-group
of dimension < 4. In the next step Dwyer and Wilkerson constructed a functor
F : Ay(D(4)) — HoTop into the homotopy category of topological spaces, which
realizes the algebraic data. This is the hard part of the matter. Beside the solution
in this special case, Dwyer and Wilkerson approached such questions in a more gen-
eral context, including algebraic decomposition of spaces whose mod-p cohomolgy
satisfies the assumptions of Theorem 1.4 [D-W 8].

Because homotopy colimits do not exist in the homotopy category, one has fi-
nally to find a lift £ : Ay(D(4)) — Top of F. For such a need, Dwyer and Kan
had developped an obstruction theory [D-K 1,2]. In the case under consideration
the obstruction groups are given by some higher limits of a functor on Ay(D(4))

with the homotopy groups of map(F (), F(¢))iq- as values. The functor F takes
image among the classifying spaces of certain subgroups of Spin(7) and, passing
everywhere to completions, the mapping spaces can be identified with centers (see
Theorem 2.7 and extensions). This allows a proof of the vanishing of the obstruc-
tion groups and of the existence of F. The mod-2 cohomology of the homotopy

colimit ]AO%%Z(ZZ{)LF can be computed using the spectral sequence of Theorem A.1.
2

Theorem 1.4 proves the vanishing of all higher limits involved. This finishes the
proof. [

An Eilenberg-Moore spectral sequence argument shows that, for every space X
with polynomial mod-p cohomology, the cohomology H*(2X;F,) of the loop space
is finite. That is that X is the classifying space of a connected p—compact group. In
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Section 5, we show that every connected p—compact group comes with an associated
pseudo reflection group W — Gl(n; Q;)\. This group W plays the same role as Weyl
groups do for connected compact Lie groups. In this sense the example of Dwyer
and Wilkerson gives a realization of another irreducible pseudo reflection group at
the prime 2, although the group GI(4,F;) does not lift to Zfrm—e. (Gi(4,F;) is
not the Weyl group of the Dwyer—Wilkerson example.)

The Eilenberg-Moore spectral sequence argument also shows that the solution of
Steenrod’s problem is closely related to the classification of all connected p—compact
groups, which we will discuss in Section 5.

4. Homotopy uniqueness of classifying spaces.

Connected compact Lie groups are very rigid objects. A few combinatorial data
are sufficient to distinguish between two connected compact Lie groups; e.g. Dynkin
diagrams classify the local isomorphism types of semi simple connected compact
Lie groups, or the isomorphism types of simply connected compact Lie groups.

Surprisingly, classifying spaces of connected compact Lie groups also seem to
be very rigid objects. The algebra H*(BG;F,) considered as an algebra over the
Steenrod algebra determines the homotopy type of the p-adic completion BG;\ in
a large number of cases. This is what we mean by the homotopy uniqueness of the
classifying spaces of connected compact Lie groups. The first results of this type
were proved by Dwyer, Miller and Wilkerson [D-M-W 1,2]. We say that two spaces
X and Y have the same mod-p type if H*(X;F,) = H*(Y;F,) as algebras over
the Steenrod algebra.

4.1 Theorem. ([D-M-W 1]) Let G = SU(2) or G = SO(3) and let X be a p-
complete space. Then the spaces X and BG have the same mod—p type if and only
iof they are homotopy equivalent.

4.2 Theorem. ([D-M-W 2]) Let G be a connected compact Lie group and let X
be a p—complete space. Asume that (p,|Wq|) =1, Then the two spaces X and BG
have the same mod—p type if and only if they are homotopy equivalent.

For U(2), McClure and Smith proved the analogous result of Theorem 4.1 [McC—
S]. The second theorem is a special case of Theorem 3.2 and also covers Theorem
4.1 for odd primes. To give the reader an idea of the techniques used for the proof
we outline the proof of the second theorem. The main idea is to combine Lannes’
theory (see Appendix B) and the Dwyer-Zabrodsky theorem (Theorem 2.1) into a
powerful tool.

Proof of Theorem 4.2. By assumption, p is an odd prime not dividing the order of
W¢. By [Bo 1], this implies that H*(BG;F,) & H*(BTq;F,)"¢ . We fix such an
isomorphism and try to realize it by a topological map. As a first step we construct
a map f: BT — X which looks in mod-—p cohomology like the map Bi : BT —
B@G. By Theorem B.1, the composition H*(X;F,) = H*(BG;F,) — H*(BV;F,)
has a topological realization fy : BV — X where V C T is a maximal elementary
abelian subgroup. Because p is odd, we have Cg (V') = T for the centralizer of V'
in G [D-M-W 2]. The application of the T—functor and Theorem 2.1 establish a
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diagram
Ty (H*(X;Fp), f*) ——  H*(map(BV, X))

|

Ty (H*(BG;F,), Bi*) —— H*(map(BV, BG))y,;F,) —— H*(BTw:F,) .

Because BTG;\ is simply connected, the lower left arrow is an isomorphism (Theo-
rem B.2) and so is the upper arrow, since Ty (H*(X;F,), f*) vanishes in degree 1
(Theorem B.2). The mod-p cohomology determines the homotopy type of BTG;\.
Hence, the mapping space map(BV, X); and BTG;,\ are equivalent. Again by The-
orem B.2, the action of Wg on V fixes the component of f, for it does it cohomo-
logically, and establishes a second action of W on BTG;,\. Mod—p, both actions
are equivalent, which follows from the above sequence of isomorphisms. For an
appropriate basepoint of BV, the evaluation map(BV,X); — X induces the de-
sired map f : BTG;\ — X, which is Wg—equivariant as well as Bi, where W acts
trivially on BG and on X.

Because p is coprime to |W¢/|, both actions of W on BTG;\ are equivalent over
the p-adic integers. Passing to the Borel construction yields a map EWg Xw,
BTs — X. Again, because p, [W¢|) = 1 we have a sequence of maps
BG) < BN(Tg), ~ (EWg Xw, BTg), — X. A straight forward calculation of
the mod—p cohomology shows that both arrows are homotopy equivalences, which
finishes the proof. [

For p = 2 and G = SO(3), Dwyer, Miller and Wilkerson used the pushout
diagram of BSO(3) described in Section 1 (diagram (1)). Given a space Y with
the same mod-2 cohomology, they constructed maps from all pieces of this diagram
into Y and showed that the associated diagram

BD(8) — BO(2)

! !

By —— Y

commutes up to homotopy. This is the hard part of the proof and again based
on combining Lannes’ theory with the Dwyer—Zabrodsky theorem (notice that
O(2) = Cs0(3)(Z/2)). The above diagram establishes a homotopy equivalence
BSO(@3)frm—e — Y. For G = SU(2), the homotopy uniqueness is proved with
the help of the sequence of fibrations BZ/2 — BSU(2) — BSO(3) — B?Z/2.

In general, mod-p cohomology is not sufficient to characterize the homotopy
type of BG for connected compact Lie groups G; e.g. the spaces B(SU(p?) x S1)
and B(SU (p?) xy /pS 1) have isomorphic mod—p cohomology, but are not homotopy
equivalent [No 5; 9.6]. For non simply connected compact Lie groups one needs a
little extra information. Let X be a p—complete space with the same mod—p type
as BG. As shown above there exists a map BTG;\ — X and another Wg—action
on BTGQ making the map equivariant (for p = 2 one needs an extra assumption
(see [No 5]). We say that X has the p-adic type of BG if it has the same mod-—p
type and if both actions of W on BTG;\ are p—adically equivalent. Actually, this
is a rough version of the technical definition given in [No 5] but hits the heart of
the matter. We say that BG is p-torsion free if H*(BG;Z) has no p-torsion. In
[No 5], the following homotopy uniqueness result is proved.
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4.3 Theorem. ([No 5]) Let p be an odd prime. Let G be a connected compact Lie
group such that BG is p—torsion free. Let X be a p—complete space.

(1) If X has the mod—p type of BG, then there exists a connected compact Lie
group H such that X and BH have the same p—adic type.

(2) The space X has the p-adic type of BG, if and only if X and BG;\ are
homotopy equivalent.

(3) IfG is simply connected, if G is a product of unitary groups, or if (p, |[Wg|) =
1, then X has the mod—p type of BG if and only if X and BGZ/,\ are homotopy
equivalent.

For p = 2 similar results are true for quotients of products of unitary and special
unitary groups, but one has to exclude SU(2) = Sp(1) as factor. For odd primes,
this covers all classical matrix groups and among the exeptional Lie groups only a
few cases are missed (for a complete list see [No 5]).

The proof of Theorem 4.3 is heavily based on the work of Jackowski, McClure
and Oliver, their decomposition of BG via p—stubborn subgroups and their analysis
of self maps of BG. The idea is to construct the identity id : BG) — BG)
purely by algebraic means. The assumption that BG is p-torsionfree is essential
for the proof. In particular, it implies that H*(BG;F,) & H*(BTg;F,)"e [Bo 1]
which makes calculation with the Lannes T—functor easier. Furthermore, Oliver’s
computation of the p-stubborn subgroups of the classical matrix groups [Ol 1]
allows a sufficient understanding of the category R,(G) in these cases. The proof
also uses the classification of connected compact Lie groups. For simple simply
connected Lie groups, the proof is done by a case by case checking and differs only
in details from the one for U(n).

To demonstrate the ideas we consider the case of G = U(n) and an odd prime.
We fix an isomorphism H*(X;F,) = H*(BU(n);F,). As in the proof of Theorem
4.2, we construct a "maximal torus” fr : BTU(n)]/g\ — X and another action of
Wy@m) = X on BTU(n)Q. By construction, the two representations py(n), px :
Wy @y — Gl(n; Z7), associated to the two actions of Wi,y on BTy (), , are equiv-
alent mod-p. Because the standard permutation representation over F, has only
one p—adic lift [No 5: Proposition 11.1], the two representations are p—adically con-
jugate, and we assume they are equal. That is to say that d : BTU(,L);\ — BTU(n)Q
is an ”admissible” map. (For a general connected compact Lie group there may
exist several, but finitely many p-adic liftings, and each of them is associated with
a possibly different connected compact Lie group.)

The classifying space BN (Ty(,)) of the normalizer of Ty(,) can be thought
of as the homotopy colimit of the diagram D given by the action of Wy (,,) on
EN(Tym))/Tvu@m) =~ BTyn). Then, by Corollary A.2, the obstruction for extending
fr toamap fy: BN(Ty(,)) — X lie in the groups

H* P Wy (s T (map(BTy (), X) 1) = H* T (Wi (ny, 7 (BT (n)p)
=~ H* (S (Z)")

which vanish for odd primes. In this case, the higher limits are given by group
cohomology. The first isomorphism follows from a lemma we will mention in a
moment.

Thus, the extension fy : BN (Ty,)) — X exists and for every object U(n)/P €
Rp(U(n)) we define amap fp := fn|p : BP — X. We have to show that this gives
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rise to an R, (U(n))-invariant representation. First one shows that the triangle

H*(BN (Ty(n)); F

/\

H*(X n)Q]Fp)

commutes. This is based upon proving that the map
H*(BU(n);F,) — H*(BTy(n);Fp) has only one lift to H* (BN (Ty(,)); Fp). Using
this mod-p information one shows that all triangles

BP BP’
fp
N
X

given by morphisms in R,(U(n)), commute up to homotopy. This is the trickiest
part of the proof and uses Oliver’s explicit description of p—stubborn subgroups of
U(n) [Ol 1] and a lemma which, for any abelian p-toral group A, calculates the
mod-p cohomology of the mapping space map(BA, X) [No 5; Theorem 10.1]. That
tells us that the maps fp define an R,(U(n))-invariant representation.

Finally, one has to show that this R, (U (n))-invariant representation extends to a
map [ : %oc(ojl(iq; EU(n) Xy(m) T — X, which, because X is p-complete, establishes

"

14

a homotopy equivalence BU(n);\ — X. The obstruction groups for this exten-

sion are given by higher limits of the functor ILX (U(n)/P) := m;(map(BP, X) ¢,
(Corollary A.3 or Theorem 2.5). Fortunately, the mapping spaces map(BP, X) ¢,
are computable and there exists a natural equivalence HX = HU(n), where HU(n)
is the functor given by replacing X by BU(n);. As Jackowskl McClure and ohver

showed [J-M-O 1], all higher limits of ng(n) vanish and so do all obstruction groups
involved. This finishes the proof of Theorem 4.3.
We finish this section with

4.4 Conjecture. Theorem 4.3 holds for every connected compact Lie group.

5. Lie group theory for finite loop spaces and p—compact groups.

The starting point of this theory was an idea of Rector [Re 1,2], who suggested
studying a compact Lie group G (as Lie group) by looking at its classifying space
BG and expressing classical Lie group notions in terms of classifying spaces. This
would allow Lie group theory to be applied to a much larger class of spaces, namely
finite loop spaces.

A loop space L := (L, BL, e) consists of a pair of spaces L and BL, BL pointed,
and a homotopy equivalence e : QBL ~ L defining a loop structure on L. The space
BL is called the classifying space of L. A loop space L inherits properties from
the space L, e.g. a loop space is called finite, if H*(L;Z) is a finitely generated as
graded abelian group (usually, one asks for an equivalence between L and a finite
CW—complex, but the homological condition is sufficient for most of the results
about finite loop spaces). Examples of finite loop spaces are given by compact
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Lie groups. For every compact Lie group G, there exists a canonical equivalence
e : QBG ~ G which establishes a finite loop space structure (G, BG,e) on G.

Rector gave definitions for subgroups, maximal tori and Weyl groups of a finite
loop space[Re 1,2] and used this "Lie group theory” for a study of loop space
structures on S3. In particular, he showed that there exist uncountable many loop
structures on S? (compare this with Theorem 4.1) and, with the help of McGibbon
at the prime 2 [McG], that the property of admitting a maximal torus distinguishes
the genuine loop space structure of all the others [Re 1].

The real break through in this theory was by Dwyer and Wilkerson [D-W 5].
Instead of looking at finite loop spaces, they passed to p-adic completions and
called a loop space X := (X, BX,e) a p-compact group if X is F,~finite and if BX
is a p—complete space. The latter if-part is equivalent to the condition that X is
p-complete and that mo(X) is a finite p-group. Again, the main examples are given
by compact Lie groups. But the triple (GQ, BG;\, e) is only a p—compact group if
7mo(G) is a finite p—group. As already mentioned in Section 3, further examples are
given by pairs (2BX, BX), where BX has polynomial mod—p cohomology.

In contrast to finite loop spaces, Dwyer and Wilkerson showed that every p—
compact group has a maximal torus and a Weyl group with similar properties known
for classical Lie group theory [D—W 5]. This astonishing similarirty was extended by
the same people and by Mgller and the author [M-N 1] to the philosophical theorem
that p—compact groups enjoy almost every property of compact Lie groups.

If you believe in this similarity , then the game goes as follows: You take your
favourite theorem about compact Lie groups, you translate it into the language of
classifying spaces or p—compact groups and you try to find a "new” proof in these
terms. If you are successful, you get a new and interesting result about classifying
spaces or p—compact groups. There is a lack of a notion of the Lie algebra. But,
when proving conjectures suggested by classical Lie group theory, the existence
of maximal tori and Weyl groups and an induction principle, due to Dwyer and
Wilkerson [D-W 6], are a good replacement for the Lie algebra.

Next we set up part of the dictionary (for p—compact groups) and try to explain
what the new techniques in the proofs are. Several of the notions have also a
straightforward translation into the category of finite loop spaces.

5.1 special p—compact groups: The component X of the unit of a p—compact
group X is given by one component of X or by the universal cover of BX. A p-
compact torus is a triple (T, BT, e) where T' ~ K (Zl/,\”, 1) is an Eilenberg—MacLane
space of degree 1. A p—compact group X is called toral if X is a p-compact torus,
finite if X is homotopically discrete, and abelian if map(BX, BX);q ~ BX. For
honest abelian compact Lie groups, the last definition is actually a theorem.

5.2 Homomorphisms: A homomorphism f : X — Y is a pointed map
Bf : BX — BY. The homomorphism f is an isomorphism if Bf is a homotopy
equivalence. It is a monomorphism if the homotopy fiber Y/X of Bf is I, finite or
equivalently if H*(BX;F,) is a finitely generated module over H*(BY;F,) ([D-W
5; Prposition 9.11]). This also defines subgroups. These definitions are motivated
by the fact that every monomorphism p : G — H of compact Lie groups estab-
lishes a fibration H/G — BG — BH and by a theorem of Quillen saying that p
has a finite p—torsion free kernel if and only if H*(BG;TF,) is finitely generated over
H*(BH;T,).
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A short exact sequence X — Y — Z of p—compact groups is a fibration BX —
BY — BZ.

Two homomorphisms fi, fo : X — Y are conjugate if Bf; and Bf; are freely
homotopic. A subgroup 7; : X; — Y is subconjugate to another subgroup s :
X9 — Y if there exists a homomorphism j : X; — X5 such that i5j and i, are
conjugate.

5.3 Elements of p—compact groups: An element of a p—-compact group X of
order p™ is a monomorphism Z/p"” — X.

5.4 Proposition. [D-W 5; Proposition 5.4] Every p—compact group X has an
element of order p.

For a proof of such a statement in classical Lie group theory, usually a 1-
dimensional parametrized subgroup is constructed with the help of the tangent
bundle, i.e. a subgroup isomorphic to S'. So we need a "new” proof.

[a¥)

Proof of 5.4. For a compact Lie group G the composition GP~! 22 {(gy,...,g,) €
G?|1l;9; = 1} — G? — GP/A(G) is a homeomorphism and Z/p equivariant,
where A : G — GP is the diagonal embedding and where Z/p acts on GP via
cyclic permutations. The fixed-point set (GP~1)%/P 2 (GP/G)”/P equals the set of
elements of order p.

Now we can argue for p—compact groups. The diagonal A : X — X? is a Z/p—
equivariant homomorphism and establishes a Z/p—equivariant fibration X?/X —
BX — BXP. Taking homotopy fixed points yields a fibration

/
(XP/X)M2/P — BX"2/P ~ map(BZ/p, BX) ENA (BXP)'2/P ~ BX |

The equivalence follows from the identities map(Z/p, BX) = BX%/P of 7./p-equi-
variant spaces and

BX ~map(EZ/p, BX) = map(EZ/p Xz, Z/p, BX) = map(EZ/p x Z/p, BX)Z/p
~map(EZ/p, map(Z/p, BX))"/? ~ (BX"/P)M" /v,

This argument also shows that the map A"2/P is given by the evaluation at the
basepoint.

Because X is a loop space with H*(X;F,) being finite, the Euler characteristic
x(XP~1) = x(XP/X) vanishes. Therefore, by Smith theory for homotopy fixed
points (Theorem C.3), we have x(X?/X)"/P) = 0 mod p. The constant map
const : BZ/p — BX gives rise to one homotopy fixed point of X?/X (for compact
Lie groups this is given by the unit) which belongs to a contractible component as
the above fibration shows. Hence, this component has Euler characteristic 1. Thus,
there must be another one which gives rise to a nontrivial map BZ/p — BX.
Because of the structure of H*(BZ/p;F,) this has to be a monomorphism. [

With similar methods Dwyer and Wilkerson showed that, if X is connected, every
elemnt of order p™ has a p—th root, i.e. every monomorphism Z/p™ — X extends to
Z/p"*!. Taking p-th roots up to infinity defines a map BS')) ~ (BZ/p™); — BX,

which establishes a monomorphism S 1;\ — X of p—compact groups.

5.5 Centralizers: For a homomorphism f : Y — X of p-compact groups we
define the centralizer Cx (f(Y')) by the equation BCx (f(Y)) := map(BY, BX)p;.
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If Y is abelian, i.e. Cy(Y) 2 Y, the homomorphism f factors over Cx(f(Y)).
Evaluation induces a map BY x BCx (f(Y)) — BX and therefore a homomorphism
Y x Cx(f(Y)) — X of p-compact groups. If Y is a p-compact toral group ,
the centralizer is again a p—compact group [D-W 5; Propositions 5.1 and 6.1].
The motivation for this definition comes from Theorem 2.1, which says that for
a homomorphism p : P — G from a p—toral group into a compact Lie group the
above defining equation is actually a homotopy equivalence.

For finite loop spaces this definition does not make that much sense, because
Theorem 2.1 is not true integrally (see [No 2] or [Za 4]).

5.6 Maximal tori: A monomorphism 7' — X of a p—compact torus T into a
p-compact group X is a maximal torus if Cx (T') is a p-compact toral group and if
Cx(T)/T (T is abelian) is homotopically discrete.

For a finite loop space L, we call a monomorphism 7' — L of an honest torus
considered as finite loop space into L a maximal torus if rk(T") = rk(L). Here,
following a result of Hopf [Ho], the rank is given by the transcendence degree of
H*(BL,Q) over Q. This definition is the original one of Rector [Re 1,2]. It can be
pushed forward to p—compact groups by completion and is then equivalent to the
above one [M-N 2.

The first definition is motivated by the fact that, for connected compact Lie
groups, the maximal torus is self centralizing, and the second by the fact that the
rank of a connected compact Lie group, defined as above, equals the dimension of
the maximal torus.

5.7 Theorem. [D-W 5; 8.11, 8.13 and 9.1] Let X be a p—compact group. Then,
X has a mazximal torus Tx — X and any two maximal tori are conjugate.

In general, finite loop spaces do not enjoy this property, as the examples of
Rector show [Re 1].

Outline of the proof. Without loss of generality we can assume that X is connected.
Then, by 5.3, there exists a monomorphism S! — X. If the centralizer C :=
Cx (S?1) is smaller than X, it has a maximal torus 7 — C' by induction hypothesis.
And the composition T"— C — X is a maximal torus of X. Here, the size of a
p—compact group is given by the cohomological dimension, i.e. the highest degree
of a non vanishing mod-p cohomology class, and the number of components. If C
and X have the same size, one can show that C = X, that S' C X is a central
subgroup, that there exists a short exact sequence S' — X — X := X/S! of
p-compact groups and that X is smaller than X. By induction hypothesis, there
exists a maximal torus T — X. Because every extension of a torus by a torus is
again a torus, a pull back yields a maximal torus of X. The induction starts from
finite groups or from p—compact toral groups, for which the first part is obvious.

For a classical proof of the second part, usually the fixed point set G/T7)*2 is
analysed, where T7,Ty C G are two different maximal tori of G. Every fixed point
conjugates T into 7;. By the general philosophy, fixed-points are replaced by
homotopy fixed—points and Smith theory is still available. In a little more detail,
the pull back diagram

X/Ty, —— E —— BT,

H J l

X/Ty, —— BTy —— BX
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given by two maximal tori T7,T» C X, establishes a Ty—proxy action on X/T7.
(For proxy actions see Appendix C.) Every homotopy fixed point is a section in the
upper row and defines a lift from BT, into BT} and therefore conjugates Ty into
Ty. The set (X/T1)" is F,~finite and for the Euler characteristics we have the
identity x((X/T1)"*?) = x(X/T1) # 0 (Theorem C.5 and C.6). The inequality is
shown in [D-W 5; 9.5] (see also Theorem 5.9). This shows that there exists at least
one homotopy fixed point. [

5.8 Weyl spaces and Weyl groups: Let Tx — X be a maximal torus of
a p—compact group X. We think of BTx — BX as being a fibration. Then, the
Weyl space Wx is defined to be the space of all fiber maps over the identity. By the
arguments in the proof of the second part of Theroem 5.7 we have a proxy action of
Tx on X/Tx and an equivalence Wx ~ (X/Tx )" . This fact was used by Dwyer
and Wilkerson to show that Wy is homotopically discrete and that Wy := mo(Wx)
is a finite group under composition. Because all maximal tori are conjugate, the
definition of Wx does not depend essentially on the chosen maximal torus. Dwyer
and Wilkerson also proved the following analogues of well known results about
compact Lie groups.

5.9 Theorem. [D-W; 9.5 and 9.7] Let Tx — X be a mazimal torus of a connected
p—compact group X of rank n. Then the following holds:

(1) The order of Wx is equal to the Euler characteristic of X/Tx.
(2) The action of Wx on BTx induces a faithful representation

Wx — GI(H*(BTx;Z}) ® Q) = Gl(n; Q))

whose image is generated by pseudo reflections, i.e. Wx 1is a pseudo reflec-
tion group.
(3) The map H*(BX;Z)) ® Q — (H*(BTx; Z}) @ QWX is an isomorphism.

One cannot expect that the Weyl group is always generated by honest reflections,
as examples of Clark and Ewing show.

The proof of the first part follows from the above equivalence between the Weyl
space and the homotopy fixed point set and because (X/Tx)"** and X/Tx have
the same Euler characteristic (Theorem C.5 and formula C.6). The second part is
a consequence of the third which is the difficult part of the proof.

5.10 Normalizers and p—normalizers of the maximal torus: Again we
think of a maximal torus as being a fibration BTx — BX. The Weyl space Wx
acts on BT via fiber maps. This establishes a monoid homomorphism Wx —
aut(BTx) where aut(BTx) denotes the monoid of all self equivalences of BTx.
Passing to classifying spaces establishes a map BWx — Baut(BTx) which can be
thought of as being a classifying map of a fibration BTx — BN (Tx) — BWk.
The total space gives the classifying space of the normalizer N(Tx) of Tx. This
construction is nothing but the Borel construction.

In general BN (Tx) is not a p—compact group, because Wy is not a finite p—
group. Let W, be the union of those components of Wx corresponding to a p-Sylow
subgroup W), of Wx. The restriction of the above construction to W, gives the
classifying space of the pnormalizer N,(Tx ), which is a p—compact group. Since the
action of Wx respects the map BTx — BX, the monomorphism Ty — X extends
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to a loop map N(Tx) — X. The restriction N,(Tx) — X is a monomorphism
and the Euler characteristic x(X/N,(Tx) is coprime to p. [D-W; Proof of 2.3].
A homotopy fixed—point argument, similiar to that in the proof of Theorem 5.7,
shows that p-compact toral subgroups of X are subconjugate to Np(Tx). That is
to say that N,(Tx) is a p-toral Sylow subgroup of X.

This gives the basis of a Lie group theory for p—compact groups. Now we can
look at the wide and rich field of classical Lie group theory and try to rediscover it
in this spirit through results about p—compact groups. So, let us continue.

5.11 Centers: A subgroup Z C X of a p—compact group X is called central, if
evaluation induces an isomorphism Cx (Z) 2 X of p—compact groups. A subgroup
Z(X) C X is called the center of X if it is central and if every central subgroup
Z C X is subconjugate to Z(X). That is to say the center is the maximal central
subgroup. This already gives an idea how the center can be constructed. The
“union” of two central subgroups should be again a central subgroup. The following
theorem was proved independently by Dwyer and Wilkerson and by Mgller and the
author.

5.12 Theorem. [D-W 6] [M-N 1] Every p—compact group X has a center Z(X) C
X. There exists a short exact sequence

Z(X)—= X =X =X/Z(X) .
If X is connected, then X is centerfree.

5.13 An induction principle: In [Dw]|, Dwyer showed that a transfer for ”nice”
cohomology theories (including mod—p cohomology) exists if the fiber satisfies some
finiteness conditions expressed in terms of the cohomology theory. In general, these
conditions are slightly weaker as being equivalent to a finite C'W-complex. For
example, for mod-p cohomology, the fiber only has to be F,~finite. Applying this
to the homomorphism N,(Tx) — X of the pnormalizer of the maximal torus of
a p—compact group X, Dwyer and Wilkerson showed that H*(BX;F,) is a noe-
therian algebra and that the map H*(BX;F,) — H*(BN,(Tx);F,) satisfies the
assumption of Theorem 1.4. That is to say there exists an algebraic decomposition
of BX via centralizers of elementary abelian subgroups which can be realized on the
geometric level. Let A,(X) denote the Quillen category of X, omitting the trivial
subgroup. This makes perfect sense, because we already translated all necessary no-
tions, involved in the definition, into the language of p-compact groups. By Lannes’
theory, the Quillen category is equivalent to the Rector category of H*(BX;F,).
For elementary abelian p—subgroups V' C X, the maps BCx (V) — BX induced by
evaluation at basepoints are compatible with the morphisms of A,(X). Hence the
following theorem is a consequence of Theorem 1.4 and Theorem B.2. It also gener-
alizes the decomposition of classifying spaces of compact Lie groups via centralizers
of elementary abelain subgroups by Jackowski and McClure (Theorem 1.3)

5.14 Theorem. The natural map h%co(%n BCx (V) — BX is a homotopy equiv-
p
alence.

This is the key for the following induction principle of Dwyer and Wilkerson.
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5.15 Proposition. Let Cl be a class of p—compact groups satisfying the following
conditions:

(1) f X e€ClandY = X, then Y € Cl.

(2) The trivial group belongs to Cl.

(3) If the component Xq of the unit is contained in Cl, then X € Cl.

(4) If X is connected and if X/Z(X) € Cl, then X € Cl.

(5) If X is connected and centerfree and 'Y € Cl for every p—compact group Y
with smaller cohomological dimension than X, then X € Cl.

Then, the class Cl contains every p—compact group.

The proof is nothing but the observation that for a centerfree connected p—
compact group X, the centralizer of any subgroup has smaller cohomological di-
mension than X. The cohomological dimesion is defined to be the maximal degree
of the nonvanishing mod—p cohomology classes.

To demonstrate the induction principle we want to prove the Sullivan conjecture
for p—compact groups.

5.16 Theorem. [D-W 5] Let X be a p—compact group, and let K be a p—complete
I, —finite space. Then evaluation induces an equivalence ev : map(BX, K) S K.

Proof. Let Cl denote the class of all p-compact groups which satisfy the statement.
Then, the first two conditions are obviously satisfied.

Any p—compact group X fits into a short exact sequence Xg — X — 7 := mg(X)
of p—compact groups. If Xy € Cl, one can show that map((Bw, K) — map(BX, K)
is an equivalence. Hence, the third condition is satisfied by the Sullivan conjecture
for finite groups [Mil].

For any connected p—compact group X, Theorem 5.12 establishes a fibration
BZ(X) — BX — BX := B(X/Z(X)). Actually, as for compact Lie groups, this
is a principal fibration with classifying map BX — B?(Z(X)). The center is a
product of a p—compact torus and a finite abelian p-group and therefore satisfies
the Sullivan conjecture. In this situation we can apply a lemma of Zabrodsky [Za
3] to show that map(BX, K) — map(BX, K) is an equivalence. Hence, the fourth
condition is satisfied.

To prove the fifth condition, we use the decomposition theorem (Theorem 5.14).
Let X be connected and centerfree. We have

map(BX, K) ~ map(haco%’)m BCx(V),K) .

P

The centralizers are smaller than X. Thus if they satisfy the theorem, the higher
limits in the spectral sequence of Theorem A.2 for calculating the homotopy groups
of the latter mapping space have to be taken over the constant functors with 7, (K)
as value. But Theorem 1.4 implies that all higher limits of a constant functor on
A, (X) vanish. Hence, we have map(BX,K)~ K and X € Cl. O

This induction principle is quite a powerful tool. For example, along the same
lines, Mgller proved that every homomorphism f : X — Y between connected
p—compact groups is trivial if and only if the restriction to a maximal torus is
trivial if and only if H*(Bf;Z)) ® Q is trivial [Mg3]. And Dwyer and Wilkerson
showed that there exists an equivalence BZ(X) ~ map(BX, BX);q for any p-
compact group X. The map is an adjoint of a multiplication Z(X) x X — X
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on the level of classifying spaces [D-W 6]. This generalizes parts of the results of
Jackowski, McClure and Oliver (Theorem 2.7 for connected compact Lie groups).
This equivalence will become an important fact in the further study of p—compact
groups; in particular in the analysis of homomorphisms between p—compact groups
and proofs of homotopy uniqueness properties using the decomposition of BX via
centralizers of elementary abelian subgroups. For example, the equivalence allows
it to be shown that BZ(Cx(V)) — map(BCx (V), BX)p; is an equivalence for any
elementary abelian subgroup V C X.

The final goal of the theory of p—compact groups is a complete classification.
Again, classical Lie group theory serves as a guide. On the one hand every connected
compact Lie group has a finite cover which is a product of a simply connected
compact Lie group and a torus and every simply connected compact Lie group
splits into a product of simple simply connected pieces. On the other hand, two
connected compact Lie groups are isomorphic if the normalizers of the maximal
tori are. (This is implicitly contained in Bourbaki [Bour|. For an explicit proof
see [C-W-W] (only for semi simple Lie groups), [Mg2], [Os] or [No 6]). The first
statements can completely reproved for p—compact groups due to work of Dwyer
and Wilkerson [D-W 7] and Mgller and the author [M—N 1] [No 8]. For the second
statement there exist partial results of the latter group of authors [M-N 2.

5.17 Theorem. [M-N 1] Let X be a connected p—compact group. Then there exists
a short exact sequence
K—->X,xT—>X

of p—compact groups, where K s a finite group, where T is a p—compact torus and

where X 1s a simply connected p—compact group. The group K s a central subgroup
of Xs xT.

The simply connected part X is given by the 2—connected cover of BX which
also is a p—compact group. The toral part T is given by the component of the unit
of the center of X. Because Cx (T') = X, there exists a map X; xT — X. To show
that this is a finite covering comes down to a proof that the center of a p—compact
group is finite if and only if the fundamental group is finite, a well known fact for
connected compact Lie groups.

For every simple connected compact Lie group G, the associated representation
We — GI(H?*(BTg;Q), is irreducible. This property is used for the definition
of a simple p—compact group, i.e. X is simple if the associated representation
Wx — GI(H?(BTx; Zl’j\) ® Q is irreducible.

5.18 Theorem. [D-W 7] [No 8] Let X be a simply connected p—compact group.
Then there exists a splitting X = [[, X; into a product of simple simply connected
p-compact groups X;.

Dwyer and Wilkerson proved this for all primes and independently the au-
thor for odd primes. Actually, the statement is first proved for centerfree p—
compact groups and then for simply connected p-compact group by passing to
the universal cover. For centerfree p—compact groups the integral representation
Wx — GI(H*(BTx; Zy) is under control and splits into a direct sum, where each
piece belongs to an irreducible factor of the associated rational representation of
Wx [D-W 7] [No 7]. This splitting gives rise to a splitting Wx = [[, W; of Wx
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and Tx = [[7; such that W; acts only on T; nontrivially. The centralizer Cx (T;)
for fixed 7 splits into a product X; x [, £ T;. This part of the proof goes the same
way as for simply connected compact Lie groups. The construction of a homomor-
phism [[, X; — X is the difficult part of the proof of Theorem 5.18. Basically, the
centralizer C'x (X;) has to be computed.

Theorem 5.9 connects connected p—compact groups with pseudo reflection groups.
The list of Clark and Ewing gives a complete classification of such irreducible gad-
gets. By the above two theorems, a complete classification of connected p—compact
groups consists of the construction of a simple simply connected p—compact group
and a homotopy uniqueness result for each irreducible pseudo reflection group of
the list. For most of the irreducible pseudo reflection groups examples are con-
structed (see section 3). Homotopy uniqueness results, in particular if p—torsion in
the cohomology is around, are the main missing link for a complete classification
of connected p—compact groups.

The most general homotopy uniqueness results in terms of normalizers of max-
imal tori so far are proved by Mgller and the author. We say that two p—compact
groups X and Y have the same (p—adic) Weyl group type if X and Y have the same
rank n and if the two associated integral representations Wy, Wy — Gl(n, Z;\) are
equivalent.

5.19 Theorem. [M—N 2| Let p be an odd prime. Let G be a connected compact
Lie group such that H*(G;Z) has no p—torsion. Let X be a connected p—compact
group with the same p—adic Weyl group type as G. Then X and G]/)\ are isomorphic
as p—compact groups.

The proof is based on Theorem 4.3, which states a homotopy uniqueness result
based on mod-p cohomology. The main part of the proof is to show that the p—
compact groups under consideration have torsion free p-adic cohomology. Again,
this is first proved for unitary groups and then extended to the other cases. For
p = 2 a similar result is true for quotients of products of unitary and special unitary
groups, but again, SU(2) is excluded.

For p = 2 the Weyl group data are not sufficient to distinguish between connected
p—compact groups as a comparison of SO(2n+ 1) and Sp(n) shows. In general the
following conjecture should be true. As usual, it generalizes a known statement
about connected compact Lie groups.

5.20 Conjecture. Two connected p—compact groups X and Y are isomorphic if
and only if the normalizers of the mazximal tori are isomorphic (as loop saces). At
odd primes the normalizer splits and the Weyl group data are sufficient to distin-
quish between connected p—compact groups.

There has also been some work done on the analysis of endomorphisms of p—
compact groups. Mgller studied rational self equivalences. These are endomor-
phisms f : X — X such that H*(Bf ;Z;‘) ® Q is an isomorphism. He was able
to generalize parts of the Jackowski-McClure-Oliver theorem (Theorem 2.7) and
reduced the homotopy clasification of rational self equivalences to the case of endo-
morphisms of simple simply connected p—compact groups [Mg 4,5]. For endomor-
phisms of nonconnected p—compact groups, he proved similar results to those he
proved for nonconnected compact Lie groups (see Section 2).
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6. Finite loop spaces and integral questions.

As we already mentioned in the previous section, Rector suggested studying
compact Lie groups from the homotopy point of view, i.e. passing to classifying
spaces [Re 1,2]. If we consider a compact Lie group just as a topological space, we
would lose too much information. Although the homotopy type of G distinguishes
between two simple connected compact Lie groups [B-B], this is not true in general,
even not for semi simple groups. Counterexamples may also be found in [B-B]. The
concept of Rector is based on the hope that the classifying space BG contains all
the information about the compact Lie group . This was independently proved
by Mgller [M@2] and Osse [Os] for connected compact Lie groups and in general by
the author [No 6].

6.1 Theorem. [Mg2], [Os] [No 6] Two compact Lie groups G and H are isomorphic
if and only if the classifying spaces BG and BH are homotopy equivalent.

The p-adic completion of a connected finite loop space gives a p-compact group,
and the rationalisation is a product of rational Eilenberg-MacLane spaces. Hence,
via Sullivan’s arithmetic square [Su], finite loop spaces are built out of p—compact
groups. This gives a way to transport p—compact group results to theorems about
finite loop spaces.

Most of the recent research on finite loop spaces can be understood as an attempt
to solve the following conjecture, which we could trace back to Wilkerson [Wi 2].

6.2 Conjecture. [Wi 2| Every finite loop space with maximal torus is equivalent
to a compact Lie group (as finite loop space).

In a first approach, finite loop spaces L were considered whose classifying space
BL has the same (adic) genus as BG for a given connected compact Lie group
G. That is that all p—adic completions BG;\ and BL;\ are homotopy equivalent.
Because BG as well as BL is rationally a product of Eilenberg-MacLane spaces,
this also implies that the rationalizations are equivalent. Also, by passing to loops,
the space L has the same genus as G, if G is connected. Actually, the genus of a
space was defined via localization, but using completion is more appropriate to this
kind of question. In particular, if BL is in the genus of BG, we can think of BL
as built out of the p—adic completions of BG, the rationalisation of BG and some
glueing data, encoded in a self map of the adele type of BG. Actually, the adele
type of BG is a product of Eilenberg—MacLane spaces. Hence, the glueing code is
completely contained in cohomological information. If, for a finite loop space L,
the classifying space BL has the same genus as BG, we say that L is a fake Lie
group of type G.

Rector solved the above conjecture for S3 under this genus assumption by show-
ing (with a little help from McGibbon at the prime 2 [McG]) that the property of
admitting a maximal torus distinguishes the genuine group among the fakes [Re
1]. Actually, because of the homotopy uniqueness property of BS%\ (Theorem
4.1), every loop space structure on S® is a fake Lie group of type S®. The genus
assumption is superflous in this case.

Rector’s result was extended by Smith and the author to the case of simply
connected compact Lie groups [N-S 1,2,3] [No 3]. In a series of papers, they analysed
the genus of a classifying space of a connected compact Lie group G and arrived at
the following result:
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6.3 Theorem. [N-S 1,2,3] [No 3] Let G be a connected compact Lie group and L
a fake Lie group of type G.
(1) If L admits a mazimal torus Ty, — L, then there exists a connected compact
Lie group H such that L and H are isomorphic as finite loop spaces.
(2) If G is simply connected in addition, and L admits a maximal torus, then
L and G are isomorphic.

This solves the above conjecture under the genus assumption. The proof is based
on an identification of several Weyl groups connected with L, the Weyl group of
L as finite loop space, of Ll/j\ as p—compact group (for all primes) and the rational
Weyl group of L, which can be defined to be the Galois group of the integral ring
extension H*(BL;Q) — H*(BTyr;Q). Moreover, even together with the action on
the maximal torus, all these Weyl groups turn out to be isomorphic to W¢. These
identifications allow the glueing data for BL to be decoded out of the existence of
a maximal torus.

By a theorem of Atiyah [At 2], complex K—theory together with the Adams
operations determines the mod—p cohomology of simply connected spaces as al-
gebras over the Steenrod algebra, if the integral cohomology is torsionfree. The
Chern character connects complex K-theory with rational cohomology, and com-
plex K-theory determines the rational cohomology ring. Hence, for nice spaces,
complex K—theory contains all information about the glueing data of an arithmetic
square. It has turned out to be quite a useful tool in the theory of finite loop
spaces. For example, a fake Lie group L of type G has a maximal torus if and only
if K(BG) = K(BL) as A-rings [N-S 1], and two fake Lie groups L, and L, of the
same type are isomorphic if K (BL;) = K(BL3) as A-rings [No 4].

The following theorem is a consequence of the mod—p homotopy uniqueness
properties of connected compact Lie groups (Theorem 4.3).

6.4 Theorem. [No 5| Let G be a quotient of a product of unitary and special
unitary groups, different from SU(2), such that H*(G;Z) is torsionfree. Let X
be simply connected CW —complez of finite type such that H*(X;Z) is torsionfree.
Then, BG and X are homotopy equivalent if and only if K(BG) &2 K(X) as A\~

Tings.

By Atiyah’s result it follows that BG and X have isomorphic mod—p cohomol-
ogy, and by Theorem 4.3 it follows that the p—adic completions of BG and X are
homotoy equivalent. The rationalizations are equivalent because both have isomor-
phic complex K-theory. Hence, X has the same genus as BG. In fact both spaces
are equivalent because of the K—theory isomorphism. This outlines the proof of
Theorem 6.4.

Recently, Mgller and the author used the ideas of the proof of Theorem 6.3 to
study the Weyl group of a general connected finite loop space with maximal torus
[M-N 2]. They showed that at least the Weyl group action is the expected one.

6.5 Theorem. [M-N 2] Let L be a finite loop space with mazximal torus T, — L.
Then, we have H*(BL;Q) = H*(BTr; Q)" and the the representation Wi —
GI(H?(BTy; Q) is faithful and represents W, as a crystallographic group.

This is an integral version of Theorem 5.9, which the proof is very much based
on. It is also one step forward to a proof of conjecture 6.2. To complete the proof,
a complete classification of connected p—compact groups is necessary in terms of
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the Weyl group action on the maximal torus or in terms of the normalizer of the
maximal torus.

A. Homotopy colimits.

In this section we recall a construction for homotopy colimits which goes back
to Segal [Se| and some spectral sequences related to this construction. Let C be a
small (topological) category (as defined in [Se]), and let F': C — T op be a covariant
(continous) functor into the category of (compactly generated) topological spaces.
The homotopy colimit hocglim F can be thought of as a kind of bar construction.

It can be constructed as the quotient space

hocglimF = (H H F(cg) x A™)/ ~

n>0co—...—>Cn

where ¢; is an object of C, where A" is the n—simplex and where each face or
degeneracy map between the sequences co—...—c,, gives rise to the obvious identi-
fication. This construction is obviously functoral with respect to (continous) nat-
ural transformations. The natural transformation from F' to the constant functor
x : C — Top taking a point as value induces a map hoac)lim F — hocglim x =: BC.

The target is called the classifying space of the category C. In the above construction
this map is given by the projection onto the second factor. The above construction
also allows an obvious filtration of the homotopy colimit given by taking the co-
product for 0 < n < N. This filtration gives rise to a first quadrant cohomological
spectral sequence which calculates the cohomology of the homotopy colimit. The
E%-term is formed by higher derived functors of the inverse limit functor of the
contravariant functors HY(F(—)) : C — Ab into the category of abelian groups,
established by taking cohomology groups of F'(c).

A.1 Theorem. For any covariant functor F' : C — Top there exists a spectral
sequence
E:, = l(i?mp HY(F(-)) = Hp+q(hocglim F).
For a proof see [B-K], where a different approach for the construction of the
homotopy colimit is used (see also [Se]).
Important examples of the homotopy colimit construction are given by:

a) Pushout diagrams: Let C be the category C := {¢1—co—>c2}. Then,
for any functor F' : C — 7 op, the homotopy colimit is homotopy equivalent to the
pushout of the diagram F'(c¢1)«—F(co)—>F(c2). The spectral sequence reduces to
the Mayer—Vietoris sequence.

b) Mapping telescopes: let C := N be the category given by the totally ordered
set of the natural numbers. Then, for any functor F' : N — Top, the homotopy
colimit is equivalent to the mapping telescope of the sequence

F0)—F(1)—..—=Fn)—...

The spectral sequence reduces to the Milnor sequence for the cohomology of map-
ping telescopes.
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c) Borel constructions: To any topological group G we can associate a cate-
gory SG with one object and whose endomorphisms are given by G. In this case,
a functor F': G — T op is nothing but a G—space X. The homotopy colimit of F’
is equivalent to the Borel construction EG xg X. If X is a point, then
hocglimF ~ EG/G = BQG is just the classifying space of the group G (for details

see [Se]).

Let C be a discrete category, and let F' : C — T op be a functor. For any space X,
the filtration of the homotopy colimit hoac)lim F' establishes a tower of fibrations

under map(hocglim, X). This tower gives rise to a spectral sequence calculating
the homotopy groups of map(hocglim, X). In more detail, the restrictions to F'(c)

for each ¢ € C establish a map

R : [hocolim F, X| — lim[F(—), X] .
¢ ‘o

Let f = (fo)eec € im[F'(—), X]. Let ¢, : C — Ab be the contravariant functor

given by ¢, (c) := Wn%map(F(c), X))y,

A.2 Theorem. Under the same assumptiosn as above there exists a spectral se-
quence
ER? = l(i%np bg = Wq_p(map(hocglim,X)R_l(f)) ,

which converges strongly if@p¢q =0 forallp> N and all q.
C

Here, map(hocglim, X) R-1( f)) means the union of all components of maps

f : BG — X such that R(f) = f. For a proof see [B-K] and [Wo 1]. Bousfield
and Kan arrived at this result by contructing a spectral sequence for homotopy
inverse limits and Woijtkowiak discusses carefully all questions related to choosing
basepoints and what happens when the fundamental group is nonabelian.

If we are only interested in the set of components of the mapping space we have
the following corollary.

A.3 Corollary. Under the above assumptions, the set R_l(f) 1s non empty if

l(iinn+1 on =0 for alln > 1, and contains at most one element if l(in” ¢n =0 for
C C
alln > 1.

B. Lannes’ Theory.

In this section we recall some results and basic definitions of Lannes’ theory.
Proofs and ideas of proofs are completely omitted. The material is taken from [La
1,2].

For the following we fixed a prime p. The cohomology groups are always taken
with coefficients in Z/p and H*( ) always means H*( ;Z/p). We denote by K the
category of unstable algebras over the Steenrod algebra A,,.

Let V' be an elementary abelian p-group. An algebra A over A, is called of finite
type if A is finite in each dimension.
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B.1 Theorem. [La 2] If X is a p—complete space and H*(X) is of finite type, then
the canonical map

[BV,X] — Hom,(H*(X),H*(BV))

18 an isomorphism.

The evaluation map
BV X map(BV,X) — X

induces a cohomological map
H*(X) — H*(BV)® H*(map(BV, X)) .

Lannes studied the functor Ty : K—K which is the left adjoint of the functor
H*(BV) ®z/, —. Taking the adjoint of the evaluation map yields a map

TyH*(X) — H*(map(BV, X)) .

For any map g : BV — X, there is an associated direct summand Ty (H*(X), g*)
of TV H*(X) which corresponds to the summand H*(map(BV, X),) of
H*(map(BV, X)). With respect to this splitting the above map is a direct sum of
maps with coordinates

Ty (H*(X),g9*) — H*(map(BV, X),) .

B.2 Theorem. [La 2] Let X be a space, such that H*(X) is of finite type. Let
g: BV—X be a map. The map

TV(H*(X),g*) — H*(map(BV, X}\),)

is an isomorphism if TV (H*(X), g*) is of finite type and one of the following three
conditions is satisfied:

(1) TV(H*(X),g*) is zero in degree 1.

(2) map(BV, X)), is 1-connected.

(3) There is a connected space Z with the property that H*(Z) is of finite type

and a map
Z — map(BV,X), ,

such that the associated map
TV (H*(X),g*) — H*(2)
18 an tsomorphism.

B.3 Theorem. [La 2, 3.4.3] In addition to the assumptions of Theorem B.2, let
X be p—complete. Then the following conditions are equivalent:

(1) map(BV, X), is p-complete.

(2) TV(H*(X),g9*)—H*(map(BV, X),) is an isomorphism.

If we consider a collection S of maps BV — X, then of course we get a direct
summand Ty (H*(X), S*), where S* is the collection of the associated cohomolog-
ical maps. The theorems B.2 and B.3 are still true in this situation [La 2].
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C. Homotopy fixed—points and Smith—theory.

Let G be a group acting on a space X. Then the fixed—point set can be described
as the mapping space X¢ = mapg(*, X) of G—equivariant maps from a point
into X. The homotopy fixed-point set is defined as the mapping space X"¢ :=
mapg(EG, X), where EG is a contractible free G—space. The G—equivariant pro-
jection EG — % induces a map X“ — X"“. As omne easily sees, the homotopy
fixed-point is equivalent to the space of sections I'( X, — BG) of the bundle
Xna — BG given by the Borel construction X,g := EG xg X. Compared with
fixed—point sets, homotopy fixed—point sets have the very nice advantage of only de-
pending on the homotopy type of X; i.e. any G—equivariant map X — Y, which is
also a homotopy equivalence (non equivariant) induces an equivalence X"¢ — YhG,
This follows straight forward from the description in terms of section spaces. In gen-
eral this is not true for fixed—point sets. But for G a finite p—group, the generalized
Sullivan conjecture says that there is a close connection between fixed—point and
homotopy fixed—point sets. By functoriality there is a natural map X G;\ — X]g\ hG

C.1 Theorem. ([D-M-N] [Ca] [Lal,2]) Let G be a finite p—group acting on a
finite G—complex. Then the map XGZ’,\ — X;\hG 15 a weak equivalence.

In the case of G =V an elementary abelian p—group, there are two ways to get
a hold of the cohomology of the homotopy fixed-point set. The first is an output of
Lannes’ theory and his T—functor. The second is a functoral recipe of calculating
the cohomology of XV on the lines of the localization theorem, a reformulation of
classical Smith—theory (e.g. see [Hs]).

For a space X with a V—action there exists a fibration

) XMW ~T'(Xpy — BV) = map(BV, Xpv)see — map(BV, BV )iq

where the total space is the union of the components given by sections in the
fibration Xpy — BV. Because map(BV, BV );q ~ BV [Hur]| (see the introduction),
composition defines a map X"V x BV — map(BV, X1,v)see which establishes a fiber
homotopy trivialization of (xx). This was used by Lannes to establish a functor

Fizy(X) :=Ty(Hy (X;F,), sec”) @u-v F, .

Here, sec* denotes the set of all sections on the cohomological level, and Hy (X)) :=
H*(Xpv) denotes equivariant cohomology. We also defined H;, := H*(BV;F,).
As in the case of the T—functor, there is a natural map

Fizy(X) — H*(X"V;TF,)

which turns out to be an isomorphism in several cases.

C.2 Theorem. [La 2] Let V act on a p—complete space X whose cohomology
H*(X;T,) is of finite type. Then, the natural map

Fizy (X) := Ty (Hy (X;Fy), sec*) @y Fy — H*(X"V; F,)

is an equivalence if and only if the homotopy fized—point set X"V is p—complete.

Analogously as in Theorem B.2, there are several other conditions which ensure
that Fizy (X) — H*(X"T;F,) is an isomorphism (see [La 2]). The condition of
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X"V being p-complete seems hard to check, but fortunately in all cases relevant
for the proofs of the results in the previous sections, it turns out that this condition
is always satisfied.

For the following we assume that X is F,-finite. Let S C H*(BV;F,) be
the multiplicative subset of all elements of strictly positive degree in the image
of H*(BV;Z) — H*(BV;TF,). This is isomorphic to the submodule of positive
elements of the torsionfree quotient of Hy, considered as a module over itself. For
a nice action of V on X, the above mentioned localization theorem reads

ST H*(XV;F,) = ST H* (X F,) .

The localized algebra S™'H*(Xpy;F,) is still an algebra over the Steenrod al-
gebra but may not satisfiy the unstability conditions. Let Un(S~'H*(Xpy;F,) be
the unstable part of S™'H*(X}v;F,). Dwyer and Wilkerson proved that

HY @ Fizy (X) 2 Un(S™ H* (Xpv; Fp)

[D-W 2|. Because H*(Xpv;F,) is a finitely generated module over Hj, as a Serre
spectral sequence argument shows, the F,—module Fizy (X) is also finite. Using
Theorem C.2 in addition, the same authors proved

C.3 Theorem. [D-W 5| Let V = Z/p be the cyclic group of order p acting on
a I, ~finite p-complete space X. If the homotopy fixzed-point set XMV s also p-
complete, then the following holds:

(1) The homotopy fized point set X"V and the pair (Xpv, BV x X"V) are F, -
finite.
(2) For the Euler characteristics we have x(X) = x(X"V) mod p.

This parallels the classical facts that, for V' = Z/p acting nicely on a finite
V—complex X, the analogous statements for the actual fixed—point set are true.

The generalization of these results to the case of finite p-groups goes by an
induction over the group order. One uses the fact that any finite p-group = fits into
a short exact sequence 1 — mg — m — Z/p — 1, that Z/p acts on the homotopy
fixed-point set X" ~ map,, (Ew, X) and that X" ~ (X" )hZ/P  Assuming that
for any subgroup n’ C 7 the homotopy—fixed point set X hr' g p—complete gives
the desired Euler characteristic formula

(C.4) X(X) = x(X") mod p .

The arguments involved in the proof of Theorem C.3 do not care about the
explicit action of the finite p group 7 on the space X. The fibration X — X, —
B contains all the necessary information. For example, the homotopy fixed point
set X" is equivalent to the space of sections in the above bundle. This motivates
the following definition of Dwyer and Wilkerson. A proxy action of 7 on X is a
fibration X — E — Bn. The homotopy fixed—point set X*™ is given by the space
of sections of this fibration. Then, Theorem C.3 is still true for proxy actions of
finite p groups on F,—finite spaces.

Using the mod-p approximation BZ/ pool/j\ — BS 1]’3\ of a torus, Dwyer and Wilk-
erson extended Theorem C.3 to proxy actions of tori.
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C.5 Theorem. [D-W 5] Let X — E — BT be a proxy action of a torus on a
F, ~finite space X. Assume that for every finite p—subgroup = C T the homotopy

fized—point set X" is p-complete. Then, for every finite p—subgroup @ C T, the
space X" is T, —finite and x(X"™) = x(X).

In general it is not known if X"7 is F,—finite or if x(X"T) = x)X). But in all
cases, appearing in the proofs of the above theorems, the homotopy fixed—point set
XPT is equivalent to X" for m C T big enough. This establishes the formula

(C.6) X(X") = x(X) .
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